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Abstract—The single-modal Weibull model has been assessed on Tyranno ZMI Si-Zr-C-O fiber if
a set of shape and scale parameters accurately reproduced the effect of the size of the diameter on
strength. The tensile data of a single fiber have been divided into two expedient groups as ‘small
diameter’ group and ‘large diameter’ group in deriving the parameters, which should be consistent if
the Weibull model accurately reproduced the size effect. However, the derived Weibull parameters
were inconsistent between the two groups. Thereby the authors have concluded that the parameters of
the single-modal Weibull model are dependent on the fiber diameter, so that the model is inadequate
to reproduce the strength size effect. On the other hand, Weibull parameters were found consistent
between the two groups by excluding the data of ‘large mirror zone’ sample, which was defined as the
sample around 10% mirror zone area of the fracture surface. What is more, the exclusion reduced the
strength variance more drastically in the ‘large diameter’ group than in the ‘small diameter’ group,
even though the ‘large mirror zone’ samples were found identical in the percentage between the two
groups. The authors therefore conclude that diameter limitation to the ‘small diameter’ group level
can lead to drastically less distributed strength values than the estimated strength through the Weibull
scaling on the present Tyranno ZMI Si-Zr-C-O fiber.
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1. INTRODUCTION

Drastic improvement is required for structural materials if they are to be utilized for
applications in extreme conditions, such as those met with in reusable launch vehi-
cles, automotive gas turbines and fusion power systems. Metallic materials possess
a limited potential, so advanced composite materials, such as ceramic matrix com-
posites (CMCs) and carbon/carbon composites (C/Cs), are under intensive study
[1–5].

Brittle fibers, such as those used for the reinforcement of CMCs and C/Cs, have
been known to reduce the tensile strength by increasing the gauge length. The
‘size effect’ is often reproduced with single-modal Weibull strength scaling [6, 7];
however, bias has been reported on some fibers [8, 9] and variable diameter has been
focused on as one of the factors [10–13]. The bias negates the composite design and
operational standards that are based on Weibull scaling. Thus, full understanding is
required for the bias factors to ensure the composite component reliability.

Tyranno ZMI Si-Zr-C-O amorphous fiber (UBE Industry Co.) is a promising
reinforcement for CMCs due to the excellence of its resistance to heat and
oxidation [14]. It has been reported however that Tyranno ZMI fiber shows variable
diameter, both at a bundle cross-section and along each gauge [15, 16]. The
large diameter portion may contain miscrystallized phase in the amorphous phase.
In addition, the diameter and the contaminant particle density may show some
systematic relationship as the particles can affect the fiber spinning process. In
such cases, the parameters of a single-modal Weibull model can behave as if they
were the functions of fiber diameter and lead to a large bias of an estimated tensile
strength from an experimental result. We have thus assessed in this study if the type
and the density of fiber fracture sources are variable with diameter. Firstly, tensile
tests have been conducted on several diameter samples to assess if the Weibull
parameters were variable with diameter. Secondly, the fracture surfaces have been
analyzed with a scanning electron microscope (SEM) to detect the dominant factors
of the strength bias, and then the results were correlated with the fiber diameter.
A possible improvement has then been discussed with regard to the dispersion and
the mean of the tensile strength.

2. EXPERIMENTAL PROCEDURE

2.1. Sample preparation

The mechanical properties and chemical composition of Tyranno ZMI Si-Zr-C-O
fiber, as reported by the supplier, UBE Industry Co., are given in Table 1 [17].

It has been reported that the variation in diameter of Tyranno ZMI is not
negligible, either in bundle cross-section or along each gauge, with regard to its
effect on the strength [16]. In this work, too, SEM analyses have revealed that the
cross-section diameter of a bundle is widely variable, as shown in Fig. 1. Thus,
to avoid the bias due to the diameter variability, whole gauge measurements have



Strength of Tyranno ZMI fiber 247

Table 1.
Mechanical properties and chemical compositions of Tyranno ZMI fiber

Fiber diameter (µm) 11
Tensile strength (GPa) 3.4
Tensile modulus (GPa) 200
Elongation (%) 1.7

Chemical compositions (wt%) Si 56.6
C 34.8
O 7.6
Zr 1

Figure 1. Cross-sections of Tyranno ZMI fibers.

been conducted with a laser scan micrometer LSM-500 (Mitutoyo Corp.) to collect
uniform diameter portions as the tensile test samples. The diameter measurement
system is shown in Fig. 2. The fiber holder for 500 mm gauge moves in 1 mm steps
through the LSM measurement probe to send the diameter data to a PC, with an error
level within ±0.1 µm. Figure 3 shows an example of the measurements. Uniform
diameter sections, defined as a diameter variability within 1%, are indicated at the
point ‘A’ in Fig. 3: these have been sampled for the tensile tests. Thus, for example,
a sample defined as ‘10.0 µm’ has diameter with lower and upper bounds of 9.9 µm
and 10.1 µm, respectively.
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Figure 2. LSM measurement system.

2.2. Single fiber tensile test

An Instron universal tensile test system model 5542 with 10 N load cell was set at a
crosshead speed of 0.1 mm/min for the single fiber tensile tests. Uniform diameter
sections of Tyranno ZMI fiber have been prepared as depicted in Fig. 4 as the test
sample. A paper tab was prepared with a central slot of 30 mm length. Then a
portion, which had been confirmed to be of uniform diameter, was glued onto the
tab with a elastic glue (Cilex clear, Konishi Co.) to minimize a stress concentration
at the glued sections. In addition, samples fractured within 5 mm of each end were
excluded from the statistical analyses data in order to avoid any bias by the clamp
and glue. Thus, the central 20 mm was redefined as the gauge length out of the
30 mm sample fibers. The samples were immersed in an alpha-olefin sulfonate
(AOS)-based surfactant during the tensile tests to recover the fragments and assess
if the fracture sections were within the 20 mm gauge.

2.3. Data analysis

The data of 60 single fiber tensile tests were divided on the parameter search through
the Weibull plot into two expedient groups as ‘large diameter’ group (the data from
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Figure 3. A result of LSM measurement.

the largest diameter sample to the 30th), and ‘small diameter’ group (the data from
the 31st largest diameter sample to the 60th).

The two groups were expected to provide consistent sets of shape and scale
parameters if the Weibull model reproduced the size effect. However, a percentage
of ‘large diameter’ portions of amorphous Tyranno ZMI fiber may be locally
crystallized in the precursor cure and pyrolysis process to negatively bias the
strength from the Weibull scaling. In addition, alignment disorder could lead to
more aggressive bending load in large diameter portion than in the more flexible



250 T. Morimoto et al.

Figure 4. Single fiber tensile test specimen.

small diameter portion. The effect of these properties on Weibull shape and scale
parameters was not negligible, such that the values were found to be inconsistent
between the two groups.

2.4. SEM fractography

We believed that the fracture surface might reveal some exceptional factors that
negate the strength size effect scaling of the Weibull model. Thereby each fracture
surface of Tyranno ZMI sample was analyzed using a scanning electron microscope
S-4700 (Hitachi Co.) to detect the fracture origin at the center of river pattern, to
classify the characteristics, and to assess if fiber diameter affects the percentage of
fracture dominant origins.

3. EXPERIMENTAL RESULTS

Figure 5 and Table 2 depict the 60 results of single fiber tensile test. A border
of 11.5 µm in Fig. 5 was expediently set between two groups of 30 data sets
designated as the ‘large diameter group’ and ‘small diameter group’. The symbols
A to F in Table 2 and Fig. 6 were defined on the fracture origin classifications
as follows. Group A, which was found in 24 out of 60 samples, represents the
samples without notable nucleation points, such as contaminant particles, voids and
pre-cracks. Group B, which was found in 16 out of 60 samples, is for the samples
with particles at the fiber side surface of fracture nucleation points. Group C, which
was found in 9 out of 60 samples, is for the samples with embedded particles in
the fiber volume. Group D, which was found in 4 out of 60 samples, is for the
samples with pre-cracks at the side section of fibers. Group E, which was found
in 5 out of 60 samples, is for the samples with agglomerates at the fracture origins.
Finally, Group F , which was found in 2 out of 60 samples, is for the samples with
the fracture nucleation points inside the circumference of the cross-sections. The
subscription mir represents the samples with large mirror zone around 10% of the
fracture surface area. Figure 6, D and E, shows the example as Dmir and Emir The
case of mir was found in 7 out of 60 samples and only in D and E.
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Figure 5. Single fiber tensile test results.

4. STATISTICAL ANALYSES AND DISCUSSIONS

Three ‘exceptionally weak’ samples were found in the ‘large diameter group’, as
depicted in Fig. 5. The statistical bias of the data was assessed on Weibull strength
scaling, applying a single-modal Weibull model.

4.1. Weibull analyses

The single-modal Weibull model and its modifications have often been applied for
the strength size effect scaling of brittle materials [4–7]. In this work, a Weibull
distribution function F(σ) has been defined as follows.

F(σ) = 1 − exp

[
− D

D0

(
σ

σ0

)m]
, (1)

where m is a shape parameter, σ0 is a scale parameter, D is the fiber diameter, and
D0 is a standard diameter defined as 10.2 µm, which has been expediently set with
the mean value of ‘small diameter’ sample group. SEM fractography revealed that
the fracture origins were localized in the region close to the fiber surface. Thus, the
relation

S/S0 = (πDl/πD0l) = D/D0

may be suitable as the size effect term, where S is the fiber side section area and
l is the gauge length. When the fracture origins were uniformly distributed over
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Table 2.
Single fiber tensile test results

‘Small diameter’ group ‘Large diameter’ group

Diameter (µm) Strength (GPa) Defect class Diameter (µm) Strength (GPa) Defect class

6.3 3.22 B 11.5 2.90 C

7.7 2.37 Dmir 11.5 3.57 A

8.3 3.34 B 11.6 2.94 A

8.6 3.63 A 11.7 2.98 F

9.1 3.25 B 11.7 2.99 A

9.6 3.88 B 11.8 2.66 B

9.6 2.49 C 11.9 2.71 B

9.8 4.12 B 12.1 4.27 A

9.9 2.48 Emir 12.2 0.94 Emir
9.9 3.00 D 12.2 3.43 A

10.0 3.07 A 12.2 4.55 A

10.1 3.87 B 12.3 3.55 C

10.2 2.82 A 12.3 3.21 A

10.3 2.17 Emir 12.4 3.74 A

10.4 3.66 A 12.5 3.43 A

10.4 3.42 A 12.5 3.51 A

10.5 4.29 A 12.6 3.30 B

10.5 3.13 A 12.7 2.77 C

10.6 3.53 B 12.9 3.91 A

10.6 3.86 C 12.9 3.07 C

10.8 3.06 C 12.9 3.38 B

10.9 3.55 C 13.0 3.02 A

11.2 2.95 A 13.0 3.17 C

11.2 3.26 B 13.2 3.30 A

11.2 2.65 B 13.3 1.80 Dmir
11.2 2.85 B 13.4 1.92 Emir
11.3 3.00 A 13.5 4.00 F

11.4 3.83 A 13.6 3.10 D

11.4 2.16 Emir 13.8 4.09 A

11.4 3.34 B 14.5 3.10 B

the fracture surface, and thus uniformly throughout the volume V , the term D/D0

should be replaced by (D/D0)
2 as V = (π/4) · D2l.

4.2. A bias on Weibull scaling

The shape parameter m and the scale parameter σ0 have been derived through the
Weibull plot on the relationship as follows.

ln ln

(
1

1 − F(σ)

)
− ln

(
D

D0

)
= m ln σ − m ln σ0. (2)
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Figure 6. SEM micrographs of defect class A to F (examples) (A), (B), (C), (D), (E), (F ).
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The accumulated probability of fracture F(σ) was approximated with a median rank
method as follows.

Fi = i − 0.3

n + 0.4
, (3)

where n is the sample number and i is the rank of a sample in ordering the test
results from the lowest stress to rupture to the highest.

The following results have been derived by applying the relationship (1) to (3) to
the test results. Figure 7 depicts the Weibull plot, which implies that limited number
of extremely weak samples bias the slope, thus, the derived parameters. The ‘large
diameter’ and ‘small diameter’ 30 data set groups in Table 2 have provided the two

m σ0 (Pa) Mean (Pa) Variance Standard
deviation (Pa)

4.83 3.49 × 109 3.19 × 109 4.16 × 1017 6.45 × 108

Figure 7. Weibull plot (all samples).
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Weibull plots in Fig. 8 of the distribution functions as follows.

‘Small diameter’ group: F(σ) = 1 − exp

[
− D

10.2

(
σ

3.44 × 109

)6.51]
. (4)

‘Large diameter’ group: F(σ) = 1 − exp

[
− D

10.2

(
σ

3.77 × 109

)3.73]
. (5)

It was found that the shape parameter m was smaller in the ‘large diameter’ samples;
thus the variance of fracture stress is larger than those of ‘small diameter’ samples.
Thereby the Weibull shape parameter has been found dependent on fiber diameter.

4.3. An estimated Weibull distribution of ‘ideal’ Tyranno ZMI fiber strength

The two plots in Fig. 8 can be shown to be almost identical if a limited percentage
of weak samples are excluded from the Weibull scaling. Thereby, an imaginary

Diameter m σ0 (Pa) Mean (Pa) Variance Standard
deviation (Pa)

Small diameter 6.51 3.44 × 109 3.21 × 109 3.14 × 1017 5.60 × 108

Large diameter 3.73 3.77 × 109 3.18 × 109 5.32 × 1017 7.29 × 108

Figure 8. Weibull plots (divided into two groups).
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‘ideal’ Tyranno ZMI fiber strength is created here by excluding some of the data in
the Weibull scaling.

The samples of large mirror zone, or the mir in Table 2, were excluded in the
scaling as they were localized in the weakest strength side. As is seen in Table 2, the
samples with mir were found only in D or E and the probabilities of existence were
almost identical between the ‘large diameter’ group and ‘small diameter’ group.
However, the mir samples in Fig. 8 showed clearly a smaller strength in the ‘large
diameter’ group than in the ‘small diameter’ group. This implies that the factor of

mir can have a greater negative effect on the strength in the ‘large diameter’ portion
than in the ‘small diameter’ portion.

Figure 9 shows the Weibull scaling of the sample numbers 26 in ‘small diameter’
group and 27 in ‘large diameter’ group after excluding the data of mir. The derived

Diameter m σ0 (Pa) Mean (Pa) Variance Standard
deviation (Pa)

Small diameter 8.59 3.54 × 109 3.35 × 109 2.07 × 1017 4.55 × 108

Large diameter 7.95 3.66 × 109 3.36 × 109 2.34 × 1017 4.83 × 108

Figure 9. Weibull plots (mir samples: removed).
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Weibull distribution functions were as follows.

‘Small diameter’ group: F(σ) = 1 − exp

[
− D

10.2

(
σ

3.54 × 109

)8.59]
. (6)

‘Large diameter’ group: F(σ) = 1 − exp

[
− D

10.2

(
σ

3.66 × 109

)7.95]
. (7)

The two Weibull distribution functions were found almost identical by excluding
the data of Dmir and Emir, as is seen in Fig. 9 and the relationships of equations (6)
and (7); thus, the shape parameter m and scale parameter σ0 are found to be less
variable with diameter. In addition, the mean strengths have been improved both in
the ‘small diameter’ group from 3.21 GPa to 3.35 GPa and in the ‘large diameter’
group from 3.18 GPa to 3.36 GPa. It is also noted that the shape parameter m more
drastically increased to 7.95 from 3.73 in the ‘large diameter’ group than to 8.95
from 6.51 in the ‘small diameter’ group. This implies that limitation in the fiber
diameter up to ‘small diameter’ level may neutralize the bias by the mir effect on the
strength, and hence lead to a drastic improvement in the small variance even without
the investment for refinement of the precursor material.

5. CONCLUSION

An examination of a single-modal Weibull model has been focused on the effect
on strength of the size of Tyranno ZMI fiber. SEM fractography has revealed a
relationship of some particular fracture origins with the tensile strength degradation
and the diameter dependence. The following conclusions have been reached from
the experimental results and the Weibull scaling. With Tyranno ZMI Si-Zr-C-O
fiber, the parameters of the single-modal Weibull model are dependent on the sample
diameter. The shape parameter assumed a drastically smaller value on the samples
with diameter over 11.5 µm than on the samples with diameter of less than 11.5 µm.
Thus, the Weibull model is inadequate to reproduce the effect of diameter size
on the strength. However, it implies that Tyranno ZMI fiber has the potential to
considerably reduce the strength variance by controlling the diameter to values
below 11.5 µm.
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