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ON THE INFINITE PRODUCTS DERIVED FROM THETA
SERIES 1

DAEYEOUL KiM™ AND JA Kyung Koo

ABSTRACT. Let k be an imaginary quadratic field, h the complex upper

half plane, and let 7 € Nk, g = e™*". In this article, we obtain algebraic

numbers from the 130 identities of Rogers-Ramanujan continued fractions

investigated in [28] and [29] by using Berndt’s idea ([3]). Using this, we
. /8 _ a2

get special transcendental numbers. For example, 4 T+ 1—_'_%5 T

([1]) is transcendental.

1. Introduction

Ramanujan [23] introduced the following functions:

P(z)=1-24> 01(n)z", Q(2) =1+240 Y  o3(n)2",
n=1

n=1
R(z)=1-504 Z os(n)z",
n=1

with ox(n) = 34, d* and z € C.
In 1995 Barré, Diaz, Gramain and Philibert proved the long-standing conjec-
ture of Mahler and Manin, which reads that for any nonzero algebraic number

1 3
ain D = {a € C,|a| < 1}, the number J(a) = 728Q(a)

Q(a)® — R(a)?
We may also state it equivalently as follows:
Let o and 3 € {2, 3,4} with a # . For any non-zero ain D = {a € C, |a] <
1}, algebraic over Q, the number g;E;g is transcendental ([2]) where 0, are the
classical theta series.

Meanwhile, in the case 7 € § N k we show in §2 that g;égg is an algebraic

is transcendental.

number.
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We showed in [17] that W;‘O((ﬁ% is an algebraic integer, where p(-) is the

. . . . (2n)
Weierstrass p-function. Similarly, we derive that %(a =1,7,)

(™ (2)) _ 1 7 741
are transcendental numbers and MH—W(T);—,ﬁ;(a 5150 5

bers, where (n) means n—th derivative function and n > 1 (Lemma 2.4).

Now let &, =2~ 3¢~ 21 [[2_, (14+¢*™ ') and g, =2" 3¢ 2 [[°_,(1—¢*""1)
be the class invariants, for n > 0 and ¢ = e ™V" ([4, p. 21], [23, p. 23], [24]).
pla) 1 1 141 g2(7)  g3(7)

A= 225 ey
terms of &, g, (Remark 3.1 (b)) And, under the assumption d = 3 (mod 4),

Z a+1,,2
=9
we prove that v/d =122

m2+mn+ =N
n(r)?
use of [11, (3.13)].

Around 1950, Lucy J. Slater produced a list of 130 identities of the Rogers-
Ramanujan type as part of her Ph.D thesis and published them in [29]. In §4,
we consider such Rogers-Ramanujan identities.

Ramanujan’s general theta function is defined by

} are algebraic num-

In §3 we describe the functions j(7),

is an algebraic integer by making

fla,b) := Z @M/ 2ym(m=1)/2 = gpl < 1,

m=-—00

In particular, following Ramanujan’s notation, we set

$q): = Z ¢, P = fla.d Z /2
f(—q)::f(_%_q?): Z (_l)mqm(3m—1)/2.

Berndt examined many properties of Ramanujan’s general theta functions
in [3]. By utilizing his idea, we are able to obtain various algebraic integers
derived from the theta series (Theorem 4.1). In other words, we find that
¢TI (1 — g™~ t)(1 — ¢"™~ (1)) are algebraic numbers, when (a, n,t) takes
on the following values:

(=350 2 D= 35,3 1), (=554 1), (555, 1) (= 55,5,2),
(56 D50 7D, (= 52.7:2), - zi 7,3),
(3581~ 1283, (2.9, 1), (- 36 19,2),(~50,9,4),
(23 10, 1)( 10,3) (13 12,1), (- ﬁ’12’5) (ZZ 14,1),
(g7 14.3)(- 27 14,5), (22 18,1),(~35,18,5), (~ 20, 18,7).
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From Theorem 4.1 we can find algebraic numbers for the Rogers-Ramanujan
identities in [28] and {29] (Corollary 4.3).
On the other hand, Berndt and Yee also showed that

ae™® a2’ ge—3°
R(a,e™ %) =1
s e T
~1+4++1+4a az a(l - a)z?
(0.1) = exp -
2a 1+4a 2(1+4a)3/2

+a(1 —a)(1 — 14a)x® 4. ) ,

6(1 + 4a)*

as ¢ — 07. Here, R(a,e %) is called the generalized Rogers-Ramanujan con-
tinued fraction with |a| < 1 and a € C ([6]). Using this idea, we derive the fact
that

= € s

ﬁ (1— (e—w\/ﬁ)Sm—l)(l _ (e—m/r—i)Sm—4) VE—1 wya
(1 — (e~mVd)pm=2)(1 — (¢~mVd)5m=3) 2

m=1
as d € QT and d — 0 (Corollary 4.2(b)).
Let p(n) denote the number of unrestricted partitions of the non-negative
integer n, and for two non-negative integers [ and k, we set

P = Pix(a) =Y _p(n+k)a", |a] < 1.
n=0

i—3) Py =1t24¢
We then find that q( 7 ﬁu are algebraic numbers, while ¢ T P; ; are tran-

7,
scendental numbers for i,7 =0, ...,6 (Corollary 4.2 (d)).

2. Imaginary quadratic case of theta series

We fix 7 € kN h, where k is an imaginary quadratic field throughout this
article, and hence we readily get that for 7 € knb, |g| < 1. The main ingredient
in our work is the analytic function 8(z,7) in 2 variables defined by

0(2,7') — § :efrin27'+27rinz
n€EZ

for e Cand 7 € 4.
Now, for simplicity we write

6o0(z,7) := 0(z, ),

1
6o1(z,7) == 0(2 + 5,7‘),

. 1
(s 4 57,7),

+m‘(z+%)g(z + %(1 +7),7),
and 02(q) := 610(0,7), 03(q) := 000(0,7), 04(q) := 001 (0, 7) with g = ™7,

wiT

91()(2,’7') =€ 4

miT

011(2,7') =€ 4
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Then we are in need of the following well known proposition for later use.

Proposition 2.1. ([7], (8], [27]) Let @ and B € {2,3,4} with a # 8. For any
non-zero a in D = {a € C,|a| < 1}, at least one of the numbers 0,(a) and
0p(a) is transcendental.

The product expansions

—2a1/4H (1 —a*™)(1 4 a®™)?,

(2.0) 83(a) = J] (1 - a®™)(1 + 2>,
04(a) = H (1-a®™)(1 - a®™1)?
m=1

assert that f3(a) and fs(a) never vanish, while #3(a) = 0 if and only if @ = 0.
When 7 € kNY, by [13, p. 15 (13.4) and (13.5)] and [17],

00 o 2,
v2gr [ (1+¢™) = V2g= Y G (1 gonstyg2ies
m=1 n=0 (Q)n
1T 2m—1 L — (g; 2)n 4 2
g= [Ja-@"M =g} (="~ g™ ),
m=1 n=0 (q )
(2.1) = S i
L — \
o= [[a+gm Y=g %Yy LT qz)" (1 +¢**)¢*™  and
m=1 n=0 (q 9% )n
o0
1 1 — Y (=9)"
g3 [0 (14 q™) = (D

are algebraic integers, where (c); := (¢;q); := H (1 —cq™).
On the other hand we are also able to express 0 (@ = 2,3,4) as infinite
products

(2.2)  fa(q) = (\/ﬁq”12 ﬁ (1 +q2m)) (ql/” ﬁ (1- qzm)) ,

m=1

[ 9} 2 oo
(23)  63(q) = (q“l/“ Mo+ q2m“1)> (ql/” [Ta- q2m)> :

(2'4) 6, ( _ ( ~1/24 H 2m 1 ) <q1/12 ﬁ (1 _qzm)) )
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Thus, we derive from (2.1)~(2.4) and Proposition 2.1 that
o0
(2.5) n(r) = ¢*/1? H (1 — ¢®™) is transcendental.

We then conclude from (2.0)~(2.5) that
(2.6) 02(a), 03(q), and 04(q)

are all transcendental numbers and

0; . .
(2.7) m ((7('_1)) (i = 2,3,4) are algebraic integers.
Combining these results, we get that
0; .
(2.8) G-L(Z%(Z’J = 2,3,4) are algebraic numbers.
J

Remark 2.2. (a) In [17] we showed the infinite product forms of the Eisenstein

series
4t 3 2n\8 (2n—1)\16
g2(r) = =~ [T (1= | TT @ +4")
:1

=1
— 16 ﬁ n\8 2 7 2n\16
a[Ja+am® +256¢> [T+ ™)

n=1 n=1
and

00
— 24q H(l + q2n—1)16(1 + q2n)8

n=1

o0
_ 384q2 H 1 +q2n—1)8(1 +q2’n)16

4409643 H (1+¢*™)? )
)

392

It then follows from (2.1) and (2.5) that

are transcendental numbers. Here,

Q(z) =1+240 ) o3(n)z", R(z) =1-504  o5(n)2",

n=1

27g3 (7‘)
76

= Q(¢?) and = R(¢?)

with oy (n) = 34, d* and z € C.
(b) Let

%4 —_ 1 — !
Hos ey ey sl
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It is well-known([22, p. 81]) that

6 s 4
E2 (T) = —4‘900(0, ’7')

(1 _ q2m)4(1 + q2m—1)8

N
3

(2.9) et
4 o 8
_ 7T_ 1/12 2m —1/24 2m—1
=3 ( H —q )) (q gl(lJrq )) :
4ES(T) . ..
Then we can deduce from (2.1) and (2.9) that TIn(r) is an algebraic integer
9
and 4E7f2(7-) is a transcendental number for 7 € kN b.
Now, let o = (g Z) with b mod d and |a| be the determinant of o, and

set
_ 2 (e() — al}24-12 AfaT)
pa(T) := o] A ((I)) || A(T)
with A(1) = (2m)2¢? [Too_, (1 — ¢*™)*
We recall the following fact.

Proposition 2.3. [20] For any 7 € kN Y, the value ¢o(7) is an algebraic
integer, which divides |a|'?.

Next, we recall that

o(e) = plzd) = 5+ Y o~ o

wEATr
w#0

©'(2)2 = 4p(2)° — g2(7)(2) — g3(7),
PP (2) : = 9" (2) = 6p(2)* + g2(7),
e (2) = 12p(2)p'(z) with A, = Z + Zr.
By differentiation, we get that
0 (2) = 84p(2)® — 12g3(7), p®)(2) = 252¢' (2)p(2)?,
p“)(z) = 2016p(2)* — 252¢2(7)p(2)* — 504g3(7)p(2),
PV (2) = ' (2)(8064p(2)® — 504g2(1)p(2) — 504g3(7)),
P(B)( ) = 145152@( )® — 21168g2(7)p(2)® — 27216g3(7)p(2)?,
O)(2) = ¢/ (2)(725760p(2)* — 63504g5(7)p(2)? — 5443293(7)p(2)),
pUO) (z) = 7257600@(,2)6 — 26853129 (7T)p(2)* + 6350492 (1)%p(2)?
—3284064g3(7)p(2)% + 12700892 (7)g3 (T)9(2) + 5443293(7)?,

2100 #°(@) =oap(x)™ + > Biga(7) " gs(7) % p(2)%,
8v;+128;+4e;=4n+4 :
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(2.11)
PP () =/ (z) | dp(@)"+ Y Blea(r)gs(r) ()"
8v[+126]+4¢;=4n
with n Z 1; aaa/7ﬂ7 /8/762'761/‘)61'7‘5;,71'771{ € Z.
We showed in [17] that
3 p(3) 3 g
" rg(r)t’ 4ntn(r)

212 2#G) 3 e(5)

3 g(r) 27 g(r)
T2 (r)t 7 () ?

0 ()2

are algebraic integers.
Then by using (2.10), (2.11) and (2.12) we have the following lemma.

Lemma 2.4. Notations being the same as above, assume that the values of all

SETies are MON-zero.
M () , _
(a) ———i———ﬂ(f“n(?));nf“ is an algebraic number for o = 1, 2. ™ andn > 1.

2
@n) (). _
(b) (& (2))==a ﬂ2n2+)22 = 4s a transcendental number for o= 1,7 T andn > 1.

3. Algebraic number for Ramanujan

As usual, we set

n—1

(@;q)n = [J (1 —ag™),

m=0
00

(@ 9)oo := J] (1 —ag™),

m=0

(a,b, ..+, @)oo = (8 Do (B3 D)oo - (6 @)oo, |a] < 1.
Following Ramanujan, we define
F(=a%) = (@5 %)oo = €727/ (7).

We see from (3, pp. 36-37] and famous result of Euler that

o) = (L)
(3.1) i) -
_ Moo —¢*-®™) _ T, =¢*")
Mool —q-¢®™) I (1—¢* )
and

oo

32)  JLa-@Ma-@m A+ +em) =

m=1 m

(1-¢*™).

s

1
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By (3.2) we get that

¥(q)

=[la-ma+e™Ha+a™ = [ -F™a+em)
m=1 m=1

1

(3.3) ﬂq—l/u —1/24 ( 1/12 H (1= ¢? ) <\/§q1/24 nl;[l(l +qm))
\}5 ~1/8 ( 1/12 H (1-¢? ) (ﬁql/ﬂ H (1+qm))

m=1 m=1

and

P(—q) = H (1= g™+

_ 12q_1/8 < 1/24 H 1—q™) ) <\/§q1/12 ﬁ(1+q2m)> )

m=1

(3.4)

B

we obtain that
(vVagt 1 +¢m) (67 0+
1
(V2a 1+ ™) (a7 1+ )
(1+¢>™)(1 +¢*m1)(1 - ¢*m 1)
V2g%

Then, using (3.

o

3
i
—

]
3

3
il
Y

I
3

3
I
N

and

(\/iq‘ll_z H(1+q2’”)) (q%‘l‘ [Ta —qm‘l)> =11 (TI%‘

Thus by (2.1) we assert that

(3.5) = \/ﬁqﬁz — and = \/iqﬂz —
[[m=a (1 —¢*™Y) [+ ¢ 1)

are algebraic integers.
Therefore, we derive from (2.1), (2.5) and (3.3)~(3.5) that

1/8
(3.6) V2q' (g _1_;7(L
n(7) q"/8p(+q)
are algebraic integers and

(3.7) q"/Bp(+q)
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is a transcendental number.
Now we use the results from [3, p. 36], which says that

(6@ _ T+ ™ (1 = ¢*™)

¢(Q)— .2 2. - 00 — 2m— 2m
(3.9 (g;q Joo(—0% %0 [Tmei (1 — ™ H(1+¢*>™)
= [[@+¢ 1" = 63(0)
m=1
and
(3.9) ¢(-¢) = [J (1 =11 - ™) = 6a(a).

Then, by (2.1) and (3.5) we conclude that

B(xq) .
n(t) ¢(£q)

(3.10)

are algebraic integers.

Remark 3.1. (a) It is well known that 992 ‘;r:) is algebraic for m,n € Q([5], [17]).
And, in [3, pp. 103-104] we see that

1/4 ) /@i
f3(e™™) = ;—(5, B3(e™™V?) = FE%; 21(/31’
T2 v 2+ \/i _71-1. __/4
b (™) = 5y
4

where I'(-) is the Gamma function. Here we can find examples for Remark
3.3([18]) and Theorem 4.4([5]), i.e.,

Next, a theorem of Hurwitz([15], [26]) says that
) 47t —om 1 1.4
92(0) = =5 Qe™) = gl ()"
From this we can also find an example for (2.7) such as

1 1 1\° 1 1
24 _ L) _ Ly24
0™ = G <167r2r(4) ) gl (7))

03(8_”)24 22471'24 2247r24 12

n(H2 T3 (V2m)

and

and hence
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because I'(z)['(1 — z) = 30, p. 239)). So, [Tor_;(1 + e ™Cm—1)) =

2iCes with (48 =1,

sin rx ([

(b) Followmg Ramanujan [23, p. 23], [24], we define two class invariants &,, =
2- 4q 24( 4;9%) o0 and g, = 27 Atq‘%(q7 o for n. >0 and g = e~ "V,

Berndt showed in [4, pp. 21-22] that

. 1 1
9an = 200,85, (3.8,)°(85 —g) = 7 and By = —

IS

And, Jacobi ([30, p. 470]) showed that

00 ) oo
H (1 +q2m—1)8 _ H (1 _ q2m-1)8 = 16q H (1 + q2m)8‘
m=1 m=1 m=1

Then by using [17], Jacobi’s identity and class invariants we have that

—30(Z o0 0
h p(zz - q—é H(l +q2m—1)8+ l()-q% H (1 +p2m)8
TI(T) m=1 m=1
=865 —4¢8,
—39(7—_2&) 1 T 2m—11\8 2 T 2m\8
——= =g 14¢"™77)° —32¢3 1+ ¢*™
vy~ 1L rosat o™
= 468 +8g8,
—3p(3) 1
——27 =—2¢75 [ (1+ @18 + 1648 H 1+ ¢*m)®
Tl' T](T) m=1 m=1
= _468 4gn’
1 3gx(7)
IO7 = Gty
2 o > 1
—q% H (1+ g™ 1)16 _ 16 H (q—g(l +q2m—1)8)
m=1 m=1
2 4 o
x (a4 (1 +a7™)%) +2560% [T (1 +42m)
m=1

=16(81° - 8595 + 9;9),
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o0

1+q2m 1 —_94 H ( 1+q2m—1)16>

m=1

( S+ g2m) ) 384ﬁ< 5142 1)8)

27g3 7’) _ -1
8m6n(

< 45(1+q2m)16) +4096q2 H 1+q2m)24
= —32(26;" - 38;°g;, — 3679,° + 29?{*)‘

As usual, if a,b € K, then E : y? = 42® — az — b is said to be defined over K.
We then readily check that

() - ) - ) (2
27 ( 2793(7)12) .
8 \ 8ron(r)

And we derive that

27
= X3
Y? 16G2X 50

= X% - 27(8,° - &g, + giﬁ)X
+27(2824 — 361695 — 36816 4 2924)

is an elliptic curve defined over Q, where

3g2(7) G — 27g5(7)

G = 4min(r)8’ 5 8nbp(r)12”

Now, suppose d = 3 (mod 4). Then we see from [9, p. 1738] that

o0

(3.11) ST T = o(g)le?) + 40°F w(gP)w(e™).

m,n=—o0

Substituting (3.3) and (3.8) into (3.11), we obtain that

[o )

2. g = g(q)p(q”) + (20 0(a%) (2a¥ 6 (0*))
= I1 (s e) (eF0- )
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1) (7) 0 -0) (it )
(3.12) =l q 2 2
= 1:[ (q%(1+q2m~1)> (q—%(1+qd(zm_1))) o n(dr)

T 2 (VA ) (VB (0 + 24 nizrn(ean).

m=1

+

Here, one can easily check that v/d n(dr) and n(r)
n(r) n(dr)
d € Z*. Hence, it follows from (2.1) and Proposition 2.3 that

are algebraic integers for

200 m2+mn+t ‘i‘lirﬁ m2+mn+ilin2

mn=—oc0 4 E::,n:—-oo q
Aoy el Ve (7

are algebraic integers, and so

(3.13)

oo
2 n dilnz
(3.14) Yo gt
m,n=—o00

is transcendental as desired.

4. Approach to R. Slater’s identities ([28],[29])

For convenience, we set T = {{|t is transcendental }, 2 = {a]a is an algebraic
integer } and Q = {q|q is an algebraic number }.
By (2.1) and Proposition 2.3 we see that

_1

e (1:tq2m—1)(1:|:q2m_1),

s

3
)

[ee} L m
(1 :l:q?,m—-l)(l :tq3m——2) — H q:4 (1 iq ) ,
m=1 @38 (1 ¢™)

(=}
S
=13

3
Il

-1l

g 2 (1 iq4m—1)(1 iq4m—3) — q—“ (1 iq2m—1)

s

3
I
3
)

and

o L 2m—1
- - 1+¢™m7)
lj: 6m—1 1:i: 6m—>5 — q 24(

m=1 m=1

1
2

ql

s

are algebraic numbers with double signs in the same order.
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Now, we apply Berndt’s relations (3, p. 51] to theta functions, namely,

_ f2(q37q5) an 2 2y f2(qaq7)
*-2‘—’_111((;) d ¢(-q)—¢(¢°) = 2q__—¢(q

with f(a,b) = (—a;ab)eo(—b; ab)eo(ab; ab)ss. Then by routine calculations we
can show that

TR ﬁ (14 ™ 3)2(1 + ¢¥5)2 = (¢(“1)) (\/iq% 1/’(‘1))

$(—q) + (%)

ot n(47) n(47)
2 1
~(Giim) (V2 56)

and

~ov/agH T+ 12 4 g = (459) (vaqi 2 )

Thus, we deduce from [3, p. 51], (3.6) and (3.10) that

o0
Vevae @ JJa+8m )+ en

m=1
and
V2vee® [[a+¢m D+ e
m=1
We now replace ¢ by —¢ in [3, p. 51]. Then we obtain that
13 ad
vavee # [T a1 - en
m=1
and
V2v2g® [[a - -¢m ") et
m:l

Berndt showed in [3, p. 262] that

(4.0) (=) {f(—=a"®)+ ' f(=¢°)} = f2(~a* —4*) — */° F*(~q, —q*),
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in other words,

=)
H (1 _ q5m—2)2(1 _ q5m—3)2(1 . q5m)2 _ q2/5
m=1

©0

(4.1) x [[a=¢")0 -1~ ¢")

m=1

=JJa-a{J[a~a®)+d"° [T -}
m=1 m=1 m=1

Thus, we deduce from (4.0) and Entry 9(vii) of [3, p. 258] that

_ 1L — —
q 3 H(l_qu 2)2(1_q5m 3)2

e

z(qi Hf,f:l(l—qm)) [qé“o Mpea(1—a®)

qisz [Ty (1 —¢*™)

and

(q~% H (1- q5m—2)2(1 _ qsm—s)z)

and




ON THE INFINITE PRODUCTS DERIVED FROM THETA SERIES I 69

Here we recall the fact that if ag,...,a,_1 are algebraic integers then any
solution to "™ + an_12™" ! + -+ 4+ ag = 0 is also an algebraic integer([16, p.
77).

Hence, it follows that

o
(42) ;}5 H 5m 1 q5m—4) e
and
11 o
(4.3) Vags - - P e
m=1

On the other hand, we know that

oo
—BH 1+(ISMI 1+q5m 4)
H

(1 _ q10m—2)(1 _ qum—S)

: €Q
e g <

and
o [] A+ A+
m=1
q‘% I E Ot i [l A D
=8 [Lne1 (1 — ¢®™2)(1 — ¢¥m~3)

From the Entry 10.(ii) ([3, p. 262]) we see that

+ 2q2—2 (1 50m——5)(1 _ q50m~—45)

00 qg%_(l - q2m) -
:ml_:[l (qg—o(l _ q50m)> (q 7(l—g ))
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and

Moreover, replacing ¢ by —g leads us to the fact that

o]

2(]_—516% H (1 + q10m—3)(l + qIOm—7) €,
m=1
2q2—g H(1+q10m l)(1+q10m 9) e A
m=1

Let us define

o0
§=— q% H (1- q27m—3)(1 — g2Tm—24),

m=1
=—gq 32 H (1 27m 6 q27m—-21)
o0
u =q:§ H (1- q27m—-12)(1 _ q27m—-15)’
m=1
and set a = —¢, b = —¢? and n = 3 in the Entry 31 of Chapter 16 ([3]). Then,
27 (1-¢™)
A:=s+t+u=q 2¢ H (1—_-*(1—‘2—7-7—”—)62[ and
m=1
6 = m
B:= =q 24 H
m:l
Then, by the Entry 2 ([3, p. 349]) we have
_u_s_t
t u s
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From these results we find that

~B- }Z-A (-At + 2+ A2 = 4tB)

+ %t (~At v 2+ (A — )2 = 4tB)

2
(——At +2+ (AL = )2 — 4tB)
4b -

Thus, we conclude that

1

[P
&les
s

(1-¢™ (1~ eq,

3
[
~

L=
|
g
s

(1= 1~ eQ

3
I

1-™ M- el

‘Qw"-'
s

3
H

Now, we consider the case of ¢™™
Put

o= q¥ [[0-a" -,

m=1

b=q% H (1™ )1 - g™,

c=gq 84 H(l Tm~ 3) q7m—4)‘

71

Then we see from Entry 17(v) ([3, p. 303]), Entry 18 ({3, p. 306]) and (3, p

307 (18.8)] that

Wct+a®+a’b=AecU, abc=Be, a®b? — bc+abc® = 0.

Similarly, we can deduce that

§§ 7'm~— 7m 6) c @’

_1_7;
84

7m 2 q7m~5) c @',

—~23

q84

SS \IES um

(1-¢™H1-¢g™ e

m=1
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On the other hand, we note that

8—3 H 1_+_q7m 1)(1+q7m 6)
m=1

2
:q—g szl(l _ q14m-—2)( _ q14m—12) . @

A 11— ) — g
= [[a+d™Ha+e™m?)

m
g 2—21—[00 (1- q14m—4)( q14m 10)

— m=1 Q
P I T R
o0
q_% H (]_ + q7m—3)(1 + q7m—4)
m=1
_E I, (1 - gm0 (1 — gty
q_8_4 H:.:l(l - q7m—3)(1 - q7m—4)
Next, by [3, p. 49 Corollary (ii)] we have that
o
—33 _ .
\/iq 24 H (1 — q36m 15)(1 _ q36 21)
m=1
— V2% H (1= g*m=3)(1 — g*m—33)
m=1

and

(\/5 -3 ﬁ (1 . q36m—15)(1 _ q36m—21)>

m=1

X (—\/éq% IO_O[ (1 _ q36m—3)(1 _ q36m—33))

m=1
are algebraic integers. Then, we can claim that

[ee)
\/iq‘z—ff H (1- q36m—15)(1 _ q36m—21) e
m=1
\/ﬁqﬁ H (1- q36m—3)(1 _ q36m—33) e
m=1

and
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Replacing ¢ by —q we get that
o0
\/iq;_}‘l H (l +q12m—5>(1 +ql2m—7) e Ql,

m=1
oo

\/2‘(1% H (1 +q12m—1)(1 +q12m—11) e A

m==1

y [3, p- 303] and the Entry 29(i) ([3, p. 45]) we see that
$(—q) ~ o(=¢")
— _ qu(_qBS, _q63) + 2q4f(_q21, _q77) . 2q9f(_q7, _q91)’

(%3

o0

H (1 _ q98m—7)(1 _ q98m—91)(1 _ q98m~21)(1 _ q98m—77)
m=1
X (1 = g*8m=35)(1 — ¢%5m~63)
3 (1-q™)
H — qlamY(1 — go8m—19 and
2 (—gm)(1—g )’

g, ) f(=¢* —®) + f(—a,-¢®) f(d*", ¢*)
= 2f(~¢° ~¢) f(~¢*, —¢"%).

73

In a similar way as in the proof of the Entry 18 ([3, p. 305]), we can deduce

that

_ q14m—1)(1 _ q14m—13) € @’

[
mlov
Bl
s
—~—
-

3
Il

_ q14m—3)(1 _ q14m—11) c @’

[T
L
—8
N
p—t

3
ﬂl

[
2k
i3

(1 _ q14m—5)(1 . q14m—9) c @

3
ﬂ.

In fact, if we use only the Entry 29(i) ([3, p. 45]), we will get the same

result.

Similarly, using the Entry 2(ix) ([3, p. 349]) and the Entry 29(i) ([3, p. 45])

we obtain that

oo
—23 _ m— —
g% JIax* £ eq,
—11 > —
qw I I (1 inSm—S)(l iq18m—13) c Q,

o0
qg—g H (1 :thSm—l)(l :tq14m—17) cQ
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with double signs in the same order.

Proceeding in the same manner as in the above we find with the aid of 3,
p. 447] and the Entry 29(i) ([3, p. 45]) that

(1+q24m 11)(1+q24m 13) c Q,

L=}
»IL
s

3
I

1+ F)+ gm0 €,

S
i3

3
’I_I.

(1_+_q24m 7)(1 +q24m 17) e Q,

L
=
i

3
ﬂ.

(1 +q24m 1)(1 +q24m—23) € Q

e
jom |

3
&

Berndt ([3, p. 49]) proved that

n—1

d;(q) — ¢(qn2) + Z qﬂf(qn(n—-Qr)’ qn(n+2r)).

r=1

If we take n = 32 in the above, we can show that

(L+¢"™ (1 +¢"""%) e,

')
wlg»
3

2
I

(1+q16m 5)(1+q16m 11) e Q,

[T}
ICL
3

3
It

(1 +q16m 3)(1+q16m 13) c Q,

U
—3

3
I

(1+q16m 1)(1+q16m 15) p= Q

e
3

3
I

Summarizing all the results mentioned in this section, we get the following -
theorem.

Theorem 4.1. Let T € hNk.
(a) The values of ¢® T[o_,(1 — g™ t)(1 — g™~ ("=Y)) qre algebraic num-

bers, where (a,n,t) is the following:

(11221>< 3,0, (574D, (55,5, 1), (—55,5,2),

(356 D5 T 1) (- ”72)( 22,7,3»
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(355D 089, (5 91)( 92)(1394>,

@zm1m 10&( 123( us)( 114,1),

1 37 37 11 23

(b) The values of ¢*TTon_1(1+¢"™ (1 + q"m_(" t)) are algebraic num-
bers, when (a,n,t) runs over the cases

(35 10352 1), (33,3, 1), (5, 4,1, (55,5, 1)

118, 7).

11 13
(—@1512)3(57631) (84’7 1) ( §3772)7(__ 7, 3)’
11 '13 11 1 13
23 13 13 11 59
,1
(60101)(60103)(24121)( 12,5), (25, 14,1),
1 1 3
(55143~ 55 37 14.5), ( 7 18.1), (2L 1 18.5), (L2 2 18,7,
83 11 37 61
1
(96 16, )(96 16,3), (- %’ ,16,5), (— %’ ,17,7),
73 1 23 47
1
(3524 Di(z524,5), (- 35, 24,7), (= 35, 24,10).
Corollary 4.2. (a) Hirschhorn [14] introduced that
oo
(@3 )00 (0% 0)oo (676 D)oo (0714 oo (3 D)oo = D, a"cn(a),
n=—00
where . ,
(_l)nq(Sn —-3n)/2 (__1)nq(5n —-n)/2

nl0) = G w0 =

(_l)nq(5n2+n)/2
c5n+2(Q) = _(q2;q5)oo(q3;q5)oo’ cSn-’r—S(q) =

(4% ¢°)oo (% ¢°) o0

(_1)nq(5n2+3n)/2

(439°)00(0% )00
csn+4(q) = 0. Since (5n% —3n)/2, (5n? —n)/2, (5n? +n)/2 and (5n% +
3n)/2 can not be g5, £ for all n € Z. We deduce that csn4+(q)
(t=10,1,2,3) are transcendental numbers by (4.2) and (4.3).

(b) Ifa € Q and 0 < a < 1, then the Rogers-Ramanujan continued fraction

and

is transcendental ([10]). It first appeared in a paper by Rogers [25] in
1894 and is, in fact, the special case

;1 4. .5
R = nay - B
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for R(a,e™*) defined as in (0.1). In the case of q, however,
T g (1 g (1— ¢

e @7 (1= gom=2)(1 — gom-3)

s an algebraic number by Theorem 4.1.

On the other hands, Berndt and Yee proved that the generalized
Rogers-Ramanujan continued fraction yields

-14++v1T+4a ar a(l — a)z?
2a xp (1 +da 201+ 4a)52
a(l—-a)(1 - 14a)z®
6(1 + 4a)* >
as z — 0%, Here we note that each term of the asymptotic expansion

beginning with the second has a factor of a(l — a). Thus, if we set
z=7vVd and d € QF then

R U Clo i O el i Y.

g*RR(q) =

R{a,z) =

ma1 (1= (em™Vd)Im=2)(1 — (e-mVa)sm=3) = 2
as d — 0. Since
(00%)0(0% 00 _ 1 g+¢> #+q" P+4¢°

(g3; %)%, 1+ 1 + 1 + 1 +-.

we can show that
%(1 a+¢® C+d¢ £+ )
T+ 4+ 1T+ 1+

is an algebraic number again by Theorem 4.1. In like manner, using
result in [5] we derive that

7

=52 ] 4= (eI 1) (1 — (eTVAYIm) 1
m=1 (1 — (e=mVd)6m=3)2 =3

as d € Q1 and d — 0.

It would be convenient to define an analogue of (a;q)n for negative
integer n. For —oo < m < 00, we define (a;q), = —((ﬂ)i. Then for
(aqn; Q)oo

|b/al < 2] < 1

i (@ Dm _m _ (02 0)0o(/(32); @)oo (8 oo (6/2: 9) oo
(b5 Q)m (2;9)00(b/(22); @) 00 (5 @) 00 (9/ 05 @)oo

Here, this formula is called the Ramanujan’s 111 summation. Set a =
q%, b= q% and z = q. Then we have

= (¢%;9) (¢%;9)
3 m 1 1 ;
Z g™ = g (14 g )
oo (475 @)m (45;9)oo

m=—0oQ
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9
5

Similarly, setting a = q% b=gq5 and z = q we get that

= (@55 Dm 2 (1=d%) (g% 0)e
m;m @m0 =gb) (% 0)m

Thus, we can find the identities for RR(q), i.e.,

m(m+1)
2m=0 GDm T (1= H(1—g¢
RR(q) == 2 = H (1 — q5m—2)(1 _ q5m—3)

5m—4)

2
E;.::[) (@:0)m m=1
0o (4:6°)m .5
=(1 —2 Zm:—oo (g ;qs)mq "
=1+ (e%9%)m  5m
Zm=—°° @5)m
The first and second equalities can be found in [6] and [3, p. 30]. So
we obtain that

1
o (45:i@)m m
g 5 (1+qf Zm=-oo @) ﬁ Lﬂ — g™ 5)(1 — g™ 3)
Eoo (q%;q)m gm m=t 306 m—%)(l _ qm_%)
=T (45 10)m

is an algebraic number.
(d) Let p(n) stand for the number of unrestricted partitions of the non-
negative integer n. Let I and k be non-negative integers and set

Py = Pii(q) : Zpanrk)q , lal < 1.

n=0
Ekin ([11]) discovered that
Prol@)Wrs = Wiy — W2, Wr 1 + 1TWE W7

4.4
(4.4) + 10W7,3W73’1 + 2W7_,31W§1,1,

where

Wi =W, ;(q)

62 (1 _ l(m 1)+4])( lm 4.7) . l—1
:quH I(m—1)+2 lm2 Isjs—=
Al (1_q(m )+27)(1 — ¢ 7))’ 2
and
Bix(q)
1+1
g = +24k=1)/(240) H a_—g_)_jal k(g), 0<k<(I-1).

gm)t

m=1

Besides (4.4), Ekin also found the identities for B, ; for 0 <i < 6. We
claim by Theorem 4.1 that

(4.5) Wi,;(q) are algebraic numbers
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whenl=4,5,6,7, 8,9, 10, 12, 14, 18. It follows from (4.4) that

0 % _ ,Tm 7
[(q— H(l—qm)> (q—ﬁpzo(q))] -1 (%)

m=1

: (W773 W7 sWr1+ 17W7 3W71 + 10W7 3W7 1+ 2W W7 1)-

And hence, Pro and g3 [T (1 = ¢™)Pr0(q) are algebraic numbers
and q"TflﬁPm(q) =q T Sone o P(Tn)g™ is transcendental by (2.5).
On the other hand, we can find the expressions for P7 (i =0,...,6)
in [11], [19], [21]. By make use of these expressions we will construct
algebraic numbers for 5 Prigs follows.
For brevity, we let T

with a1 = 13, as = —11 and ag = —23.
It then follows that

49 (q P7,0)
m=1 q? (1 - q7m)7
6 4 2 3 6
a a a a a
=24 2 4 17-2 — 10—% + 2—52,
ay 4103 a3 a3 203

7 3 3 6
S Y S BT . QI (il G S
o0 3 _ m\8
I qg(l qm) (% P;.5)
ey €24(1 = g™™)7
6 4 2 3 6
S/ R S VG T P
az  a203 a;z 2 142
o0 8. g
I1 q;:(l ) (g7 Pr3)
et 425 (1—¢q™™)7
7 5 a$
- _g “33+18——11a3a2+5 -,
aial atal a} a3a3
e 1 _ ,m\8
H el-g") (g% Py q)
g% (1 - q™)7 ’
m=1
al a3 a1a3
:—_6+8'—2'—§+18 +11 +5 5,
203 asa3 Qa3 ay
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P;;
n U S —
1 (1—q™)

(¢
rem 4.1 and (2.5).

(e) Adiga and T. Kim [1] wrote that

1 1
M(Q) =eXP/(g& - ZC;
(6% %) oo
O

t/®  —q —q°

[¢2(—q)¢2(—q3> —1-12¢°

1 +1+q +14¢°+---

79
g% (1 — g™
=75 + 49,
gz (1—g™)
q¥%P7,6)
3 6
102 4222,
aj a3,

: —1f24i
are algebraic numbers and g~ 168 Py ;

,--+,0) are transcendental numbers by Proposition 2.3, Theo-

ﬁ((fj >)D 4

By (2.1) and (2.5), M(q) is transcendental.

Corollary 4.3. Lucy Slater’s list of the 130 identities of the Rogers- Ramanujan
type appeared in [28] and [29, pp. 152-167]. We use the same notations as in
[28]. Then by Proposition 2.1, (2.1) and Theorem 4.1, we get the following

facts:
Identity A.1 ([12, p. 274])

N

q

n=--oo

.al"‘

:q2

n=-—o00

g% [Ja-gmex
m=1

Identity A.2

Z (_l)nqn(3n+1)/2

<1+ E (_l)nqn(3n—1)/2(1+qn)>

. g tD/2 , &
ﬁqﬁz—f—z\@qﬂ H(1+qm) e
n=0 (:9)n m=1
Identity A.3,23 ([12])
'2‘—41 (—1)nqn2 _ ;—l s 1 2m—1 A
7 Z(q2;q2)n =[]0 - e
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Identity A.4
2
e Z ~4;6%)ng™
8
= (g% q4)n

<q§—4‘(1 - q2""1)) (qg—z(l - q4m_2)) €A

I
:18

—

Identity
n n(2n+1)+ 34

; (¢% qz)n ¢ 4% )n+1
ﬁ ( 2q7% 1+q2m)) (qg_‘*l(l —qzm“l)) €

;>
Smﬁ

Identity A.6

\/_Z( 1; q)nq

)

3
2 34(1 — 3m
= H (\/iqﬁ(l +¢™H(1+ q3m‘2)) b L( 7)) o
=1 g2 (1-q™)
Identity A.8
1 (4 Q)ng® 2 25 gri(1— g*™)
28 1 e
D (@ q)n =11 {2 g2 (1 —gm)

m=1

n=0

Identity A.9,84
grenty e .
fq%Z———— (VaaFi(1+q™) e

(Q7 Q)2n+1 me1

Identity A.10

DN - lq%? o

q q2)n
- H <\/§(1 +q2m—1)(1+qm)) eal

Identity A.11,51,64
. n(n+1)
20t Z (=4 9)2ng
¢ (6 )n+1(0* ¢*)n
oo

=11 (\/iq%(l + q’")) (\/iq%(l + qu)) €

m=1
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Identity A.12

WZ

1
— 2m—1
H@“Hq ) (kY e
Identity A.13

H q24(1 ) c o \/iﬁ q—;z(1+q2m—1) ca

A1)/

u'*‘

m=1 g% (1 —g™) m=1 @ 2 (1= ¢? )
T (—q;q)nqn("‘l)/2 _ ﬁ (1-g¢"™) vy 0+e™h) o
o (4 9)n s (1-gm) L (1—g*™1)

Identity A.14

qn(n+1)
Voa't nZO CHIN
e 1 — m— q%(l_QSm)
- [l (b= (ALE=00 e

Identity A.15
a7 _1)nqn(3n—2)
Vg $ L
1 Z (=4 ¢%)n(d* ¢%)n

= H ( (1 — gom- 1)(1_q5m~4)) (\/gq;zj( ")

Identlty A.l16

n{n+2)

WER oW
e Z:(q‘*;q‘*)n

11

bt =1 1 qso
- C—— e
ngl (q 1+ q2m)> <\/—(1 — (1 - q5m—3)>
Identity A.17

qn(n+1)

2\/5q%
2 (0% ¢*)n(~4;¢*)n+1

n=0

) b

m=1

X <\/5M> e

aF (1 - gm)
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Identity A.18

= ﬁ (¢ -2 -

m=1

Identity A.19

¢ %) (

FEY (-1)"g

_H(qeo

Identity A.20

—¢;¢®)n(q% ¢*)n

:,ﬁl (q—(Tllq—"T)) (“5(1 g :

1-¢m)

=1
q o0

5m 2)(1 _ q5m—3)> (\/gqij_(l — qu)

2\/—qmz( o ,q)nq

)(q a*)n

Identity A.22

PR n(n+1)
2\/6 % ( qaq)nq
1 Z * (4, 4%)n+1(¢; O

ﬁ(ﬂi“ '
x(\/(_i a-q
E1-gm

A|»- »|

2m—-1)

g% (1 - ¢%?)

) ca

H@a

) (\/iq%(l + qm))

— q5m-—4)) e

:1—1(1 (1 +q5m—3)) e
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Identity A.24,26

2\/§2( 1; q2nq \/‘Z(q( q;9q 2nqn2

H)n+1(4 On
= =] 6m—3 = m q%(l - ¢*™)
:mI;‘[l(qM(l—q )) (\/iqz (1+4g )) <\/6—14-(—1_—)~>€91
Identity A.25
AP
0T [ =2 m—3\\? (52 m— g3 (1 —¢*™)
I (o) () (BT ) e

Identity A.27,87

2n(n+1)

\/_q42( )

? (¢; 47 n+1(q a*)n

- 11 (fq——————“ R ‘)) (ﬁ——-—"?“‘qﬁ’“) e

o g7 (14 ¢m3) gz (1 - ¢*™)

Identity A.28

1 (=655 )ng" Y
2V/3¢5
‘ ,; (¢ Dont1
ﬁ (\/5 —"’—(1+ 6m—1)(1+ 6m—5)) \/gq%(l__qu)
- m=1 ! ! ! q%(l - q2m)

X (\/iqi%(l + q2m)> e

Identity A.29

q242( q(;

n=0

00 2m %
H q24 (1+¢*™) \/gqg( q
q“(1+q6’") g

)2n

m=

1
x (q%(l + q2’”—1)) =Pl
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Identity A.30

23y L els et

n=0 (q (I)
= fi[ (q_%(1+q6m—3))2 (\/iq%*(l+q%)) <(1—_+_\/_§qq7f4:1_)>
(1 — o™ B -
(AR (- imn) e

Identity A.31

gy

n=0 (q2.q2) (_Q; Q)2n+1

ﬁ <QZ4 (1- 7m)) (q—i(l _ q7m—1)(1 _ q7m—6)) e

an{n+1)

q24 1- 2m)

Identity A.32

=2 q
D D v e

n=0
g1 -q™) == Tm—2 5
- H (q24(1_ 2m)) (q 5 (1-gq )(1—(17 ))EQL

Identity A.33

on?

T q
168
! Z < (6% ¢°)In(—¢ d)2n
gl —¢™) FL (] — gTm3 _ Tm—4
—H@m-mﬂwmq (=g ) e
Identity A.34

it 5 CHERE T (e o)

n=0 (q q el

< (e#aem) (Vavada - @i - )

X (ﬁ%}) c A
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Identity A.35,106

2 (G4 0)ag" "2 .

v :L:B (4 @)2n+1 _"1;[1 (\/5 i(14+4¢™ ))

«(Vavmua- - (VLU= ca
q (]__qm)

Identity A.36

2 Zﬁq;_el Z (;q_’._q_Q)"_qn_ = ﬁ (\/§q22_4(1+q2m))

o S C T & Pt

x (\/2—\/511;4?‘(1 - ") (1 - qsm“5)> (a% (1 +g* 1)

o
9__ 947
x (\/_(1 —qgm—4)> e
Identity A.37,105

WNESS (=@ In(=g Dng™™HD/? ﬁ (V2o +qm)

(¢ @)2n+1 =1

n=0
= #M3)(1 - ¢¥md q%(l_qu)
<\/2 (1™ ) (1-q )) (@qﬁ (1_qm)> cat

Identity A.38,86

. 2n(n+1) 00 13
8¢ Y ———(q =11 <V 2V2¢7 (1—¢*™%)(1 - qsm‘5)>

(G Domt1 2,

(\/Fqu ¢ 2)(1 - qlﬁm—m)) (ﬁ%> -
)

Identity A.39, 83

= ¢ T (./ B(1— Bm-1y(1 = g#m—7
% ;(Q;Q)z ,1—[1( 22 (1~ =)

(\/—27(1 2% (1 — ¢16m=6)(1 _q16m—-10)) (\/gqi((;l__ff)l)
— 95/4 H (\/Q\_fq B (14 (14 P 5))

85
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Identity A.40

¥ Z (4 D)3n+14"" Y
? (636%)n (0% ¢*)2n 1
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