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Abstract

We characterize a fuzzy pairwise ~y-irresolute continuous mapping on a fuzzy bitopological space.

Key words : fuzzy pairwise y-irresolute continuous mapping, (74, 7;)-v-interior, (75, 7;)-y-closure

1. Introduction

Azad [1], Singal and Prakash [9] introduced the con-
cepts of a fuzzy semiopen set and a fuzzy preopen set on
a fuzzy topological space respectively, and characterized a
fuzzy semicontinuous mapping and a fuzzy precontinuous
mapping on a fuzzy topological space. Weaker forms of a
fuzzy pairwise continuity on a fuzzy bitopological space as
a natural generalization of a fuzzy topological spaces have
been considered by several mathematicians using a (7;, 7;)-
fuzzy semiopen set and a (7, 7;)-fuzzy preopen set. ln
particular, Sampath Kumar [7, 8] defined a (7;, 7;) —fuzzy
semiopen set and a (7;, 7;)—fuzzy preopen set, and char-
acterized a fuzzy pairwise semicontinuous mapping and a
fuzzy pairwise precontinuous mapping on a fuzzy bitopo-
logical space.

Recently, Hanafy [2] defined a fuzzy ~y-open set, and
studied a fuzzy ~y-continuous mapping on a fuzzy topo-
logical space. The author et al. [3, 5] defined a fuzzy
~-irresolute (fuzzy ~-irresolute open) mapping on a fuzzy
topological space and investigated some of their properties.
Also, he et al. [4, 6] defined a fuzzy pairwise y-continuous
mapping and a fuzzy pairwise pre-irresolute mapping on a
fuzzy bitopological space and characterized.

In this paper, we characterize a fuzzy pairwise -
irresolute continuous mapping on a fuzzy bitopological
space.

2. Preliminaries

A system (X, 71, 72) consisting of a set X with two
fuzzy topologies 71 and 72 on X is called a fuzzy bitopo-
logical space [ fbts]. Throughout this paper, the indices i, j
take values in {1, 2} with ¢ # j.
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Let u be a fuzzy setina fbts (X, 7, 72). Then 7; — fo
set u and 7; — fc set p mean 7;-fuzzy open set p and
r;-fuzzy closed set p respectively. Also, ; — Intp and
7; — Clp mean the interior and closure of y for the fuzzy
topologies 7; and 7; respectively.

A mapping f : (X, 71,72) = (Y, 7, 75) is fuzzy pair-
wise continuous [ fpc] if and only if the induced mapping
f (X, 7) — (Y,77) is fuzzy continuous for (k = 1,2) .

Definition 2.1. [7, 8] Let i be a fuzzy set of a fbts X.
Then p is called;
(1) (7, 7;)—fuzzy semiopen [(7;, 7;) — fso] in X
if p <7; — Cl{rs — Intp),
(2) (7, 7;)—fuzzy semiclosed [(7;, 7;) — fsc] in X
if r; — Int(r; — Clp) < p,
(3) (i, 74)—fuzzy preopen [(1;, 7;) — fpo] in X
if p < 7, — Int(m; — Clp),
(4) (i, 7j)—fuzzy preclosed [(73,7;) — fpc] in X
if r; — Cl(Tj — Int,u) < u.

Definition 2.2, [6] Let 4 be a fuzzy set of a fots X. Then
u is called;
(1) a (7;, 7j)—fuzzy y—open [(7;, 7;) — fryo] set of X
if u <715 — Cl(r; — Intp) V 7y — Int(r; — Clu),
(2) a (1i, 7j)—fuzzy y—closed [(7;, 7;) — fryc] setof X
ifr; — Cl{r; — Intp) A7y — Int(r; — Clp) < p.

Remark that every (7;, 7;) — fso setis a (3, 7;) — fvo
set and every (7;,7;) — fpo setisa (7;,7;) — f~o set. The
converses need not be true in general [6].
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Propeosition 2.3. [6] (1) The union of (75, 7;) — f~o sets is
a (73, 75) — fryo set.

(2) The intersection of (75, 7;) — fyc setsisa (73, 75) —
fryc set.

The intersection (union) of any two (7;,7;) — fvo
((75,75) — fye) setsneed not be a (73, 75) — fvo (13, 75) —
fye) set [6].

Proposition 2.4. [6] Let x be a fuzzy set of a fbts X.

(W) If pisa (4, 7;) — fyoand 7; — fcset, then pris a
(73, 7) — fso0set.

I pisa(r, ) — fycand 7; — foset, then pis a
(13, 75) — fsc set.

Proposition 2.5. [6] Let (X, 71, 72) and (Y, n1,72) be
fbts’s such that X is product related to Y. Then the prod-
uct uxvofa(r;,7;)— fyoset uof X anda (n1,72) — fryo
set v of Y is a (0;,0;) — frvo set in the fuzzy product
bitopological space (X x Y, o1, 02), where oy, is the fuzzy
product topology generated by 74 and ny, (k =1, 2).

Definition 2.6. [6] Let y« be a fuzzy setof a fbis X.
(1) The (r;, 7;) — y—interior of p [(7;, 7;) — v Int ] is
defined by

(15, 75)— Intpy = sup{v |v < p, visa (1, 7;)— fryoset}.

(2) The (73, 7;) — y—closure of p [(7;, 7;) —v Clp)l is
defined by

(1iy7) =y Clp = inf{v |v > p, visa (m, 7;) — fryc set}.

Obviously, (7;,7;) — = Cly is the smallest (7;,7;) —
frye set which contains y, and (7;,7;) — v Intu is the
largest (7;,7;) — f~o set which is contained in p. Also,
(1i,75) — v Clp = p for any (7;,7;) — fryc set p and
(73,75) — v Intp = p for any (7;,7;) — fryo set p.

Hence we have

7 — Intp < (73, 7;) — sIntp < (73, 75) — v Int < p,

p < (7,75) —yClp < (73, 75) — sClp < 73 — Clp

and
7 — Inty < (73, 75) — plnte < (74, 75) — v Intp < p,

p < (7, 75) — v Clp < (73, 75) — pClp < 7 — Clp.
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Definition 2.7. [6,7, 8] Let f : (X, 7, 72) — (Y, 77,73)
be a mapping. Then f is called;

(1) a fuzzy pairwise semicontinuous [ fpsc] mapping if
fY(v)isa(m, 1) — fsosetof X foreach 7 — fo setv
of Y,

(2) a fuzzy pairwise precontinuous [ fppc] mapping if
f~Y(v)isa(r, 1) — fposetof X for each 7 — fosetv
ofY,

(3) a fuzzy pairwise y—continuous [ fpyc] mapping if
fY(w)isa(m, ;) — fryo setof X foreach 7 — fosetv
of Y.

From the above definitions it is clear that every fpscis

a fpyc mapping and every fppcis a fpyc mapping. But
the converses are not true in general [6].

Theorem 2.8. [6] Let f : (X, 71, 72) — (Y,75,75) be a
mapping. Then the followings are equivalent:

(1) fis fpye.

(2) The inverse image of each 77 — fcsetof Y is a
(13, 7;) — fryosetof X.

3) f((ri,75)—7 Clp) < 77— CI(f(p)) for each fuzzy
set p of X.

(@) (i, ) — v CUf~*(v)) < f~1(r} — Clv) for each
fuzzy set v of Y.

(5) f~ (77 — Intw) < (7, 7;)—7 Int(f~*(v)) for each
fuzzy set v of Y.

Proposition 2.9. [6] Let f : (X, 71,72) — (Y,7{,75) be
a fpyc mapping. Then for each fuzzy set v of ',

i — ) <

75— Cl(r; — Int(f 1 (v))) V7 — Int(r; — Cl(f~tw))).

Proposition 2.10. Let f : (X, 71,72) — (Y,77,75) be a
fpyc mapping. Then for each fuzzy set v of Y,

7 — Cl(ry — Int(f~1(v))) A7y — Int(r; — Cl(f~(v)))
< fF N7 - Cl).

Proof. Let v be a fuzzy set of Y. Then 7" — Clv
isa (77,77) — fyc setof Y and so f~' (7 — Clv) isa
(73, 75) — fre setof X. Hence
7 — Cl(r; — Int(f 72 () A1y — Int( — CI(f~'(¥)))

<7, — Clr; — Int(f_l(ﬂ'i* — Clw))A
7 — Int(r; — Cl(f~' (7] — Clv)))
< YA - Q).
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Proposition 2.11. Let f : (X, 71, 7) — (Y, 74, 75) be a
fpryc mapping. Then for each fuzzy set p of X,

flri — C7j — Intp) A 7j — Int(r; — Clp))
<7 CUf(u).

Proof. Let ;4 be a fuzzy set of X. Then, by the above
theorem,

7; — Cl(1; — Intp) A 7; — Int(m; — Cly)
< 7= Clry — Int(f 71 (fF()))A

7 — Int(r; — CI(f1(f(w))

< SN = Q)

and
f(m — CY7j — Intp) A 7; — Int{7; — Clp))

< QW)
<7 QU ().

Proposition 2.12. [6] Let (Xi,71,7), (X2,77,75),
(Yi,m,m2) and (Y, 17, n3) be fbts’s such that X; is
product related to X. Then the product f; x fo : (X1 X
Xo,01,0:) — (Y7 x Ya,01,02), where 8 (respectively
o) is the fuzzy product topology generated by 74 and 7;;
(respectively 7 and ;) (k = 1,2), of fpyc mappings
fi o (X1,m,m2) = (Y1,m1,m2) and fo : (Xo, 77, 75) —
(Y2,m7,73), is a fpyc mapping.

3. Fuzzy pairwise vy-irresolute continuous
mappings

Definition 3.1. Let f : (X, 7, m2) — (Y, 7], 75) be amap-
ping. Then f is called a fuzzy pairwise ~-irresolute [ fpy-
irresolute] continuous mapping if f ~1(v)isa (r;, 7;)— fyo
set of X foreach (7, 7}) — frosetvof Y.

From the above definitions it is clear that every fpy-
irresolute continuous mapping is a fpyc mapping. But
the converse is not true in general. A fpsc mapping and
a fpy-irresolute continuous mapping do not have specific
relations. Also, fppc mapping and fpy-irresolute continu-
ous mapping are independent.

Example 3.2. Let py, p2, pg and pg be fuzzy sets of
X ={a,b, c}, defined as follows:

p1(a) = 0.9, p1(b) = 0.9, 111 = 0.9,
pz(a) = 0.2, p2(b) = 0.2, up = 0.2,
p3(a) = 0.4, us(b) = 0.4, uz = 0.4,
pala) = 0.7, ua(b) = 0.7, ug = 0.7.

Consider fuzzy topologies

71 = {0x, pa, Ix}, 72 = {0x, u3, 1x },
Tik = {OXap'la ]-X}aTQ* = {0X7 1X}

Then the identity mapping i x : (X, 71, 72) — (X, 7{,75)
is fpye. Also, ix are fpsc and fppe. Butix is not fpy-
irresolute continuous.

Example 3.3, Let pq, po, pg and gy be fuzzy sets of
X = {a,b,c} in Example 3.2. Consider fuzzy topologies

= {0x, 15, 1x}, 2 = {0x, p2, 1x },
7 = {0x, pa, 1x}, 75 = {0x, p1, Ix }.

Then the identity mapping i x : (X, 71, 72) — (X, 7, 73)
is fpy-irresolute continuous. But ¢ x is not fppc.

Example 3.4. Let pq, p2, p3 and pg be fuzzy sets of
X = {a,b,c} in Example 3.2. Consider fuzzy topologies

1= {0X7IJ’ACL? 1X}77_2 - {0X7 H2, 1X}’
= {0x,p$,1x}, 75 = {0x, p1, 1x}.

Then the identity mapping i x : (X, 71, 72) — (X, 7],73)
is fpry-irresolute continuous. But ¢ x is not fpsc.

Theorem 3.5. Let f : (X, 7, 72) — (Y, 7, 75) be a map-
ping. Then the followings are equivalent:

(1) f is fpy-irresolute continuous.

(2) The inverse image of each (77, 7}) — fycsetof ¥’
isa (i, 7;) — fycsetof X.

(3) f((7i,75) =Cly) < (77, 77) —~7CU(f(p)) for each
fuzzy set p of X.

@) (72, 75)~ACIF () < (77, 7) =7CW) for
each fuzzy set v of Y.

Proof. (1) implies (2): Let v be a (Ti*,T;) — frve
set of Y. Then v° is a (77,7)) — fyo set. Since f
is fpy-irresolute continuous, f~*(v¢) = (f~1(v))¢is a
(7i,7;) — fryo setof X. Hence f~Y(v)isa (7, 7;) — fryo
set of X.

(2) implies (1): Let v be a (7/,77) — fyo set of Y.
Then v¢isa (77, 7}) — fycsetand f~H(v°) = (f~(v))°
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is a (1, 7;) — frye setof X. Since f~1(v) is (73, 7;) — [0

set of X, f is fpy-irresolute continuous.

(2) implies (3): Let p be a fuzzy set of X. Since

f((ri,mj) — vInw) is a (77,7f) — fye set of Y,
FH(f((ri,75)— Intp)) isa (14, 7;)— fyc setof X. Hence
(1iy15) — v Clu
< (ris1) =y CUSH ()
< (70, m5) =y CUSTH(75 ) = v QU ()
= [T ) =7 CUf ()
and
f((ri,75) =~ Clu)
< FUEHE ) = CUf ()
< (7 757) — v Qf(W)-

(3) implies (4): Let v be a fuzzy set of Y. Then

Frism) =y CUFTH@)))
< (777 =y CUS(FH()))
< (77,7]) = Clw.
Thus
(75, 77) =y U ()
< A ) =y QU ))
< 7N 7)) = Cw).
(4) implies (2): Let v be a (1} ) fycset of Y.
Then
(Ti?Tj)_’YCl(f—-l(V)) f (( i j) A/CIV)
= fHw).
Therefore, f~'(v)isa (7;,7;) — fryc setof X.
Theorem 3.6. A mapping [ : (X,71,72) — (Y,7],73)

is a fpry-irresolute continuous if and only if for each fuzzy
setvof Y,
_1((71-*, T]*) —vInw) < ~ Int(f~ (1/))

(Ti,Tj)

Proof. Let v be a fuzzy set of Y. Then (77, 7}) —

PR
~vInty < v. Since f is fpy-irresolute continuous,

fH(rf, ) — v Intw) is a (73, ;) — fyo setof X. Hence
M ,75) — v Intv)
= (1, 73) —y Im(f (7}, 77) — v Intw))
< (7i,75) = v Int(f ~ (v)).

Conversely, let v be a (77, T 7F) — fyosetof Y. Then
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7w

f

~ Intv)
).

FHE )~
< (7, 75) =y Int(f~

Therefore, f~*(v)is a (;,7;) — f~o set of X and conse-
quently f is fpy-irresolute continuous.

Theorem 3.7. Let f : (X, 71,72) — (Y, 7{,75) be a bi-
jection. Then f is fp~-irresolute continuous if and only if
for each fuzzy set p of X,

(775 = v It f () < f((ri, 75) — 7 Intpz)).

Proof. Let p be a fuzzy set of X. Then by the above
theorem,

FHGE T =y Ind(f (1)) < (o, my) =y Int(f 1 (f (1)),

Since f is a bijection,

(77, 77) = v Int(f ()
U ) =y Int(f (1))

(13, 77) — v Int(F~H(F(1))))
(73, 75) — v Intp).

H\\

IN

I
I
I

Conversely, let v be a (7, 7)) — fryo setof Y. Then

(77, m) =y Ime(f(f () < f((7i,75) =y Int(£ = ().

Since f is a bijection,

(77, 7) =y Inw < f((7i,75) =y Int(f " (v)).

This implies that

F (7)) — y Inw)
< FHf((ri ) — y Ine(f
= (73, 7j) — v Int(f 71 (v)).

)

Therefore, by the above theorem, f is fpy-irresolute con-
tinuous.

Theorem 3.8. Let f : (X, 7, 72) — (Y, 77, 75) be fpy-
irresolute continuous. Then for each fuzzy set v of Y/,

UG ) -
7 — Cl(ry — Int(f*(v))) v 7 — Int(

~ Intv) <

7= CUf (V).
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Proof. Let v be a fuzzy set of Y. Then (77,
is a (77, TJ?")

77 )= Intv
— fyosetof Y and so f~' (7}, 7}) — v Intv)

isa (7, 7;) — fryo set of X. Hence

(G 77) —vIntv) <

7; — Cl(r; — Int(f~Y((77, 77) — v Intw)))V

7 = Int(; — CS7 (77, 77) — v Intv))) <

T5 — C](Tz - Il’lt(f_l(V))) VT — Int(TJ - Cl(f ( )))

Theorem 3.9. Let f : (X, 7,72) — (Y, 7, 7) be fpy-
irresolute continuous. Then for each fuzzy set v of Y,

7 — Cl(ry — Int(f () A7y — Int(r; — CI(f~(v)))
<f N 7)) = Cl).

Proof. Let v be a fuzzy setof Y. Then (7%, 7)) = Clv
isa (7}, 77) — fycsetof Y and so f ({7, 7F) — v Clv)
isa (7, 7;) — frye set of X. Hence
7 — Cl(r; — Int(f 7' (v))) A1y — Int(m; — CI(f~1(v)))

<7 — Clrj — Int(f~ (( T, T; ) — v Clv)HA
; — Int(r; — CI(f~1((7, 77) — v Clv)))
<f Y 7)) =~ Cl).
Theorem 3.10. Let f : (X, 7, 72) — (Y,7{,75) be fpy-

irresolute continuous. Then for each fuzzy set u of X,
f(ri = Cl(m; — Intp) A7 — Int(r; — Clp))
< (7 77) — v CUf (W)

7,7 j)

Proof. Let 1 be a fuzzy set of X. Then, by the above
theorem,

7 — Cl(1; — Intp) A7; — Int(r; — Clu)
< 7= Clry — Int(f =1 (f(w)))A
i — Int(r; — CI(f~1(f(w))))
<f N ) = QU ()
and
f(ri — Cl(7; — Intu) A 7; — Int(r; — Clu))

IN A

FUTH 7)) =y U ()
(7, 77) — v CUf (W)

Theorem 3.11. Let f : (X, 7, 72) — (Y, 7{,75) be fpy-
irresolute continuous. Then for each (7", 7}) — f~o set v
of Y,

) < v Int(f~ (’T — Cl{r} — Intw)v

7; — Int(7] — Clv))).

(ri, 7)) ~

Proof. Let v be a (77, 7F) — fyo setof Y. Then

1174
)
<fr ('r - Cl(1] — Inw) vV 7' — Int(7] — Clv)).
Since f~Y(v)is a (r, 7;) — fyo setof X,
F ) = (riymy) =y Int(fH ()
< (7iy75) =y Int(f 71 (7 — Cl(7; — Intw)V

T — Int(Tj — Clv))).
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