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ABSTRACT. In this paper, we study nonoscillatory solutions of a class of second order
nonlinear neutral delay differential equations with positive and negative coefficients. Some
sufficient conditions for existence of nonoscillatory solutions are obtained.

1. Introduction

Consider the second order nonlinear neutral delay differential equation with
positive and negative coefficients

() (@) + p)z(t = )] + Q) f(x(t — 01)) = Q2(t)g(a(t — 03)) =0,  (E)

WheI‘e t 2 t07 T E (0300)7 7g1,02 S [0700)7 p7Q17Q25T S O([t07oo)7R)7 f?g c
C(R, R). Throughout this paper, we assume that
(c1) f and g satisfy local Lipschitz Condition, and xf(z) > 0, zg(x) > 0, for
x # 0.
(c2) 7(t) >0, Q; >0, [* R(t)Qi(t)dt < oo, (i =1,2), where R(t) = [}

1
T(S)ds.

(c3) aQq(t) — Q2(t) s eventually nonnegative for every a > 0.
Second order neutral delay differential equations have applications in problems

dealing with vibrating masses attaches to an elastic bar and in some variational
problems (see Hale [5]).

Received November 29, 2004, and, in revised form, August 29, 2005.

2000 Mathematics Subject Classification: 34K15.

Key words and phrases: nonoscillation, neutral delay equation.

Supported by the NSF Education Department of Hainan Province (hjkj200317) and
NSF of Hainan Province(80403).

273



274 Lin Shi-Zhong, Qu Ying and Yu Yuan-Hong

Let u € C([to — p,0), R), where p = max{r, 01,02}, be a given function and
let yo be a given constant. Using the method of steps, equation (F) has a unique
solution z € C([to — p,00), R), in the sense that both z(t) + p(t)z(t — 7) and
r(t)(x(t) + p(t)z(t — 7)) are continuously differentiable for ¢ > to, x(t) satisfies
equation (F) and

x(s) = u(s) for s € [to — p,to),  (2(t) + p()a(t = 7)) li=t, = Yo-

For further questions concerning existence and uniqueness of solutions of neutral
delay differential equations, (see Hale [5]).

A solution of equation (F) is called oscillatory if it has arbitrarily large zeros,
and otherwise it is non-oscillatory.

We observe that the oscillatory and asymptotic behavior of solutions for second
order neutral and non-neutral delay differential equations has been studied in many
papers, e.g. [1]-[4], [6]-[10]. The second order neutral equation (E) received much
less attention, which is due mainly to the technical difficulties arising in its analysis.
See [1], [2], [4] for reviews of this theory.

This paper was motivated by recent paper [6], where there the authors give a
criterion for the existence of non-oscillatory solution of second order linear neutral
delay equation

d2
o2 [2(t) +p)a(t = 1)+ Q1()a(t — 01) = Qa(t)2(t — 02) =0, (E1)

where p € R, 7 € (0,00), 01,02 € [0,00), Q1,Q2 € C([tg, ), RT). The purpose
of this paper is to present some new criteria for the existence of non-oscillatory
solution of (E), which extend results in [6], [7].

2. Main results
Our main results are the following:
Theorem 1. Suppose that Conditions (c1) — (c3) hold and that there exists a
constant pg such that
1
(1) Ip(t)] < po < 3 eventually.
Then (E) had a non-oscillatory solution.

Proof. Choose constants N1 > M; > 0 such that

1-M 1
<N < 1<7.
1—po Po Do

(2)

Let X be the set of all continuous and bounded functions on [ty, c0) with the
sup norm. Set
Alz{JTEX:Mle(t)SNl, tZto}.
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Let Ly(A1), Lg(A1) denote Lipschitz constants of functions f, g on the set Ay,
respectively, and

Ly =max{L;(A1),Ly(A1)}, a1 =max{f(2)}, 0= min{f(2)},

oz = max{g(z)}, F2= min{g(z)}.
Choose a t1 > tg + p, p = max{r, 01,02}. Sufficiently large such that

a@Q1(t) — Qa2(t) > 0for t >¢; and a > 0.

1
Ip(t)| < po < 3 for t > t;.

(3) /:’ R(5)[Q1(s) + Q2(s)]ds < 1271]00
4 o< / T R)[0Qi(s) — BaQa(s)lds < (1—po)Ny — 1, and
(5) / " R$)BQ1(s) — azQs(s)ds > 0

Define a mapping 77 : A; — X as follows

1—pt)z(t—1)
+R(t) [7[Q1()f(x(s — 01)) — Qa(s)g(x(s — 01))]ds
(Tia)(t) = { + J1 R()[Q1(5)f (2(s — 01)) — Qa(s)glls — on))lds, ¢ > 1,
(Thz)(t), to<t<t.
Clearly, Ty« is continuous. For every x € A; and t > ¢, using (1) and (4) we
get
(Thz)(t) <14 poN1 + h R(s)[onQ1(s) — B2Q2(s)]ds < Ny, t>t.

ty
On the other hand, in view of (1), (2) and (5) we have
(Tlx)(t)21—p0N1 ZMl; t> 1.
Thus we proved that T74; C A;. Since A; is a bounded, closed and convex subset

of X we have to prove that T} is a contraction mapping on A; to apply the contract
ion principle.
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Now, for z1, x2 € Ay and t > t;, in view of (3) we have

|(Th21)(t) — (Th22) ()]

< polﬂfl(t—T)—@(t—TN+R(t)/tooQ1(5)|f(331(8—01))—f(332(8—01))|d8
100 [ Quolgter(s - a2) - glaals - o2)lds
+/t R(5)Q1(s)|f(w1(s — 01)) — f(w2(s — 01))|ds
t R(5)Q2(s)|g(x1(s — 02)) — g(x2(s — 02))|ds
< pollz1 — 2|
+L1||$1—$2||{/t R(5)[Q1(s) + Q2(s)]ds + t R(s)[Q1(s) + Q2(s)]ds}
= |lz1 — z2|[{po + L1 tmR(S)[Ql(S)Jer(S)]dS}
= QO||$1—$2||7

where we used sup norm. This immediately implies that
[Th2y = Tz < qollzy — 22,

where in view of (3), ¢go < 1, which proves that T; is a contraction mapping.
Consequently 77 has the unique fixed point x, which is obviously a positive solution
of (E). This completes the proof of Theorem 1. O

Theorem 2. Suppose that conditions (c1) — (c3) hold, and if one of the following
two conditions is satisfied:

(6) (i)  p(t) > 0 eventually, and 0 < p; < 1;
(7) (ii)  p(t) <0 eventually, and —1 < py <0,

where p; = tlim sup P(t), p2 = tlim inf P(t). Then (E) has a nonoscillatory solu-
tion.
Proof. (i). Suppose (6) hold. Choose constants Ny > My > 0 such that

(8) 1-p1 <N3 <

T 1L = p1) = M.

Let X be the set as in Theorem 1. Set

AQZ{.IEX:MQSJZ(t)SNQ, tZto}.
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Define

Ly =max{Lf(Az),Ly(A2)}, o1 = ggé{f(x)h B = ;IeliAnQ{f(x)},
ay = gé%{g(x)}, B2 = 52%@(%)%

where Lf(Asz), Lg(As) are Lipschitz constants of functions f, g on the set As,
respectively.

Choose a tg > tg + p sufficiently large such that

(9) 0<p(t) < 1+43p1 for t > ts.

(10) | R+ @ueas < 2,

1) 05 [T ROM@) - AQlds < Not(n—1), and
(12) | rIB@ - axa(elas = o

Define a mapping 75 : Ay — X as follows

1—p1—pt)x(t—71)
+R(t) [Z[Q1(s)f(x(s — 01)) — Qa(s)g(w(s — 02))]ds
(Tox)(t) = 4 + [, R(s)[@1(s)f (s — 1)) = Qa(s)g(x(s — 02))]ds, > ta,

(Ta)(t2), to < t < to.

Clearly, Tox is continuous. For every x € Ay and t > t9, using (c3) and (11) we
get

(To)(1)

11— plt)alt —7) + R(Y) / T 101() f(als — 01)) — Quls)gle(s — o2))ds

+ /t R(s)[Qu(s)f (x(s — 01)) — Q2(s)g(x(s — 02))]ds

< 1-pi+ /too R(s)[a1Q1(s) — B2Q2(s)lds + [ R(s)[a1Q1(s) — B2Q2(s)]ds}

ta

= 1-p1+ /°° R(s)[a1Q1(s) — B2Q2(s)]ds < Na, t > to.
to
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Furthermore, in view of (8) and (9) we have

(Tox)(t)

> 1—p -

LN, 1 R() /t [5:@1(5) - 0a@a(s))ds

t

R(s)[B1Q1(s) — a2Q2(s)]ds

ta
1+ 3])1 4

> 1-p -
= pL 4 1+3p;

[(1—p1) — Ma] =My, t>ts.

Thus we proved that Tob A C As. Since As is a bounded, closet and convex
subset of X we have to prove that T, is a contraction mapping on A, to apply the
contraction principle.

Now for z1, x9 € Az and t > ty we have

|(Tow1)(t) — (Tow2)(t)]
pilzi(t —7) — @2t — 7)| + R(t)/t Q1(s)|f(x1(s — 01)) — f(x2(s — 01))|ds

IN

+R(t) /too Q2(s)|g(z1(s — 02)) — g(w2(s — 02))|ds

R(5)Q1(s)|f(x1(s — 1)) = f(za(s — 01))lds

ta
t
+ [ BEQulglon(s - 02)) - glaas - a2))lds
to
< prller — @
+L2|x1—x2||{/ 9)[Q@1(5) + Qals ds+/R (Q1(3) + Qa(s))ds}
= o1 —x2|{p1 + L2 | R(s)[Q1(s) + Q2(s)]ds}
t1
_ _ 3(1—p1)
= o1 — x2|{p1 + L2 i }
_ 3 —zpl lx1 — 22| = q1]|z1 — @2||, where we used sup norm.

This immediately implies that

[(Tox1)(t) — (Tox2) ()| < qallz1 — 22,

where in view of (6), ¢ < 1, which proves that T is a contraction mapping,
consequently T5 has the unique fixed point x, which is obviously a positive solution

of (E).
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(ii). Suppose (7) holds. Choose constants N3 > M3z > 0 such that

4
0< Mg <14py and N3>§.

Set
A3:{$€XZM3§$(t)§N3, Itho}.

Define L3, a1, (1, as, (o as in Theorem 1 with As instead of A;. Choose a
t3 > to + p sufficiently large such that

(13) —1<3p24_1§p(t)§0, t>t3

1) [T REIQ + Qulalas < L2,

(15) 0< /too R(s)[e1Q1(s) — B2Q2(s)]ds < (1 +p2)(%N3 —1), and
(16) [ REHQE) - axQas)ds =0

Define a mapping T3 : A3 — X as follows

1 —|—p2 - (t)x(t - T)
ft Ql
(Tsz)(t) = +ft 5)[Q1

(T37)(ts) to < t < ts.

Clearly, T3z is continuous. For every x € As and t > t3, using (13) and (15) we
get

(T32)(t)
s1+m—@””m+/ R(s)[on@1(s) — faQe(s))ds
t3
< l4p— 3p2_1N3+(1 +P2)(%N3—1)
- Ns.

Furthermore, in view of (16) we have
(Ts2)(t)
1 + P2 + R(t) / [ﬁlQl(S) — a2Q2(S)]d3 + /t R(S)[ﬁlQl(S) — a2Q2(3)]dS

t
> 14p > Ms.

%
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Thus, we proves that T3A3 C As. Since Az is a bounded, closed and convex subset of
X, we have t( prove that T3 is a contraction mapping on A3 to apply the contraction
principle.

Now, for x1, x9 € Az and t > t3, in view of (14) we have

|(T321)(t) — (T322)()]

< paller = ol + Lol — ol [ R()@1) + Qa(o))ds
t3
3(1 + 3—
S ||$1 - I2||{*p2 + ( 1 p2)} = 4p2 ||I1 — IQ”
= g@o|lx1 — 22|, where we used sup norm.

This immediately implies
[(T321)(t) — (T322) ()| < gallzy — 22,

where in view of (7), g2 < 1. This proves that T3 is a contraction mapping. conse-
quently, T35 has the unique fixed point x, which is obviously a positive solution of
(E). This completes the proof of Theorem 2. O

Theorem 3. Suppose that conditions (c1) — (c3) hold and if one of the following
two conditions is satisfied:

(17) (i) p(t) >1 eventually, and 1< py < p; < p3 < 400;

(18) (ii) p(t) < —1 eventually, and —oo <py <p; < —1,

where p1 and py are defined as in theorem 2. Then (E) has a non-oscillatory
solution.

Proof. (i). Suppose that (17) holds. Set 0 < € < ps — 1 be sufficiently small such
that

(19) l<py—e<pi+e<(p—e)
Then

1 —
(20) cP2—¢

p2p—€ pLte
Choose constants Ny > M, > 0 such that
1 po —€

< Ny < s
p2—¢€ p1+¢€

1 1
(22) 0< My <

p1+e p2—¢

(21) and

Ny.

Let X be the set as in theorem 1. Set

A4={$€XZM4S$(2§)SN4,t2t0}.
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Choose a t4 > tg + p sufficiently large such that

(23) p2—e < p(t) <pi+efort>ty,
> p1+ p2
(24) / R(5)[Q1(s) + Qa(e)lds < oL
(25) 0< /t R()[01Q1(5) + BaQa(s)]ds < (ps — &) Ny — 1, and
(26) | RO - axa(elds = 0

where a1, (1, as, (B2, L4 are defined as in theorem 1, but with A, instead of Aj.

Define a mapping Ty : A4 — X as follows

s~ P+ T)
i) Ji [0 (ls —00) = Qa(s)gas — o2))lds
(Ta)(t) = 4 T Ji | RE)Qus) (s =)
—Q2< Jo(x(s — 2))]ds, t2
(Thz)(ta), to <t <ty

where t + 7 > tg + max{oy,02}. Clearly, Tyz is continuous. For every z € A4 and
t > ty, using (25) we get

1 1 >
@) < o [ R0 ~ B (e)ds
< N - =N,

Furthermore, in view of (21)and (26) we have

1 1 ~
B0 = o T e /Hﬂﬁlczl(s) — Qs (s))ds
t+7
P1 :» e R(S)[ﬁlQl(S) — a2Q2(3)]d8
> My

Thus, we proved that TyAy C A4. Since A4 is a bounded, closed and convex
subset of X, we have ty prove that T} is a contraction mapping on A4 to apply the
contraction principle.
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Now, for x1, x2 € Ay and t > ty4, in view of (24) we have

|(Tax1)(t) — (Taz2)(t )|

1
< - Ty —T + T —T )+
< ol —ml 4 e -zl [ R Qa(s))ds
1 1 2—5

< o — 22— + 1+

Iz =z p1te P2*€( p1+6)}

1

= 21 — z2|| = gsllz1 — 22,

p2 —¢€

where we used sup norm. This immediately implies that

[(Taw1)(t) — (Tax2) ()] < gsllzr — @2l|.

In view of (20), g3 < 1 which proves that T} is a contraction mapping. consequently,
T, has the unique fixed point x, which is obviously a positive solution of (E).

(ii) Suppose that (18) holds, set 0 < § < —(1 + p2) be sufficiently small such
that

(27) pa—0<pr+6<-—1.
Choose constant N5 > My > 0 such that

-1 -1
(28) My < < < Nj.

l4+ps—06 1+pi 496
Let X be the set as in theorem 1 set

A4:{I€XZM4SLIJ(t)SM4, tzto}
Choose a t5 > tg + p sufficiently large such that (c3) holds and

(29) p2—0<p(t) <pi+d for t>t5

(30) [ R0+ Qatois < 2

B) 0 < WMnglﬁﬁﬁk<2ngH%u+m—®L
(32) | BEBQu(s) ~ ax@alo)ds =0,

where o, 81, as, B2, L5 are defined as in theorem 1 with Ay instead of A;.
Define a mapping T5 — X as follows

PG wgfg
4 B(tdn) [ Q1 ( (s —01)) — Q2(8)g(x(s — 72))]ds
T-X — p(t-‘r‘f‘) £+:l"_
(T5X)(t) +oiy fo | R(9)[Q1(5) f(a(s — 1) — Qa(s)g(x(s — 02))]ds, ¢ > 1,
(T52)(0), fost=ts
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where t + 7 > tg + max{o1,02}. Clearly, Tsx is continuous, for every x € A5 and
t > t5, using (c3) and (32) we get

-1 1 R(t+7) [
(TsX)(t) < p1+6+p1+5N5+ . /HT[ﬁlQl(s)aQQz(s)]ds

t+1
+ ﬁ/ [61Q1(s) — 2Q2(s)]ds
ts

-1 -1
4+ —— N5 < Ns.
pr+6 pi1+6 °

Since the first inequality of (28). Furthermore, in view of (28) and (31) we have

@O0 > kMot [ R0 - Qalds

-1 n —1 M + 1 . p1 + 1)
p2—06 p2—96 p1+06 pa—9
Thus, we proved that TsAs C As. Since As is a bounded, closed and convex
subset of X, we have ty prove that T5 is a contraction mapping on As to apply the
contraction principle.

Now, for x1, o € A5 and ¢ > t5, in view of (30) we get

|(T521)(t) — (Tsx2) ()]

>

[14+ M5(14ps—90)] = Ms.

_pli-é'xl(t—i_T)_M(t—i_T)‘
D [ QLo = a0) = Flaals s
R(t+T1) [
2+ 7) oo Q2(3)[g9(z1(s — 02)) — g(x2(s — 02))]ds
1 t+7
t i L RO (s = o) = flaals — o)
1 t+7
A R(5)Q2(s)[g(21(s — 02)) — g(w2(s — 02))]ds
_ 1 _ _ L5 _
= p1+5||$1 o p2_6||9€1 o |
0 t+1
$)|Q1(s 2(s)]ds $)[Q1(s 2(8)]ds
| [ REIQu) + Qato) +/ R()[@1(s) + Qa(s))ds
< Jar— sl {m—— = 2 [ R($)Q1(5) + Qa(s))ds)

p+d pa—96J,,
1 +1+p1+§

< ||x1 — X2 - 1—
|21 — 22| - { P R —

}

= Q4||331 - $2||7
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where we used sup norm. This immediately implies that

[(T521)(t) — (Tsz2) (D) < qallzr — 22,

where in view of (27), ¢4 < 1 which proved that T} is a contraction mapping. Con-
sequently, T5 has the unique fixed point z, which is obviously a positive solution of
(E). This completes the proof of theorem 3. O

Remark. If f(z(t)) = g(x(t)) = «(¢),r(t) = 1 and p(t) = p = const., then theorem
2 and 3 improve the theorem of Kulenovic and Hadziomerspahic ([6]).
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