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Exact BER Expressions for Decode-and-Forward Relaying in
Rayleigh Fading Channels
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ABSTRACT

User cooperation provides high reliability in wireless communication systems by employing relay nodes to
transmit the same information. In this paper, a bit error rate (BER) study is presented for decode-and-forward
(DF) relaying for user cooperation in independent and identically distributed Rayleigh fading channels. For an
arbitrary number of relays, exact and closed-form expressions of the BER are proposed for M-ary PAM (Pulse
Amplitude Modulation), QAM (Quadrature Amplitude Modulation) and PSK (Phase Shift Keying), respectively.

It is also shown that the analytic results are perfectly matched with the simulated ones.

I. Introduction multiple communication paths by using more than

one antenna at the transmitter andfor the receiver.

The use of diversity alleviates the effects of However, realistic mobile nodes do not have
fading in a wireless system. The idea is to create enough space to be equipped with multiple
independent and multiple fading paths between a antennas. Recently, therefore, the use of available
source node and a destination node. Spatial mobile nodes as a collaborative relay mnode
diversity is a well-known method of generating between a source and a destination node has
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been suggested in [1]-[3], which is referred to as
user cooperation that achieves a new type of
spatial diversity called cooperative diversity. For
the user cooperation, nodes share their antennas
and other resources to create a virtual antenna
array through distributed transmission and signal
processing.

In this paper, we focus on decode-and-forward
(DF) relaying[2] among various relaying protocols
for user cooperation. For the DF relaying, relays
demodulate and decode the transmitted signal
from the source before encoding again and
retransmitting it to the destination. At the
destination, the receiver can employ a variety of
diversity combining techniques to benefit from the
multiple signal replicas available from the relays
and the source.

The performance of the DF relaying protocol is
often evaluated by an outage probability[3],[4] and
bit error rate (BER)[5] especially when the
statistics of the channels between the source,
relays, and destination are assumed to be
independent and identically distributed (i.i.d). In
[5], the BER peformance of the DF relaying was
investigated for a single relay when the
communication between the source and the
destination is unavailable. In this paper, hence,
considering an arbitrary number of relays and the
available communication between the source and
the destination, we present exact and closed-form
expressions of the BER of DF relaying with
M-ary PAM, QAM and PSK in iid. Rayleigh
fading channels, respectively.

. System Model

We consider the wireless network in Fig. 1

Source Destination

k,/

N Relays

Fig. 1 The wircless relaying system with N relays where
heps hgp and hpp for i=1,--,/V denote the complex

channel coefficients

where a source node is communicating with a
destination node through intermediate N relay
nodes. The complex channel coefficients between
the source and the destination or the ith relay are

denoted by hg, or hg,, respectively, and the

complex channel coefficient between the ith relay

and the destination is represented by A, Every

channel between the nodes is assumed mutually
independent Rayleigh distributed. Thus, the

channel powers, denoted by o, =|hg|’, o, =|hg,[

and oy, =|h, > where i=1,--- N are independent

and exponentially distributed random variables
whose means are X, A, and ), respectively.
From the assumption of identically distributed
fading channels, let A, =X and X\, =X, =), for
i=1,--,N. We assume that the average transmit
signal-to-noise ratios (SNRs) for the source and
relays are equal, denoted by p. It is also assumed
that the receivers at the destination and relays

have perfect channel state information but no
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transmitter channel state information is available
at the source and relays.

A time-division channel allocation scheme with
N+1 time slots is adopted in order to realize
orthogonal channelization[3]. In the first time slot,
the source broadcasts its signal to the destination
and all relays. During the following N time slots,
then the relays that belong to a decoding set C,
decode and forward the source message to the
destination in a predetermined order. The
decoding set C;, is defined as a subset of
C={R,R,- Ry} that consists of the relays able

to successfully decode the source message[6].

Il. BER for DF Relaying in Rayleigh
Fading Channels

Hereafter, the elements in the sets C and C,
are expressed as only the indices of relays. Since
C, is a random set, using the total probability
law the BER of DF relaying is written as eq.
(1) where Us{PAMQAM PSK}, PrV{C,} denotes
the probability that the decoding set C, exists

for U, and B_DU(CD) denotes the BER for the
combined signal obtained by using maximal ratio
combining (MRC) after the destination receives
U-modulated signals from the source through the
members of the decoding set. Furthermore, the

summation by is taken over all of the

1< g << g,
(i\f) possible subsets of size r of the set

C=1{1,2,-,N}. By assuming the iid. fading

channels, eq. (1) can be simplified as

7= S Mo eial). @

r=0

where || denotes the cardinality of .
Assuming that a modulated symbol is transmitted
over a time slot, the probability for the decoding
set C, in the ii.d. fading channels is obtained by

Prf|cp=r}=(1-57(s9)"", (3
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where SU denotes the error rate of U-modulated
symbols transmitted from the source to a relay
and, for M-ary constellations, is given by

57=1-(1-57"", @
where BY represents the BER of U-modulated
symbols received by a relay. In egs. (3) and (4),
all relays have the identical symbol error rate and
BER because of ii.d. fading channels. In the

following, we provide a closed-form expression
foo BY (as a result, Pr{|Cyl=r}) and
B Gl=r)-

3.1 BER of DF Relaying for M-ary

PAM and QAM

In this paper, we assume Gray mapping. In an
additive white Gaussian noise channel, an exact
instantaneous BER of the nth bit for M-ary PAM
at the receiver of relay i is given by [7, eq. (9)]

1 (1-27"M-1 pay 5
PM,i(n):M ];] KM](”) erfd L, ; Tog, M 5)
where

)= () - [ 2701,

K, 5

j
3log, M
M1

Ly =(2j+1)

To obtain the BER for a Rayleigh fading
channel, we take the expectation with respect to
the channel:

L Pous
i |
sin“0 log, M
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where we use the

Craig’s formula

2 /2
erfc(z )—;/ exp(—z%/sin®0)dd for the second
0

for

. log, M
equality and E[exp(— pal”s)]— %8

log, M B pA; s +log, M
the last equality. Then using [8, eq. (5A.9)], we
can show' that

I 1 (1-2"M-1

where we omit the relay’s index i since

Py (n)= - =Py \(n) from A =X for

=1,---,N, and

Ly ;B
R v

Hence, the exact BER for M-ary PAM at the
receiver of a relay is obtained by

BPA M _

logoht
T, 5,7l ®

A rectangular or square QAM can be
independent PAM
I-ary PAM for the in-phase
component and J-ary PAM for the quadrature
component, where M=TIxJ. Then, using (7), the
BER of the nth bit of the in-phase component

composed of two
constellations{7]:

received at a relay can be expressed as

1(1—2’ -1

— "
B=p 5 K0t en). o)

and the BER of the mth bit of the quadrature
component is

_ 1 a=27-1
Pyfm) == 20 K, (m)(1-9,,,(p))), (10)
=

where

G} ;8
- G
IJJ(ﬁ) \/logQ(IXJ)+GI2/']ﬂ ’

3log, (X
Gy =+ )y .
s = QYO

Therefore, the BER for an M-ary QAM signal
received at a relay is obtained by

BRAM

P, m)). an

Let +(C,)= pa0+2pa2 )/log,M denote the
r=xe

MRC output SNR for the signals received by the
destination from the source as well as the
members of the decoding set C,. By taking the
expectation with respect to the ii.d. channels,
then the moment generating function (MGF) of
v(C,) is given by

M (¢, (s) = Elexp(~(Gp) s)]
log, M |I9#+1
B ( ph, s+ log, M > (12

where M, . (+) denotes the MGF of ~+(C}), and

we can recognize that the MGF of +(C,) depends
on the cardinality of the decoding set and not the
members of the decoding set. Applying (12) into
(6) and using [8, eq. (5A.4a)], we can obtain the
BER of the MRC-combined signal with M-ary
PAM at the destination as follows:

N logsM
BV (ICpl=r) = log2 E Ppyln|Cpl=1), (13)
where
1 (1-27)M—1
PD,M(n’|CD‘:T) - M 4 KM](")

i=

S e

1- QM] p)x
k=

Then the BER of the MRC-combined signal

with M-ary QAM at the destination is obtained by
logal
BV (|Gl=r)= logM EPDI”7|CD|

logyJ

+ Zlﬁ,.,(ml%l:r)), (15)
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where
1 (1-2""7-1
PDIn’ch’_ =7 ! KI()
j=
2k 1- Wi](ﬂ 2))k
s £ o
- 1(1 27™MJ-1
PD,J(m’|CD|=r)=7 2 KJ]( m)
=
r 11—, (o) |
x|1-8,,,(00,) 2(2 )(#H an
k=0

Inserting (8) or (11) into (4) and making (3),
and then substituting (13) or (15) in (2), we can
yield the BER of DF relaying for M-ary PAM or
QAM in iid.

respectively.

Rayleigh fading channels,

3.2 BER of DF Relaying for M-ary PSK
For M-ary PSK, the BER of the signal received
by a relay is given by [9, egs. (8) and (18)]

PSK _
BFK = log2 Ze Pr{#<o,}, (18)

[(2j=3)n/M (2 —)m/M) for j=1,--,M

and e; is the number of bit errors in the decision

where 0,=

region 6.
0~ 11 (&)
Pr{f<0,,0,1}= %+§CU5 - . )
1 (1 1(£L))
5@(5 : (19)
where
= 4/pA =esin( ;wL esm(GL)
= o
v \/w2U+ W2+
.- eoos(ﬁL)
v s 2U A1

In (18), we need not consider the relay’s
index, as in Section IILA, since X =)\ for
=1, V.
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We can easily find the probability density
function (PDF) of +(C,) by taking the inverse
Laplace transform of the MGF in (12):

log, M

|Cg+1 ,})CA
f’Y(CD) (’7 :( pAz

e

~log, M
2

), (20)

expl—

where f,,(+) denotes the PDF of ~(C},) and
relies on not C), but the cardinality of ;. Using
the PDF of ~(C,) in (20) and the ana1y51s in [9],
the BER of the MRC-combined signal with M-ary
PSK at the destination is obtained by

—— 1 M
BYE((Cpl=r) = Wzlej Pr{0€6,;|Cyl=r}, 21)
=

where

Pr{o=(0,,0,]:|Cpl=r}=

bu=b t, 1, l+——tmil(£”)) ) (Qk)

2 270 2 T Sk
1\ osin(tan™ ' (€p) & & X
4w} +1)) ’ ™ k21i=1 (w +1)°
-1
% cog?th— z)+1( —1(5(] CL{(%"‘ tan W(fL))
-1

k 1 k  sin(tan {L))
Xg(k)(dwi-i-l)) N -

furthermore,

(&)
Xik = ) Vk s
(2(:_;))4’ (2(k—i)+1)

and e¢=./p),. Finally, substituting (18) into (4)
and making (3), and then constructing (2) with
(21) and (3), we can obtain the BER of DF
relaying for M-ary PSK in i.id. Rayleigh fading

channels.
IV. Numerical Results

Figs. 2 and 3 illustrate the BER of DF relaying
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Fig. 2 BER of DF relaying for M-ary PSK when N=2, 5
and 8
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Fig. 3 BER of DF relaying for M-ary QAM when N=2,
5 and 8
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Fig. 4 The minimum number of relays to meet 1% target
BER and its capacity when 8-ary PSK and 16-ary QAM
are respectively used

for M-ary PSK and M-ary QAM, respectively,
when 2, 5 and 8 relays are used. In the
simulation we set A\ =\, =1. The figures show
exact matches between the results from the
analysis and the simulation. As seen in these

figures, the BER performance improves as the

number of cooperative relays goes up. However,
an increase in the number of relays requires an
increase in the number of orthogonal channels
(e.g., N+1 time slots as stated in Section II) to
achieve spatial diversity. Hence, the imprudent
introduction of cooperative relays may induce a
considerable loss of capacity due to a large
expenditure of resources such as time slots and
frequency bands. Consequently, plots like Figs. 2
and 3 help to determine the minimum number of
relays to meet a target BER, which provides the
minimum capacity loss. Fig. 4 shows the
minimum number of relays to satisfy 1% target

BER and its capacity defined as follows:

1
C=———log, M, 23
Nx+1 OgZ ( )

where N denotes the minimum number of relays
to satisfy the target BER for given SNR and
M-ary constellation and N +1 represents the total
number of time slots used for transmission of an
M-ary symbol. In the figure, it is observed that
the minimum number of required relays
diminishes as the SNR increases, and the
reduction in the number of relays used for

transmission improves the capacity.

V. Conclusion

Exact and closed-form BER expressions of DF
relaying with M-ary PAM, QAM and PSK have
been derived for an arbitrary number of relays in
iid. Rayleigh fading channels and their performance
has been examined for various number of relays and
different constellation sizes. Numerical results
indicate that simulation results are in excellent
agreement with the derived expression. From the
results, we can also perceive how many relays
are at least needed to satisfy a target BER for a
given SNR.
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