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ON A ¢-ANALOGUE OF THE p-ADIC GENERALIZED
TWISTED L-FUNCTIONS AND p-ADIC ¢-INTEGRALS

LEE-CHAE JANG

ABSTRACT. The purpose of this paper is to define generalized twisted g-
Bernoulli numbers by using p-adic g-integrals. Furthermore, we construct
a g-analogue of the p-adic generalized twisted L-functions which interpo-
late generalized twisted g-Bernoulli numbers. This is the generalization
of Kim’s h-extension of p-adic ¢ — L-function which was constructed in
[5] and is a partial answer for the open question which was remained in

3.

1. Introduction

Let us denote N, Z, Q, R, C sets of positive integer, integer, rational, real and
complex numbers respectively. Let p be prime and x € Q. Then z = p”(z)%,
where m, n, v'=v(z) € Z, m and n are not divisible by p. Let |z|, = p~*®
and |0|, = 0. Then |z|, is valuation on Q satisfying

|z + ylp < max{|z|p, [ylp}-

Completion of Q with respect to | - |, is denoted by Q, and called the field of
p-adic rational numbers. C, is the completion of algebraic closure of Q, and
Zy ={z € Qp | |z|p < 1} is called the ring of p-adic rational integers (see [1,
2, 10, 12, 16]).

Let [ be a fixed integer and let p be a fixed prime number. We set

X = lim(z/1p" Z),
N

X* = U (a+lpr)7
O<a<lip
(a,p)=1

a+1pNZ, ={reX|z=a (modip")},
where N € Nand a € Z liesin 0 < a < Ip", cf. [3,7, 8, 9].

When one talks of g-extension, ¢ is considered in many ways such as an
indeterminate, a complex number ¢ € C, or a p-adic number ¢ € C,. If ¢ € C,
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one normally assumes |¢| < 1. If ¢ € C,, then we assume |¢g — 1|, < p_Fi_l, S0
that ¢ = exp(zlogq) for each z € X. We use the notation as [z] = [z;¢] =
1—1__%; for each z € X. Hence lim, ,4[z] = z, cf. [4, 16, 18, 19, 20]. For any
positive integer N, we set
qa

[ipN]
and this can be extended to a distribution on X. This distribution yields an
integral for each nonnegative integer n (see [7]) :

/Zp[x]n dpg(z) = /X[x]" dpg(z) = Bn(q),

where (,(g) are the n-th Carlitz’s g-Bernoulli number, cf. [4, 5, 6, 7, 8, 9, 10,
11, 12, 13, 14].

In the paper [17], Koblitz constructed p-adic ¢ — L—function which interpo-
lates Carlitz’s ¢g-Bernoulli number at non-positive integers and suggested two
questions. One of these two questions was solved by Kim (see [7]). In fact,
Kim constructed p-adic g-integral and proved that Carlitz’s ¢-Bernoulli num-
ber can be represented as an p-adic g-integral by the g-analogue of the ordinary
p-adic invariant measure. And also Kim is constructed a h-extension of p-adic
g — L-function which interpolates the h-extension of ¢-Bernoulli numbers at
non-positive integers (see [5, 6, 7, 8, 9, 10, 11, 12, 13, 14]). In [5, 12, 13],
Kim constructed p-adic ¢ — L-functions and he studied their properties. In [5],
Kim introduced h-extension of p-adic ¢ — L-functions and investigated many
interesting physical meaning. Also, in [15, 16], Koblitz defined p-adic twisted
L-functions, and he constructed p-adic measures and integrations. And also
Koblitz [3] constructed a g-analogue of the twisted Dirichlet’s L-function which
interpolated the twisted Carlitz’s ¢-Bernoulli numbers, and they remained an
open question in [3] as follows:

Find g-analogue of the p-adic twisted L-function which interpolates g-Berno-
ulli numbers ﬁgl,lu,x(q), by means of a method provided by Kim, cf. [5].

In this paper, we will apply the concept of “twisted” to p-adic generalized
q — L—functions and generalized ¢-Bernoulli numbers to be a part of answer
for the question which was remained by Kim et al. in [3] by means of the same
method provided by Kim in [5: p.98]. In section 2, we construct generalized
twisted ¢-Bernoulli polynomials by using p-adic g-integrals by the same method
of Kim, cf. [3, 5, 12, 13, 14, 20, 21, 22, 23, 24, 25, 26]. We prove a formula
between generalized twisted ¢-Bernoulli polynomials which is regarded as a
generalization of Witt’s formula for Carlitz’s g-Bernoulli polynomials in [5, Eq
(5.9)], [13] and [7, Theorem 2]. This means that the g-analogue of generalized
twisted g-Bernoulli numbers occur in the coefficients of some stirling type series.
We also give construction of the distribution of the p-adic generalized twisted g¢-
Bernoulli distribution. In section 3, we define the p-adic generalized twisted L-
function and construct a g-analogue of the p-adic generalized twisted L-function

pqla+1pN7,) = , [5, 6,7, 8,9, 10, 11, 12, 13, 14],
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which interpolate generalized twisted g-Bernoulli numbers on X. This result
is related as a generalization of a g-analogue of the p-adic L-function which
interpolate Carlitz’s g-bernoulli numbers in [5, 11, 12, 13], of p-adic generalized
L-function which interpolates the h-extension of g-Bernoulli numbers at non-
positive integers in [5, 6, 7].

2. Generalized twisted ¢g-Bernoulli polynomials

In this section, we give generalized twisted ¢-Bernoulli polynomials by using
p-adic g-integrals on X. Let UD(X) be the set of uniformly differentiable
functions on X. For any f € UD(X), T. Kim defined a g-analogue of an
integral with respect to an p-adic invariant measure in [5] which is called p-adic
g-integral. The p-adic ¢g-integral was defined as follows:

/ f(x dﬂq(:v

Z f(z)d*,

0<:c<le

(1)

cf. [4, 5, 6, 7, 8]. Note that

L) =l L) = [ 1) din(o)

b'¢
2) —1
Nl—r>noo le Ostde f("L'),
and that
(3) L(f) = L(f) + f'(z),

where fi(z) = f(z +1).

Let T, = Up>1Cpn = lim,, o0 Z/p"Z, where Cpn = {€ € X| €P" =1} is the
cyclic group of order p™, see [9]. For £ € T, we denote by ¢¢ : Z, — C, the
locally constant function z +— £%. If we take f(z) = ¢¢(x)ef*®, then we have
that

(4) /X €% e (z)dpuy () =

cf. [5, 8]. It is obvious from (3) that

t 1’

! at
(5) /X e x(x) e (z)dp (z) = Zazlge(;:)js&l(a)e

Now we define the analogue of Bernoulli numbers as follows:

[

©) et = 2 Buglo)

n=0
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oo x(@écla)e S p o0

glelt 1 L Tmexp
cf. [5, 8]. By (4), (5) and (6), it is not difficult to see that
(7 [ " ¢e(o) dus(@) = Bog
and
(8) /X x(@)x" Pe (z) dpa (@) = Bpg x-

From (7) and (8) we consider twisted g-Bernoulli numbers by using p-adic g¢-
integral on Z,,. For £ € T}, and i € Z, we define twisted g-Bernoulli polynomials
as

9) 8, (z,q) = / g B=DYEY 4y (y).

4

Observe that
lim 6% (5,) = B (2).

When z = 0, we write ﬁ (0 q) = (h)é (g), which are called twisted g-Bernoulli
numbers. It follows from (9) that

M) (2 q) = —— S (™) ger(oyp KD
) B <x,q)—(1_q)m_lk2:0(k)q (-0t
The Eq.(10) is equivalent to
1) B mz ™l — (g~ 1)(m+ k) > [n]mg"me™
n=0

From (9), we obtain the below distribution relation for the twisted ¢-Bernoulli
polynomials as follows. In fact, the proof of Lemma 1 is similar to the proof of
Lemma 2 with y = 1. :

Lemma 1. Forn > 1, we have
d-1 oot
3 _
(e q)=d"t Yo B (—= %),
a=0

For £ € T, and h € X, we define generalized twisted g-Bernoulli polynomials
as

(12) BU24(@0) = [ X o 4y dug o).
X

Observe that when y = 1,

(13) B (z,q) = / ¢ BV + y]mduy () = B (<, q)
X
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and
1) m A0 = [ x)ele + o din() = B, (o),

()

where ﬂn g(:r q) is a twisted ¢-Bernoulli polynomial and B, ¢

ized Bernoulli polynomial.

(x) is a general-

Lemma 2. For any n > 1, we have

-1
n— a a a —f_ T
(15) B (0) =" Y x(@)eq B (S0,
a=0
Proof. For each n € N, we have
B (z,q) = /Xx(y)q(h‘l)yfy[x + " dpg(y)
pN -1
= i3 X ol + 12
1 1pN -1
= 1i —_ T1 n T
-1
=" Y x(a)ghe”
a=0
V4 N_1
h 1)m m m
X}\}gnoo[pN Z(q QLR ()
= at+x
_[ln 1ZX fa haﬁ ’ngl( l)
a=0
a

We note that when x = 0, we have the distribution relation for the general-
ized twisted g-Bernoulli numbers as follows: for n > 1,

-1

(16) B (a) = 8L (0,9) = 1" D x(@)*d B (F.4)
a=0

and that when 2 = 0 and ¢ = 1, we have the distribution relation for the
generalized twisted Bernoulli numbers as follows: for n > 1,

h h
a7 Bty = Bt ) =1 IZx e8I (7)
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and that when z = 0 and x = 1, we have the distribution relation for the
twisted ¢g-Bernoulli polynomials as follows : for n > 1,

(18) B0,9) = B2 () = U~ 125“ heg (T4

Lemma 1 and Lemma 2 are important for the construction of the p-adic
generalized twisted ¢-Bernoulli distribution as follows.

Theorem 3. Let ¢ € C,. For any positive integers N,n and I, let u(h) be

defined by

n— aca a N
/iflhg(a%-leZp) = [le] 1qh ¢ ﬂn,ﬁle(W’qlp ).

Then ug‘g extends uniquely to a distribution on X.

Proof. Tt is suffices to show
h
prl % (a+ip" +p"7Z,) = ,uflhg(a +pN7Z,).
Indeed, Lemma 1 and the definition of u;’g imply that

p—1
h .
S ulla+ip™ +pNtz,)

p—1 N
N -1 _h(a N a h a+zxp N+1
= Z[p +1n=1gh(a+ap™) atap ﬂi;wﬂ( e A
z=0
p—1

- [p]n—lqhaga[pN: n IZ xh(gp Zﬂ(h()gp )p(:ﬂ (q ) )

N

= " ha&aﬁ"”w(;ﬁ,qzﬂ )

h
= ,U‘Sl g(a + pNZp)‘

3. A g-analogue of the p-adic twisted L-functions

Let @ € X*,a # 1,n > 1. By the definition of “izlg,x’ we easily see :
(h)
z)du,, N
[ x@dild@) = 82,0
h n—
| ) = b B @)
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/ x@du®™ . | (az) = x(> )ﬁ”‘) )
X 3 n,§

(19) o .
Lopo 2
[ x@ds®, (o) = g 1x( 60, (@8,
pX n;qa)sa 16 !
For compact open set U C X, we define
h h - ne1 (h
(20) MigaeU) = g () —a o a0y L ().

By the definition of ”g;)z,ﬁ and (19), we note that

/ X(@)dplt) (@) = B (q) — [ X (D) B gr x (aP)
X*
1 1

=[x (= )ﬁ("’ (g*)
(21) 61* @ mew X
ol )ﬂ“,‘zw(qﬁ‘)

_ 11 o(R)
= (=X~ x5,
where the operator x¥ = x¥™%¢ on f(q,&) defined by

XU F(9,6) = "' x(®)F (g%, €¥),  xx¥ = X" o s,

Let x € X. We recall that {z}x denote the least nonnegative residue (mod
IpN) and that if [z]y = z — {z}n, then [z]n € IpVZ,. Now we can define in
(5] as follows:

L—1 h Jao)n

(P) N .
iu‘Mazurla(a'_*_lp Z ) (h+1 + le )

By the same method of Kim in [5], we easily see:
Nh—I>n “nqaé(a—’_leZ )

— T n—1 (h+1)a __ 1 a\ca _ [G,OL]N
Jim 7 (b g — e+ 2 ol

).
Thus we have

23) 1 (@) = [P (4 n)g ™ — hgmhyemull) L ().

(R)

Theorem 4. Pnig.ae

ae X a#1

are bounded Cp-valued measure on X for alln > 1 and

Now we define < z >=< z;¢q >= [z; ¢]/w(z), where w(z) is the Teichmiiller
character. For |g— 1|, <p Pl , we note that < z >P" = (mod p™). By (21)
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and (23), we have the following:

[ (@) oe(2)
@) = [ @l (e = g 0(2)

- / ((h + n)q(hH)”" - hqzh) <z >n—1 §1X1($)N§\}/}Lzur,1,a($)

where x,(z) = xw™"(z). By using {24), we can construct a g-analogue of
p-adic generalized twisted L-function.

Definition 5. For fixed o € X*,a # 1, we define a h-extension of p-adic
generalized twisted L-function as follows;
(25)

h
L3 ¢(s,%)

1 x xT X —8
= 1 B 1= g N <5 @) )

forse X.

Theorem 6. For each s € Z, and o € X*, @ # 1, we have
(26)

nhen,, s— 1 1_q h
L) (s =2 220 —12 T,y g B el
1.1 p
+ 3 el () (B + 2 Ly

n=1

where Y . ;" means to sum over the rational integers prime to p in the given
range.

Proof. For each s € Z, and z € X*, we have
(h 41— g)qh+Dz _ pghe
= hg"*(¢" = 1) + (1 - 8)¢°¢"”
= (g — 1)¢"®[z](h+1—s) + ¢"*(1 — s).
Thus

L[ . z - h
1_——3 »/X ((h +1- S)q(h+1) - hqh )éz <z >"° Xl(x)diu’ﬁvflzur,l,a(x)

holgl(h+1—8) + ¢ (1 =s))E® <z >"°

h
X Xl(x)d.u‘g\lzzzur,l,a(:r)
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0 nhnsln 1_ no
:1 I)Z q 5 () (n)(a____1+h [ ]N)

h+1  a IpV

+ 3 e )G + 1. el

O
The equation (26) with h = s — 1 implies that
oo * 1
(s-1) _ (s—lneng, 1—s,, s~1 a 1 s—1 . [na]N
(27) Ly 4 ea(5X) —; q 7w () x () (S ——+ — I ).

Finally for each positive integer m, we can construct a g-analogue of the p-adic
twisted L-function which interpolate a generalized ¢-Bernoulli number.

Theorem 7. For eachm € N and o € X*, 0 # 1, we have

h 1 L 10 st
(28)  Lind—mx) = ——(1—x5)1 - —xiw "B (o)
Probf. For each s € Z,,, by using (21), we have
h
Li) 3 £, a( ’ X)
1
= [ (1= 9T = RN <> X @ o(2)
1
— 1 [ @disen(@)
1 1 L h
= T (=281~ X6, (@)
Thus .
Lyge(l=m.x)
1 1 2 h
= —(1=x0)(1 ~ Sxa)BlL(0)

O

Remark. In [5], Kim constructed the h-extension of p-adic ¢ — L-functions. And
the question to inquire the existence of the twisted p-adic ¢ — L-functions was
remained in [3]. This is still open. By means of the method provided by Kim
[5], we constructed the twisted p-adic ¢ — L-function to be a part of an answer
for the question which was remained in [3]. '
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