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Abstract

Doubly-selective channel estimator for orthogonal frequency division multiplexing(OFDM) systems is proposed in
this paper. Based on the generalized complex exponential basis expansion model{(GCE-BEM), we describe the time-
variant channel with time-invariant coefficients over multiple OFDM blocks. The time variation of the channel destroys
the orthogonality between subcarriers, and the resulting channel matrix in the frequency domain is no longer diagonal,
but the main interference comes from the near subcarriers. Based on this, we propose a channel estimator with low
pilot ratio. We first develop a least-square(LS) estimator under the assumption that only the maximum Doppler
frequency and the channel order are known at the receiver, and then verify that the correlation matrix of inter-channel
interference(ICI) is a scaled identity matrix based on which we derive an optimal pilot insertion scheme for the LS
estimator in the sense of minimum mean square error. The proposed estimator has the advantages of low pilot ratio

and robustness against inter-carrier interference.
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The demand for high data rate transmissions calls for
broadband communication systems. When the transmi-
ssion bandwidth gets larger, the sampling period becomes
smaller than the delay spread of the channel, especially
in multipath scenarios, which gives rise to frequency-
selective channels. Carrier frequency-offset due to the
oscillators’ mismatch, together with high relative mo-
bility between the transmitter and receiver causes the
transmission channel to change rapidly in time, which is
referred to as the time-selectivity of the channel. The
channel with both the frequency-selectivity and the time-
selectivity is called doubly-selective in wireless commu-
nications. In OFDM systems, the bandwidth of each
subcarrier is small enough that each subcarrier is con-
sidered to experience flat fading in the frequency-se-
lective channel. The narrowband nature of subcarriers
makes the signal robust against the frequency-selectivity.
However, OFDM is relatively sensitive to the time-se-
lectivity of the mobile channel. Time variations of the
channel within an OFDM symbol duration result in inter-
carrier interference(ICI)™ and lead to an irreducible error
floor in conventional receivers. In this paper, we deal
with the doubly-selective channels that vary significantly
over the duration of a long block of OFDM symbols.

Complex exponential basis expansion model(CE-BEM)
is often used to represent the doubly-selective channel
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for its parsimony of coefficients to be estimated and its
algebraic ease. However, the CE-BEM channel model
can bring about high modeling error since the channel
estimation period of CE-BEM is limited to the length of
one OFDM symbol. An improved channel model so called
generalized CE-BEM(GCE-BEM) can provide lower mo-
deling error than CE-BEM. The frequency resolution of
GCE-BEM can be also increased arbitrarily at the ex-
pense of higher computational complexity. The influence
of the observation window length in GCE-BEM(over-
sampling factor) on the performance of channel estima-
tion was studied in [2].

Based on CE-BEM, an optimal pilot insertion scheme
for block transmission was proposed in [3] for time-
varying channel estimation, in which the pilots are in-
serted in the time domain. For channel estimation in
OFDM systems, another optimal pilot insertion scheme
was also proposed in [4], in which the channel to be
estimated is modeled as time invariant at lease in one
OFDM symbol. Based on the more accurate GCE-BEM,
a time varying channel estimation for OFDM was pro-
pose in [5] which is carried out within one OFDM block,
and another time varying channel estimation method for
OFDM was proposed in [6], the pilot insertion scheme
of which capitalizes all subcarriers in certain OFDM
symbol resulting in low data ratio especially for the
estimation of the rapidly time-varying channel.

In this paper, based on GCE-BEM we propose a new
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channel estimation scheme with low pilot ratio for the
OFDM systems, assuming that only the maximum Do-
ppler frequency and the maximum delay spread are known
at the receiver. In the proposed scheme, pilots are in-
serted in both time and frequency domain, which is
different from the scheme in [3]. We verify that the
correlation matrix of ICI is a scaled identity matrix
under the assumptions normally used in the literature,
based on which we propose an optimal pilot insertion
scheme for the least square(LLS) estimator in the sense of
minimum mean square error. The proposed scheme has
the advantage of comparatively low pilot ratio and thus
high data efficiency.

Concerning notations, we use boldface letters to de-
note matrices or column vectors, and capital and lower
case letters to stand for frequency and time domain
symbols, respectively. ( - )H, (: )*, E{-}, l|*] and tr
{ - } denote conjugate transpose, pseudo-inverse, expec-
ted value, Euclidean norm and trace, respectively.
diag{b} stands for a diagonal matrix with b on its main
diagonal and I; means bxb identity matrix.

. System Model

Considering an OFDM system with N subcarriers(see
Fig. 1), the sequence to be transmitted X(k) from the
QPSK or QAM constellations is parsed into blocks of N
symbols and then transformed into a time-domain se-
quence using an N-point inverse fast Fourier transform
(IFFT). For simple implementation of the FFT, the num-
ber of subcarriers N is chosen to be a power of 2 in prac-
tical systems. To avoid inter-block interference(IBI), a
cyclic prefix(CP) of length L which is equal to the
channel order(channel is assumed to consist of L+1 disc-
rete paths) is inserted at the head of each block. The
time-domain signal x(n) can be serially transmitted over
the fading channel.

x(n)=——=Y X(k)e*™ ¥ n=-L . N-1.
J_ 2 (1)

After CP is removed at the receiver, the received
signal in time domain y(n) can be expressed as

y(n) =) h(n,Dx(n=10)+v(n)
% 2)

where v(n) 1s additive white Gaussian noise(AWGN)

coded | pxlm \\"; IFFT &S00 time sariant (’" P run mg ek symbot
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nNoLse \
pilot v chanpel t
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Fig. 1. OFDM system with pilot aided channel estimation.
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with variance ¢, and h(n,l) is the baseband-equivalent
doubly-selective channel impulse response of the /th
path which includes the physical channel as well as the
transmit and receive filters.

We denote the sampling period by T, the maximum
delay spread and maximum Doppler frequency by fmax
and fnax, respectively, which are assumed to be known
at the receiver beforehand, so DFT of A(n, 1), i.e. H(k,
D=0 for kA frax OF IAFtma, Where Af and At are the
Doppler frequency resolution and delay spread resolu-
tion, respectively. Now we adopt the parsimonious mo-
del GCE-BEM to approximate the channel’s time varia-
tions in a discrete form. Then the channel can be expre-
ssed by BEM as [7]

hn D)= h,(De’e

(n.l)= qZQ 0] )
where A,(]) is the gth BEM coefficient of the /th channel
path. The order of BEM is 20+1, and o,/~2mqg/N;
where N=G(N+L) is the total number of symbols in G
OFDM blocks, which defines the size of the observation
window. If G=1, GCE-BEM represented by (3) will be
degraded to CE-BEM. Within the period of N, samples,
the BEM coefficients %,(/) are assumed to be constant.
Q indicates the order of the BEM and should be se-
lected such that(20+1) 2 fmax(2N,T5). GCE-BEM can be
viewed as the over sampling BEM. With the increasing
values of G, the resolution in Doppler frequency domain
increases which in turn decreases the modeling mis-
match. With larger values chosen for G and @, the sma-
ller reconstruction error for the channel can be obtained
at the expense of system complexity.

The idea of BEM allows us to represent the time va-
rying property of the channel by a set of known basis
functions and thus converts the general time-varying
channel to the block frequency-selective fading channel,
and it allows for an accurate representation of the
doubly-selective channels with a limited number of pa-
rameters for complex exponentials.

Substituting (3) into (2), the received signal in the ith
(=0, 1, -, G—1) OFDM block can be shown as

L 9
YO =Y b (e N x D (n=1)+ v (n).
1= g==Q @)

We collect N transmitted and received signals in the
ith OFDM block as x”=[x(i(N+L)), x(i(N+L)+1),
x(GNFLN— DT and yO=[pi(N+L)), y((N+L)+1),
Y(I(N+LY+N— 1)]T. Changing the summation order and
rewriting (4) in the matrix form, we have

0
yO = Z [H, X" + v
g=—-Q (5)
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where the diagonal N by N matrix I'j" = diag{e/2790(N+Ly- 5,
son, @ 27gGINALEN DN Yy o s hoise vector and H, is
an N by N inter-block interference free circulant matrix

which can be expressed as

BO) O R(L) - B (D
: h(L)

H = v

STUnAL) e (0 0
0 h(L) - k()

After the discrete Fourier transform(DFT) operation,
(5) becomes

[%)

Y@ =3 F/TF diag{X"}F h, +V©
g==0 (6)
where YO=Fy® XO=Fx® V9=Fv® and h,=[4,(0), -,
hq(L)]T, F denotes NxN unitary discrete Fourier trans-
form matrix defined as

6‘1'2/70 0iN ~ 204NN

e
F=—

VN o RFNI0IY

~J2R(N- NN
e J X i

and the N by (L+1) matrix F; is v jy times the first Z+1
columns of F.

Defining N by N matrix
Y =FT{'F 7
the element of ¥{ can be shown as [¥i'],,=¢y (m-n),
where

v LSS argivenien N, et v

o, (k)—y;C’ e ®

Note that ¢,’(0) appears on the main diagonal of ¥’
¢,(1) on the first sub-diagonal, ¢,"(-1) on the first super-
diagonal, and so on.¥{’ is the ICI matrix induced by the
time variations of the channel. If the channel is time
invariant, then 0=0 and ¥y’ will reduce to an identity
matrix.

[Il. Channel Estimation

The main strongpoint of adopting BEM is that we can
avoid estimating all the values of 4(n,) in (2), but need
to estimate (L+1)20+1) BEM coefficients within G OFDM
blocks. Now we describe the pilot insertion scheme as
shown in Fig. 2. We partition the G OFDM blocks as
information symbols containing only information bearing
data and pilot symbols containing both information bea-
ring data and pilots. The pilot symbols are denoted by
the index i, {0, -, G—1}, where p=(0, --, P—1) and
P is the total number of the pilot symbols. In each pilot

frequency
pilot information information
OFDM symbol OFDM symbol sub-black
S, / pilot
M- Vsubblock
2d+1
subcarriers
9 time
0 i 0 il iP -1 (; -1

Fig. 2. Pilot insertion scheme for channel estimation.

symbol with N subcarriers, pilot sub-blocks are inserted
in the frequency domain. The total number of the pilot
sub-blocks in the iyth pilot symbol is denoted by M, so
the ith pilot symbol can be given as X' =[(b{")",
(62)7 - (052 ), (8\2 )T where bl and s are
pilot sub-block and information sub-block, respectively.
In order to eliminate ICI from the d neighboring sub-
carriers, the pilot sub-block b’ can be designed as a
non-zero pilot b}’ surrounded by d zeros on both sides,
ie, b =[07.b".07], where 0 is a zero vector of
length d. The value of d determines the robustness of
the system against ICI. With higher d, the system per-
formance gets better but with higher pilot ratio.

Now that we only take account of the pilot subcarri-
ers in the ith received pilot symbol v, the received
signals in (6) corresponding to the positions of pilot
subcarriers can be expressed as

Q PN
Yo = Z{ Wi (i )diag(p"” )} (i, h, +
(/:«vl
N Srliy)
Y. WG, diag(s"F; (i, h, + V"

g=—0

=heiti ) (9)
(ip)

where P =[5 >""bj‘}i}71]T is a length M,, vector, the
elements of which are nonzero pilot tones, s’ is a
length D data vector(D=N—2d+1)M;). vio, ¥/U,) and
Voo are the M, rows of yu), F, and VU:) respectively
corresponding to the position of pilot subcarriers. Fi/(i,)
is the D rows of F, corresponding to the position of
data. The ¥/¢/,) is an M;xM,, matrix, the rows and co-
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lumns of which are related to the positions of the re-
ceived and the transmitted non-zero pilots, respectively
and ¥;(;,) is an MxD matrix, the rows and columns of
which are related to the positions of the received non-
zero pilots and transmitted data, respectively. Ici(i,) is
the ICI vector induced by the data sub-blocks.

¥)" is the ICI matrix, most energy of which is dis-
tributed over the diagonal and its neighbors, so we omit
the interference from the subcarriers the distance of
which is larger than o, and matrix ¥’ retains only
diagonal entries and it d neighbors. Considering the pilot
insertion scheme described above and the structure of
¥ the effective entries for channel estimation in ¥’
turn out to be only the diagonal ones. From the defini-
tion of ¥{ in (7), we know that the diagonal entries in
¥ can be expressed as

1 N1
B e(;2:{q(i(.r\ +L YN,

[ (z)] =
¢ o) N )

N—|

:e)27z'qi(.«\‘+l,).’?Cy LzejZanf:\"
NS

%y

:aqej}.mp’iG (10)

We note that the @, is not a function of /, and the
diagonal entry of ¥’ is not a function of m, so the
diagonal entries have the same value. If we only take
account of the pilot subcarriers in the pilot symbol, (9)
can be rewritten as

0
Vo = 3 agene “diag{p™ JF/ (1, h, +16i(,) + V'

9=-Q

Big.i,)

=[B(-Q,i,), - B(Q,i,)h, +Ici(i,) + V' (11)

where By =[h"y.-- hGF . Considering all the P pilot
symbols, we can obtain
B(-0,%) B(Q, i)
Y= : : h, +lci+V
B('Q» ipay ) B(Q’ i:"m! )
4 (12)

where Y= [({(('.;))I",,,,(?<rp-1y)1‘]7', V= [(V(lo))f’, ,,’(\”/(l,».u)I‘]r , and
Tei = [(Iei(i)) .- (Reiip-)) 1. D is a PMpx(20+1)(L+1)
matrix. If PMp>QQO+1)(L+1), then the LS estimation of
h; can be obtained as

h,=D'Y (13)

The LS channel estimation does not need extra infor-
mation about the channel correlation and noise variance
beforehand, so LS channel estimation is more practical
and we only address the LS channel estimation in this
paper. Since the pilots and their positions are known at the
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receiver, the matrix D' can be calculated beforehand
and this will not add any additional computation com-
plexity for channel estimation.

V. Optimal Training Design

In the following, we make following two assumptions,
the rationale of which is explained in [3].
al) Data symbols are of zero mean and unit variance,
and are uncorrelated with each other, i.e. E {s(d)
(s“Y"y=Ip, where Ip is a DxD identity matrix.
a2) The BEM coefficients A, (/) are complex Gaussian
random variables with zero mean and variance
o;,, and are uncorrelated with each other for diffe-
rent g and I
From (12) and (13), the mean square error(MSE) of
the LS channel estimation is given by

MSE = E{[|h, = h, [P} /(L +1)2Q +1)]
= or{D'E{VV + Iei(Tei)” }(D')7} /(L + 120+ D)(14)

Based on the above assumptions, we can see that the
correlation matrix of ICI is a scaled identity matrix™,
ie. £ {ki(l“«i)ﬁ}zaﬂw. Since there is no channel state in-
formation(CSI) except for fmax and 7 max supposed to be
known at the transmitter and receiver, the above assump-
tion will not affect the optimality of the training scheme
described below. We can get

" MSE = tr{(D¥ D)} /[(L +1)20 + 1)] (15)

where 6% = 67 + ;. The minimum MSE can be achie-
ved if the optimal condition D"D=Cluguyz+) is satis-
fied, where C is a constant, and then minimum MSE is
given as ¢ %C.

Now we derive the optimal scheme in the sense of mi-
nimum MSE. If we partition the matrix DD into (10
+1) rows and (20+1) columns with the resultant(Z+1)
by (L+1) sub-matrices as entries, the sub-matrix of DD
in the mth row and the nth column (m,n < {1,,20+1})
can be expressed from (11) and (12) as

P-1
[DHD](",_")=Z(Z("L” ,e~’2”(”“"’)’r G
() S i, ittt
¢ U]
(F/ (i,))” (diag{p“”} )" diag{p" }F{ (i,)
Ren (16)

where @ guny=( @) @, In order to satisfy the optimal con-
dition as discussed in [3], the diagonal sub-matrix of
DD, [D"D](nm), should be an identity matrix while others
should be zero matrices.

In the case of m=n, lD”Dlamﬂm=Z:.mm(l’{'(ip))”diag{P"r’}F[(ip),

) [l .. i) )
where P =[8".- /T and € is the power of the
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mth pilot tone in the i th pilot symbol. To make the sub-
matrix [D”D]pm be an identity matrix, the following
conditions must be held.

1) " =g, Vike{0,M,} and Vpe{0, - P-1}.

2) fr=fr+jsf, ¥ie(0,.M,} and Vpel0,- P-1},
where /7 is the corresponding position index of the jth
pilot tone in the ipth pilot symbol and Af is the neigh-
boring pilot tones interval.

In the case of mn, assuming that the conditions 1)
and 2) are held, [DHD](,,,,,,) will be a zero matrix if R(i,)'s
in (16) are the same for different i,, and the vector [7
(io,n—m), ", 7 (ip-1,n—m))]" is a column of a DFT mat-
rix. Then, we arrive at the following conditions.

3) M, =M,, Vp,ke{0, ... P-1.

4) i, =iy + pAp, Vpe{0,--,P~1}, where Ap is the neigh-

boring pilot symbols interval.

The condition 1) means that the pilot tones must be
equipowered, 2) means that the pilot tones must be equi-
spaced, 3) means that the number of pilot sub-blocks in
any pilot symbol must be the same, so we omit the
subscript of M, that is M=M;,, and 4) means that the pilot
symbols must be equispaced in the G OFDM blocks.

The proposed optimal pilot insertion scheme has the
similar form to the ones shown in [3], [4], but they are
derived from different situations. In [4], the channel is
assumed to be time invariant during at least one OFDM
symbol, and all pilots are assigned to an OFDM symbol
which can result in high pilot rate. In [3], the pilots are
inserted in the time domain, so the scheme is not suit-
able for the OFDM systems. Meanwhile, the proposed
scheme is derived for being used in the OFDM systems
in the doubly-selective channels.

V. Simulation Results

Consider an OFDM system with N=64 subcarriers,
channel length L+1=8, and QPSK modulation. The paths
of the doubly-selective channel are assumed to be inde-
pendent and identically distributed(i.i.d). The carrier fre-
quency f; is 2 GHz and the OFDM symbol duration NT,
is 0.32 ms. The maximum Doppler frequency fuax are
set as 100 Hz, 200 Hz and 300 Hz corresponding to the
vehicle speed of v=54, 108, and 162 km/h, respectively.
The G in (2) is 64.

In the simulations, all the channel coefficients A,(/) are
generated as independent complex Gaussian random vari-
ables. The power delay profile is selected as #,(/)=exp
(-0.1), Vg, and the Doppler power spectrum is selected
as 4= (Tl i=0 ) [/1< fuw; otherwise, ¢,(f)=0,
V1. We use the same variance of h,(/) as in [3], that is
o, =Pb. ¢ (q/ (N.T))), where the normalizing fac-

MSE

fmax=100Hz,d=0
fimax=100Hz. d=2
—a— fmax=200Hz d=0
—&— fmax=200Hz d=2
—— fmax=300Hz .d=0
—e— fmax=300Hz2,d=2
10‘ I} i L 1 L I L I i

o] 2 4 6 & 10 12 14 16 18 20
SNR(dB}

107}

Fig. 3. Channel estimation MSE as a function of SNR.

tor A=, ¢ 0Od@ NIN" The length of zero guard d
is set as 0 or 2. We use system parameter values of 0=
2, M=8, P=8 for fux=100 Hz, O0=5, M=8, P=16 for
fmx=200 Hz and Q=7, M=8, P=16 for fu.,,=300 Hz,
which satisfy the condition (20+1)>fnax(2NT5). The
pilot ratio PM(24+1)/GN in the proposed scheme is
rather low, while in [6] the pilots are inserted into all
the N subcarriers of the pilot symbol and the pilot ratio
is 1/(1+k), corresponding to M(2d+1)=N in the proposed
scheme, where & is the number of data OFDM symbols
between two pilot OFDM symbols.

Fig. 3 shows the MSE performance as a function of sig-
nal to noise ratio(SNR) for the different Doppler fre-
quency and different length of zero guard d. we can see
that increasing the length of zero guard 4 can raise the
robustness against ICI especially at high SNR. It is
because at high SNR, the main interference for the cha-
nnel estimation comes from ICI but not from noise. The
shortcoming of the larger zero guard is that it lowers the
data ratio. Fig. 4 shows the performance comparison of

MSE

optimal training
——o—— scheme in [6]
randam taining in time domain
—s— random training in frequency domain

107 I I L L L 1 [ L L
0 2 4 [ 8 10 12 14 16 18 20

SNR(dB)

Fig. 4. Channel estimation MSE as a function of SNR for
different schemes.
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the proposed scheme and the channel estimation method
in [6] and the non-optimal training estimations in which
the pilot symbols are distributed randomly in the G OF-
DM symbols and distributed randomly in the frequency
domain. The maximum Doppler frequency fmax 1S set as
100 Hz, and the pilot ratio in the proposed scheme is
7.8 %. As shown in Fig. 4, the proposed scheme per-
forms better than the random training method and the
scheme advocated in [6].

VI. Conclusions

We present a new method of estimating the doubly-
selective channel for OFDM systems. The time variation
of the channel is modeled by GCE-BEM over several OFDM
blocks, by which the time-varying channel estimation is
converted to estimating a limited number of the BEM
coefficients. The time variation of the channel in OFDM
systems can introduce ICI, most power of which comes
from the neighboring subcarriers. The correlation of ICI
can be verified to be a scaled identity matrix. Based on
this property, we propose an optimal pilot insertion sche-
me for the LS estimator in the sense of minimum mean
square error. Compared to the existing estimators, the pro-
posed estimator requires low pilot ratio and thus entails
higher data efficiency. The simulation results validate our
conclusion.
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