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Abstract

In this paper we study the numerical solutions of the stochastic functional

differential equations of the following form
du(z,t) = f(z,t,u)dt + g(z,t,u)dB(t), t >0

with initial data u(z,0) = uo(x) = £ € L% ([-,0}; R").

Here 2 € R™ ,(R" is the v — dimenional Euclidean space),

f:C([~7,0];R*) x R¥*! — R™, g: C([-r,0]; R") x Rt! — R™™,

u(z,t) € R™ for each t, u; = u(z,t +6) : —7 < 6 <0 € C([-7,0]; R*), and B(t) is an

m-dimensional Brownian motion.

Keywards: Euler-Maruyama, stochastic functional differential equations,local Lipschitz
condition, linear growth condition, convergence theory.

AMS Subject Classifications: 65C30, 60H20, 65C20 .
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1-Introduction

The numerical solutions of the stochastic differential equations studied in many papers
(see [1],12],13],[4], [5], [6],[7],[8],[9]). In this paper we study the Euler-Maruyama numerical
solution of the SFDE

du(z,t) = f(z,t,u)dt + g(z,t,u)dB(t), t >0

with initial data u(z,0) = ue(z) = £ € L%, ([-7,0]; R").

Here z € R™ ,(R" is the v — dimenional Euclidean space),

f:C(~-m,0];R") x R**' - R™, g: C(|-7,0}; R™) x R**! — R™™,

u(z,t) € R" for each t, uy = u(z,t +0): —7 <0 <0 € C([-,0]; R*), and B(t) is an m-
dimensional Brownian motion (see [10],[11],{12],{13]). The initial data £ is an Fy-measurable
C([-,0]; R")-valued random variable such that E || £ ||[P< oo for some p > 2. In the next
section we introduce the Euler-Maruyama method for SFDEs, and we state our main result
that the Euler-Maruyama numerical solutions convergence strongly to the exact solution if

f and g satisfy local Lipschitz condition and the linear growth condition.

2- The Euler-Maruyama Method

Throughout this paper we use the following notations. Let

sup [u(z, t)| =[| u(.,¢) I

|.| be the Euclidean norm in R™. If A is a vector or matrix, its transpose is denoted by A”T.
If A is a matrix, its trace norm is denoted by |A| = \/trace(ATA). Let R, = [0,00), and
let 7 > 0. Denote by C([—7,0]; R") the family of continuous functions from [—7,0] to R"

with norm

¢ ll= sup | &(,6)|
-7<6<0
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Let (Q, F, {F.}:>0, P) be a complete probability space with a filtration {F;}:>o satisfying
the usual condition ( that is, it is increasing and right continuous, while Fy contains all
P-null sets). Let B(t) = (Bi(t), ..., Bn(t))T be an m-dimensional Brownian motion defined
on the probability space. Let p > 0, and denote by L% ([—7,0]; R*) the family of Fo-
measurable C([—7,0]; R*)-valued random variables such that E || £ [|P< co. If u(x,t) is an
R™-valued stochastic process on t € [—7,00), we let u, = {u(z,t +6) : —7 < 8 < 0} for

t > 0.Let
f . C([—T, 0],Rn) % Ru+l N Rn, g: C([—T, 0]’Rn) X Ru+1 — RPXM

In this paper we impose the following hypotheses.
Assumption 2.1 (The local Lipschitz condition).For each integer j > 1, there is

a right-continuous nondecreasing function p; : [-7,0] — R4 such that

£t 0) = FCtw) 12V 1 gt 8) — g(t,9) 1< /_OT Il ¢(.,6) = %(.,0) I du;(6)

for those ¢, ¥ € C([—7,0]; R*) with || ¢ || V || ¥ ||< j, where the integral is of the
Lesbesgue Stieltjes type.

Assumption 2.2 (The linear growth condition).There is a constant K > 0 such

that

(ot 0) = g(ot,9) IP< K(1+ 1 6 1)
for all ¢ € C([-7,0}; R").
Consider the n-dimensional SFDE :

du(z,t) = f(z,t,u)dt + g(z,t,u)dB(t), t >0 (2.1)

with initial data u(z,0) = uo(z) = £&. We impose the following condition on the

initial data.

Assumption 2.3. ¢ € L}, ([-7,0]; R") for some p > 2. We can therefore state the
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following theorem.
Theorem 2.1. Under assumptions 2.1 - 2.3, for any T > 0 there is a constant
C > 0 such that equation (2.1) has a unique continuous solution u(z,t) ont > —7.
Moreover, the solution has the property that

E( sup_[lu(,t)[|P) <2921+ E| € |7)eT.  (2.2)

~7<t<T

In other words, pth moment of the solution is finite .
Let us now introduce a numerical scheme for the SFDE (2.1); we refer to it
as the Euler Maruyama method. Let the step size A € (0,1) be a fraction of
7, namely A = 7/N for some integer N > 7. The discrete Euler-Maruyama

approximate solution 7(z,kA), k> —N is defined as follows:

{ B(z, kA) = £(kA), —N<k<O0 (2.3)

—17(11," (k + l)A) = "D-(.'L', kA) + f(l', kAa;EkA)A + g(xskA’ka)ABlm k 2 0
where AB; = B((k + 1)A) — B(kA) and Tya = {Tra(z,0) : —7 < 0 < 0} is a
C([-,0]; R*)~valued random variable defined as follows:

0 —iA
A

Tea(z,0) = Tpa(z, (k + 1)A) + [O(z, (k+ i+ 1)A) —0(z, (k + i)A))]

for
IA<O(i+1)A, i=-N,—(N-1),..,—-1.  (24)

That is 7(z, .) is the linear interpolation of 7(z, (k—N)A), v(z, (k—N+1)A), ..., v(z, kA).

We can rewrite (2.4) as

A— (0 —iA)
A

— A
b A’ (z, (k +i + 1)A),

Tpa(z, 0) = oz, (k +1)A) +

which yields
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A~ (0—iA

2 o (k) g+

I 7xa(.,0) lI= 1o, (k+i+ 1)) |

<o, (k+0)A) |V IIT(, (k+i+1)A) ] .

We therefore have

I Tea ll= max || (., (k+i)A) | for all k>0. (2.5)

—N<i<0

In our analysis it will be more convenient to use continuous-time approxima-

tions. We hence introduce the C([—7,0]; R*)-value step process
Ty = L2 oTUkalika ke)a)(z,t), t20, (2.6)

and we define the continuous Euler-Maruyama approximate solution as follows:

u%o={§@”’ —rsis0 2.7)

§ol@) + fi 1(x,5,8,)ds + fi g(x,5,7,)dB(s), £20.

It should be pointed out that the C([—7,0]; R*)-value process 7, is simply defined
by (2.6), but we do not define here an R"-valued continuous process %(z,t) from

which 7, is then induced by
T, = {v(z,t +0): —7 <0 <0}.

It should also be pointed out that the reason why we do not use the linear
interpolation of 7(z, kA) as a continuous-time approximation for u(z,t), instead
using v(z,t) from (2.7) is because the linear interpolation of w(z, kA) is not F-

adapted. It follows from (2.7) that for any ¢ > 0 that satisfy kA <,
kA kA t t
o(z,t) = &(@)+ [ S5, 5)ds+ [ g(e,5,5)dBE)+ [ f(z,5,3)ds+ [ g(z,5,5)dB(s)
0 0 kA kA

=T(z, kA) + /:A f(z,s8,7s)ds + /:A g(z, 5,75)dB(s). (2.8)
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In particular, we observe that v(z,kA) = T(z,kA) for all ¥ > —N. That is, the
discrete and continuous Euler-Maruyama approximate solutions coincide at the

gridpoints. It is then obvious that
| Tea 1SN vka ll, for all k>0. (2.9)

Moreover, for any t > 0, let [t/A] be the integer part of t/A. Then

1o =1 aia 1<l vpaia < sup foCos) Il (210)

-7

This property will be used frequently in what follows, without further expla-
nation. To illustrate our numerical scheme, as well as to see why we call it the

Euler-Maruyama method, let us consider a special SFDE
du(z,t) = F(z,t, D(u))dt + G(z,t, D{u))dB(t), (2.11)

where
F: Rn+u+1 — Rn’ G . Rn+u+1 N Rnxm,
and is a linear operator from C([-7,0]; R") to R" given by

D)=~ [ 4lz,0)d0,

T J—7

¢ € C([-,0}; R*); that is, D is an average operator. In this case, the discrete

approximate solution (2.3) takes the following simple form

T(z, kA) = €(kA),, —-N<k<0
U(x, (k+ 1)A) = (z, kA) + F(z, kA, D(Wxa))A + G(z, kA, D(Tia))ABy, k>0

where
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—T

D(@a) = %/0 Tra(0)do = %Z{J_N%['ﬁ(z, (k +9)A) +9(z, (k+i+1)A)]

1

(500, (k= N)A)) +7(z, (k ~ N+ DA) + .+ 3(a, (k= DA) + L5z, kAA).

2

N =

We see clearly from this simple form that the discrete approximate solution
(2.3) is a natural generalization of the classical Euler-Maruyama numerical
scheme for SDEs, and that is why we call (2.3) the Euler-Maruyama approxi-

mate solution. The primary aim of this paper is to establis the following main

result.

Theorem 2.2. Under assumptions 2.1 - 2.3,

lim E( sup [ u(.,t) —v(,t) |} =0 forall T>0. (2.12)
A—0 o<t

The proof of this theorem is very technical, so we present some lemmas.

Lemma 2.1. Let assumption 2.3 hold. Define o : (0,7] — R4 by

az) = sup E | &(.t)—¢€(.s) I* .

t,5€[~1,0], |t—s|<z

Then « is nondecreasing and has the property that a(z) — 0 as z — 0. Moreover,
E&(t)—E(,s) I’Salt—s|. ~7<s<t<0 (213)

Proof: From the definition of o we see clearly that ¢ is nondecreasing and (2.13)
holds. We therefore need only to show that a(z) — 0 as v — 0. If this is not

true, then

lir% a(z) =g, >0. (2.14)

From the definition of o we observe that for each integer k£ > 1 we can find a

pair of t; and s; in [—-7,0] with |t; — s¢| < ¢ for which

BIEGt) — €0 P25 (219)
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Since {#:} is a sequence in the bounded interval [-7,0], it must have a conver-
gent subsequence. Without any loss of generality, we may assume that {¢;} is
already a convergent sequence, and that it converges to 7 € [—7,0]. Clearly, {s}

converges to ¢ too .Now, by the continuity of ¢(.,.),
lim €0, 6) - £(.9) =0
~200

almost surely.

Moreover
HECte) = €GO IPS 20 € ) 1P+ 1 ECD IP< 4 €1

while (by assumption 2.3 and the Holder inequality )

ElEIP< (BN EIP)P < 0.
We can then apply the dominated convergence theorem to obtain

Jim Bl €(,t) — €(,9) |P=0.
Similarly, we can show that

Jim B €(,5) ~ €(,3) [P=0,
Consequently, we have

lim B [ €0, 1) ~ £(, ) |P= 0,
but this is in contradiction to (2.15). We therefore must have

lima(z) =0

z—0
the proof is therefore complete.

Lemma 2.2. Under assumption 2.2 and 2.3,

E( sup |l v(.,t)|P) < H, forall T>0, (2.16)

—75tLT
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where H is a positive number dependent on £, K, p and T,
but independent of A.

Proof. By the Holder inequality, it is easy to see from (2.7) that

oo 2) 1< 3700 &) 1P 4870 [ 530 17 dst | [ ol 5,5)dB(s) IP)

Hence, for any t, € [0, 7],

B(sup 1(.8) ) < 1&) 1P 477 [7 1 SC0,7) 1P do

E( sup || | ( s,T)dB(s) IP].  (2.17)

0<t<ty

By assumptio 2.2, we compute that
t t
E / Y1 FC s, T) P ds < 2@-D2KPI2E / (1 1 3 8) 1IP)ds
0 0

t
< 222 gPi2T | / "EB( sup |l v(,t) |P)ds].  (2.18)
0 ~7<t<s

We also compute, using the Burkholder-Davis-Gundy inequality,

11 159
B(sup | [ 605,048 1) < B[ o(,5,7) I o) < T8 [ g(.5,3.) I ds,

0<t<t,

where ¢, is a constant dependent only on p. In the same way as (2.18) was

obtained, we can then show that

0<t<t1

B(sup | [ (5, )dB(s) I7) < ep@D) 22K [* B(sup [l v(,0) P)ds].  (219)
—7<t<s
Substituting (2.18) and (2.19) into (2.17) yields

E(swp | v(,0) ) SF7E [ 6() | +Ci+Ca [ B sup [ v(,0) [P)ds, (220
0<t<ty 0

—7<t<s

where C; and C; are two positive numbers dependent only on K,p and T. We

then derive the following inequalities :
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E( sup [[v(,) IP) S ENENP+E(sup [l v(.,t) [IP)
0<t<ty

—7<t<ty

(A+FENEIP +C+C [ B(sup u(,t) s, (221)

—7<t<s

By the Gronwall inequality we find that

E(_sup llv(.) ") <101 +FNE | €I +CieT),

—T<H<
and hence the required assertion must hold .
Lemma 3.3. Let assumptions 2.1 - 2.3 hold, let 7 > 0. Then there is a nonde-
creasing function §: (0,7] — R, that has the property that §(z) =0 as z — 0,
such that

Elv(,,s+0)-75,(,0) |*’< B(Q), s€[0,T)], 0 €[-7,0. (2.22)

Proof. Fix s € [0,T] and 0 € [-7,0]. Let k; and kg be the integers for which

s € [ksA, (ks +1)A] and 8 € [kpA, (kg +1)A], respectively. (When /A is an integer,
the choice for ky may not be unique, but this will not affect the proof below .)
Clearly, 0 < s— kA< A and 0< 8- kA <A, so

0< s+0— (ks + ko)A < 2A.  (2.23)

Moreover, it follows from (2.4) and (2.6) that

0 — koA
A

ﬁs(l‘, 9) = mc,A(I, 9) = 5(.’1‘, (ks + ko)A) + [ﬂ(l‘, (ks + kg + l)A) — 5(.’1), (ks + k‘o)A)]

Hence

E || v(.,s+6)—1,.,0) ||2§ 2E || v(., s +0) — (., (ks + ko)A) ||2
+2E || 5(., (ks + ko + 1)A) = 0(, (ks + ko)A) > (2.24)
If k, + ks < —1, then lemma 2.1,
E | 9(., (ks + ko + 1)A) = B(., (ks + ko) A) [|2§ a().

If k, + k¢ > 0, and lemma 2.2 we compute from (2.3) that
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E || 3(., (ks + ko + 1)A) = T(., (ks + ko)A) [|1= A%E || £(., (ks + ko)A, B(., (ks + ko)A)) |*

+AE || g(., (ks + ko)A, 0(., (ks + ko)) IIP< 2AK(1+ B || 9(., (ke + ko)) ||*

<2AK(1+E[  sup  [v(,2) )

—7<us (ks +kg)A

<2AK{(1+E[ sup [lo(,y) PP} < 2K(1+ HP)A,

—r<ul(ks+ko)A

where H is the constant specified in lemma 2.2. We hence always have
E || B(., (ks + kg + 1)A) — 5(., (ks + kg)A) [|2< 2K (1 + HYP)A + a(A).
Using this bounded in (2.24) gives
E || v(.,s+0)-5(.,0) |*< 2E || v(., s+0)—T(., (ks+ke)A) |> +4K (14+HYP)A+2a(A). (2.25)

To bound the first term on the right hand side, let us discuss the following

possible cases.

Case 1: k; + kg > 0. It follows from (2.8) that

s+0 s+0
oz, s +0) = Ba, (ke +k)A) = [ [ T)dr o+ 9(z,7,7,)dB(r).

(ks+ke)A (ks+kg)A

By assumption 2.2 and lemma 2.2, we compute that

E || v(., s+8)-(,, (ks+ke)A ||*< 2[AE A I fCor ) 1P dr+E/ hs I g(.,r,5r) f? dr]
8 L] a
s+6
gst/ 1+ 7] )dr<6K/ (1+E[ sup | v(.,2) |2)dr

(ks+kg)A (ks+ke)A —7<z<r

s+0

< 6K {14 (E] sup | v(,2)|P)¥P}dr < 12K(1+ H¥YP)A. (2.26)
(ks+kg)A —7<2<r

Case 2: ks +kg=—1and A <s+ 0~ (k,+ ko)A < 2A.

In this case,

0< A+ (ky+ ko)A <s+0<2A+ (ks + ko)A =A.
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So
E | v(.,s+0)—3(, (ks + ko)D) |*= E || v(., s + 8) = (., —A) ||?

<SE{v(,s+0) —&() P +2E || &() € =2) [I°.

It can be shown in the same way as in case 1 that
E | v(,s+8) —&() 1< 4K (1 + HY?)A,

while by lemma 2.1,
E |l &)~ €, —A) [’< (D).

We therefore that
E | v(,s+6)—0(, (ks + ko)A) ||°< 8K (1 + H¥P)A + 2a(A).  (2.27)
Case 3 tk;+kg=—-1and 0< s+ 0 — (k, + kg)A < A. In this case
A< (ks +kg)A<s+0 <A+ (ks + ko)A =0.
So
E || v(., s+0)=0(., (ks+ko)A) [I’= E || €, s+6)—0(, —A) |’= E [ €(., s+0)—€(,, —A) || .
By lemma 2.1, we then have
Efv(,s+60)—7,(,0) [’Sar (2.28)

Case 4: k; + kg < —2. In this case s+ 8 < 0. So

E | v(,s+0)~0(, (ks + ko)A) 1= E || £(., s +6) — £(., (ks + ko)D) [I* -
By lemma 2.1 and (2.23), we then have

E|lv(,s+8)—7(, (ks + ko)D) |I°< a(24)  (2.29)
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Combining the four cases above together, we can conclude that we always have
E | v(,s+80) =T, (ks + ko)A) |’ < 12K(1 + H¥?)A + 22(24)  (2.30)
Now, we define §: (0,7] — R, by
B(z) = 28K (1 + HY?)z + 6a(22).
Clearly, § is nondecreasing. Moreover, it follows from (2.25) and (2.30) that
E | v(,s+0) - 7.(.,0) |I< B(D).

Which is the required assertion. The proof is complete.

Proof of theorem 2.2

Let us now being to prove theorem 2.2. We first note from theorem 2.1 and

lemma 2.2 that there is a positive constant H such that

E( swp |u(,0) ) VE( sup [lo(,0) ) <H.  (231)

Let j be sufficiently large integer. Define the stopping times
pi=inf{t 2 0:lu(,t) |24}, ¢ =:inf{t=0:lv(,t) 12}, pi=piNg,
where we set inf () = co. Let e(z,t) = u(z,t) — v(z,t) obviously,
E{sup | e(,t) || = E[sup |l e(.,t) |I* Lipy<r or g<1y]-
0<t<T 0<t<T
Recall the following elementary inequality :
a7 < ya + (1 — 7)b,Va,b> 0,7 € [0, 1].

We thus have, for any § > 0,
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-2/(p~ -2
E[OiltlgT Il e(,t) 112 Up,<T or g<1y] = E[(éoiltlgT | e(.,t) ||P)/P(6~% z)l{msT or quT})(p /p)

< ;E[ sup_ I e, t) 1] + P(p; <Tor g <T).

62/(1) 2)

Hence
E[sup | e(.t) |
0<t<T

26 p—2
<E D) 1 1 s3]+ —E S WP+ —7—Plp; <Torq; <T). (2.32
< Blsup e(,t) I Lypon]+— [sup 1 e+8) I+ S PlPs ¢ <T) (2.32)

Now

Play < T) = Bllyen 200 < L sy a3,

using (2.31). Similarly, we have P(¢; < T) < E,, Thus
2H
P(p; <Tor ¢;<T)< P(p; <T)+ P(g; <T)§7p—.

We also have

E[sup |l e(.,t) I? 1p;51y] = E[sup |l e(,t A p;) |? 1gp,5my) < E[ sup || e(t A ;) |17
0<t<T 0<t<T 0<I<T

Using these bounds in (2.32) yields

PYISH  (p—2)2H
PP/ =27

E[sup |l e(.,t) ) < E[sup [le(.,tAp;) [+ (2.33)
0<t<T 0<t<T

Now
I el t A ;) IP=l ul.,t A o) —v(.,t A py) |IP=

||/ o) = £, 0)lds + [l 5,.) — g, T)dB(s) |
2T / 1= F s I dst I [ lgCs,u)=g(,s, 31dB(s) )

By the Doob martingale inequality we have, for any ¢; < T,
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Blsup e, tnp) P < 2ATE [ 1 fs,w) = (53) I ds

o<t<ty
t1Ap; _
+ 4/0 I (., s,us) — g(., 5,,) || ds]

= 4(T+4)EAt1Apj ” [f(.,s,us)—f(.,s,ﬁs) ”2 A ” g(.,s,us)—g(.,s,'ﬁs) “2]dS

But, by assumption 2.1, we derive that, for s € (0,t, A pj],

I7Csus)=f(8,7) IP< 20 £(8,u0)—f (. 8,05) IIP< /Tll u(., s+0)=v(., s+0) ||* du;(6)

#2005+ 6) = Tu,0) 17 dis(6) 2 [ sup . 5+6) ~ o0, 5+ ) [Pl 0)
42 [ 100,840) =55 0) 7 di(0) £ 200) = (-l sup | u(s) = 0.) Y
2 [ o5 +0) =700 I du(o).

a similar result can be obtained for | g(.,s,u,) — g(., s,7,) ||?, so that

Bl sup | e(,tA p)) 7] < 8(T +4)(15(0) = s (-T)E [ "[sup | e,5) [Plds

L1Ap; 0
+8(T+4)E/ [/ v, s +6) —7,(,0) || du;(0)ds (2.34)
< 8T+ 9w (0) - (=) [ B [sup lles A py) IPlds

+8(T + 4) / / v, s +8) —T,(.,8) |I? dy; (6)]ds.(2.35)

By lemma 2.3 we therefore find that
134
E[ sup [l e(.,tAp;) |I°] < 8(T + 4)(u;(0) — uj(—T))/ E[sup | e(,,sAp;)|*]ds
0<t<t; 0 0<t<s
+ 8T(T + 4)(u;(0) — ps(—7))B(D).

The Gronwall inequality implies that

E[sup |le(.,tAp;) [I°] < C;B(A),
0<t<T
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C; = 8T(T + 4)(1;(0) — p;(—7))exp[8T(T + 4)(u;(0) — p;(—7))]-

Substituting this into (2.33) gives

P H  (p—2)2H
2
E[OthlSpT ” e(': t) ” ] < CJIB(A) + D + p‘sz/(”"”j?’ : (236)

Given ¢ > 0 we can now choose d sufficiently small for (2°*'6H)/p < €/3, then
choose j sufficiently large for }é’ﬁ%_%; < ¢/3 and finally choose A so that
C;B(A) < /3. Thus (2.36),

E[sup | e(.,t) ¥ <¢,
0<t<T

as required.
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