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ABSTRACT. In this paper, the Boundedness for the multilinear Littlewood-Paley operator
on certain Hardy and Herz-Hardy spaces are obtained.

1. Introduction and definitions

As the development of singular integral operators, their commutators and mul-
tilinear operators have been well studied (see [1]-[8]). From [6] and [3], we know that
the commutators and multilinear operators are bounded on LP(R™) for 1 < p < 0.
However, it was observed that the commutators and multilinear operators are not
bounded, in general, from H?(R™) to LP(R") for 0 < p < 1. But, if H?(R")
is replaced by a suitable atomic space(see [1], [18]), then the commutators and
multilinear operators are bounded from the suitable atomic space to LP(R™) for
p € (n/(n+1),1]. In recent years, the theory of Herz space and Herz type Hardy
space, as a local version of Lebesgue space and Hardy space, have been developed
(see [9]-[11]). The main purpose of this paper is to establish the boundedness prop-
erties of some multilinear operator related to Littlewood-Paley operator on Hardy
and Herz type Hardy spaces.

Let % be a fixed function on R™ which satisfies the following properties:
(1) [ ¥(x)dz =0,
(2) [(@)] < C(L+ |z)~FD,
(3) [z +y) —v()| < Clyl(1 + |z])~"+*) when 2[y| < |a].

Let m be a positive integer and A be a function on R™. The multilinear
Littlewood-Paley operator is defined by
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where
FA(f) () = WRW(A; 2, 9)dy,
R T =yl
Ryi1(Asz,y) Z *DBA -y’
|ﬁ|<m

and ¢y (x) =t "(a/t) for t > 0. Set Fy(f)(z) = f *1(x). We also define that

win@=([" f*wm)ﬁit)l/?,

which is the Littlewood-Paley operator(see [20]).

Note that when m = 0, g;? is just the commutator of Littlewood-Paley operator
(see [2], [12]-[14]). It is well known that multilinear operators are of great interest
in harmonic analysis and have been widely studied by many authors (see [3]-[5], [7]-
[8]). The main purpose of this paper is to consider the continuity of the multilinear
Littlewood-Paley operators on certain Hardy and Herz-Hardy spaces. Let us first
introduce some definitions(see [1], [9]-[11], [15]-[17]).

Definition 1. Let A be a function on R™ and m be a positive integer, 0 < p < 1.
A bounded measurable function a on R" is said to be a (p, D"™A) atom if

i) suppa C B = B(xg,r),
i) [lafz~ <|BI7VP,
iii) [ a(y)dy = [z, aly)DPA(y)dy = 0,|3] =

A temperate distribution f is said to belong to Hp,. ,(R™), if, in the Schwartz
distributional sense, it can be written as

z) =Y Ajay(@)
=0

where a;’s are (p, D™A) atoms, A; € C and Y72, |\;[P < oco. Moreover,

1/p
Il ~ (Z;?'; . W\P) , where, and in what follows, K ~ L means that there

are positive constants C7, Cs, independent of K and L, such that K < C;L < Co K

Let B, = {iL’ € R": ‘£U| < Qk}, Cr = By \ By_1, ﬁlo()\,f) = |{£L' € By : |f(x)\ >
A, mie(A, f) = {z € Ck : |f(x)] > A} for k € Z and mi(X, f) = mi(N, f) for
k € N. Denote xp=xc, for k € Z and xo=xp,, where xg is the characteristic
function of the set F.

Definition 2. Let 0 < p, ¢ < 00, @ € R.
(1) The homogeneous Herz space is defined by

KgP(RY) = {f € Li,.(R"\ {0}) : || fll gor < 00},
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where
o0

1/p
1 llgar = [ ) 2kap||ka||’zq] |

k=—o0
(2) The nonhomogeneous Herz space is defined by

KgP(R") ={f € Li,.(R") : || fllxg» < oo},

loc

where
o0

1/p
I fll xor = [Z 25| Fxellfe + ||f><o||1£q] :

k=1

Definition 3. Let m be a positive integer and A be a function on R", a € R,
0<p<oo,and 1 < g < oco. A function a(x) on R™ is called a central («, g, D™ A)-
atom (or a central (a,q, D™A)-atom of restrict type), if

1) Supp a C B(0,r) for some r > 0 (or for some r > 1),

2) [laflze < |B(0,7)|7/",

3) [pna(z)ds = [4, a(x)DP A(z)dz =0, |3 = m.

A temperate distribution f is said to belong to HK;f;mA(R”)(or HEK B 4(R™)),
if it can be written as f = 3777 Ajaj(or f = 3772, Aja;) in the S'(R") sense,

where a; is a central (a, ¢, D" A)-atom (or a central (¢, g, D™A)-atom of restrict
type) supported on B(0,27) and 37 | X;[P < oo (or Y72 [Nj[P < o0), moreover,

1/p
1oy, , (o I lmmesg,. )= (5 10)

2. Theorems and proofs
We begin with some preliminary lemmas.

Lemma 1 ([3]). Let A be a function on R™ and DPA € Li(R"™) for |3| = m and
some q >n. Then

1/q
1
[Bn (A5 2,y)| < Clz —y[™ ( ID'BA(Z)quZ> :

where Q(x,y) is the cube centered at x and having side length 5v/n|z — y).
Lemma 2. Let 1 <p< oo, 1 <r<oo,1/¢g=1/p+1/r and DPA € L"(R") for
|| = m. Then g$ is bounded from LP(R™) to LY(R™), that is

g (H)llza < C Y~ (DAl || fllzs-
|Bl=m
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Proof. By Minkowski inequality and the condition of 1, we have

Ryi1(A;z, e dt\'?
st < [ MRl (7 o)
n |z — y 0 t
< o HWIRwn(Aizy) /°° 2 an\'"*
- Rn |z —y[™ o (L4 |z—yl/t)2n+h) ¢
|Rm+1(A,ZL',y)‘
< o[ Wl i)y,
Bt )y
thus, the lemma follows from [7], [8]. O

Theorem 1. Let 1 >p>n/(n+1) and DPA € BMO(R") for |8| = m. Then g,
is bounded from HY,.. ,(R"™) to LP(R"™).

Proof. Tt suffices to show that there exists a constant C' > 0 such that for every
(p, D™A) atom a,

g3 (@) L» < C.

Let a be a (p, D™A) atom supported on a ball B = B(zq,r). We write

[st@@pra= [ gtweras [ @@=

|x—zo|>2r

For I, taking ¢ > 1, by Holder’s inequality and the L9-boundedness of gl‘;‘(see
Lemma 2), we see that

I < Cllgii(a)ll, - |B(wo, 2r)['"7/¢ < Cllallf, |B|' /7 < C.

To obtain the estimate of 11, we need to estimate g;j}(a) (z) for z € (QB) Let B =
5¢/nB and A(z) = A(z) — 3 %(DEA)Bxﬁ. Then R, (A;z,y) = Rn(A;z,y).

=m

We write, by the vanishing moment of a,

R = [ {W i) G “’)] Ron(di 2, y)a(y)dy

e

@[Rm(& ,y) — Rin(A; 2, m0)]a(y)dy
B |z — 0]

B
X g R A - (0 s

1Bl=
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Thus

Vi —y) i@ — a)

[z —y[™ |z —zol™

I

o B ~ ] 9 1/2
+ /o (B|¢t(l’0)|Rm(A;x,y)—RMA?WCO)H@(W@ dt]

|Rm<21;x,y>||a<y>|dy) dt

| — zo|™ t

- 9 1/2

Ve (z *y)ﬁ B _ (DB a @
O > o [ P A ~ (D A)s)alds]

— IL + Iy + IIs.

By Lemma 1, for y € B and z € 281 B\ 2B, we know

|Ro(A;2,y)| < Clz —y|™ > [DPA(x) — (D7 A)gepl.
|B|l=m

By the condition on % and Minkowski’s inequality, noting that |z — y| ~ |z — 29
for y € B and € R" \ B, we obtain

9 1/2
. 0 - —zo) [ dt
o< [ RalEseylao) | [ blw—y) _ ule —eo)Pdt)
B 0 |z —y|™ |z —xo|™ | ¢
< Ol — ao|~tmmtD) | g|/n=1/p ( / |R,,L<A;x,y>|dy)
B
< Chlr — x| "B/ ST (DO A() — (D A .

|Bl=m.

On the other hand, by the formula(see [3]):

R (A;2,9) — Ry (A; 2, 20) Z R —y( (DY A;y, z0)(z — x0)”

|v|<m

and Lemma 1, we get

[Rn(Aiz,y) = RBulAiz20) <0 323 Jao — ™ Mz — 20" [ D? Al paso,
[y[<m |B]=m
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so that
I, < /|xf:v0\ (ntm) Z ’R M (D7 Ay,xo)foxg\”Ha( )|dy
[y[<m
< / [ — 2o~ 37 (g — gDz — 2| Z 1D° Al sarola(y)|dy
M<m |Bl=
< ¢ Y ID°Allsaco / PR |"+1 ay)ldy
|B|l=m
< C 3 ID°Allzasole — o BV
|Bl=m

For II3 , we write

— )8
/wt |x—y|m ) (DPA(y) — (D° A)p)a(y)dy
/ [W_ W@ —v)? e~ z0)(x — )’
B

|z —y[™ |z — o™

] D A(y) — (DPA) plaly)dy,

similar to the estimate of 117, we obtain

II; < C Z |z — o~ ”H)/ |20 — y| D A(y) — (D" A)glla(y)|dy
|B]=
< C Z IDP Al paso| BIY™ P+ o — wo|
|B]=m

Therefore, recall that p > n/(n+ 1),

< / (a)(@)]Pde
S Ll @
< CZ/ k2| — | P D B{PO+L/n=1/p)
N 2k+1B\2* B
p
Z |DPA(z) — (DPA)grarg| | dx
=

+C ||DﬁA||BMO / |l — x0|—p(n+l)|B|p(1+1/n—1/p)dx
le:m Z 2k+1B\2k B
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p
< O X 1D Alsaro | Y kr2kren
|Bl=m P
p
< 0| X ID%lsuo |

|B|=m

which together with the estimate for I yields the desired result. This finishes the
proof of Theorem 1. O

Remark. In general, when p = n/(n + 1), Theorem 1 is false, that is g;Z1 is not
bounded from HY,.. ,(R"™) to LP(R")(see [1], [13]-[14]).

Theorem 2. Let 0 < p < oo, 1 <¢qg< oo, n(l-1/g) <a<n(l-1/q+1
and D?A € BMO(R™) for |8| = m. Then g, is bounded from HE B 4 (R™) to
KoP(Rm).

Proof. Let f € HK;’E’,MA(R") and f(z) = 3272 Aja;j(x) be the atomic decom-
position for f as in Definition 3. We write

%) k—3 P p
lotDliger <C | 3 27 (37 Il g (ap)xellze
k=—00 j=—00
- - pq 1/p
+C | >0 2k LN N9 (ag) Xk e
k=—o00 j=k—2

For JJ, by the boundedness of g;2 on LI(R™) (see Lemma 2), we have

[ o p1/p
JIo< 0 302 Y Wlllagles
| F=—00 j=k—2
[ . p1l/p
S DI DN
[k=—00 j=k—2
o0 kap (es) po—jap 1/p
C{ k= —o0 2 Zj:k—2|)‘j| 2 } , 0<p<1
§ i RS p/pl 1/p
C |:Zk—oo okap (z:j:ki2 |)\j|p2—yap/2> (Zj:k—Z 9—jap /2) } 7
<

O[S o (T3 2t9en)] " 0 <p <
O[T ol (T12 o 2t=9enr2)] 77 po
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- 1/p
< o > NP < Clfllakes,, -

j=—o00

For J, similar to the proof of Theorem 1, we have, for z € Cy, j < k — 3,

gi(a;)(@) < Clo—ao| "™ 1 By[Y" (/ |aj(y)||Rm(f~1;x,y)|dy>
+C 3 1D° Allarolk — )l — a0l 1B / la(y)|dy
|Bl=m B;

IN

092 kn+1)9i(14n(1-1/9)—a) Z |DPA(z) — (DPA)p, |
[B]=m

+C Z ||DﬁA||BMO(k _ j)Q*k(n+1)2j(1+n(1*1/4)*a).
|B]=m
Thus

oo k—3
J < C Z 2kap Z |)\j|2—k(n+1)+j(1+n(1—1/q)—a)

k=—o00 j=—00

> (/Bk |D5A(g;)_(DﬁA)Bk|qu)1/q P

|Bl=m

1/p

0o k—3
+C Z 2kap Z |)\j‘(k_j)2—k(n+1)+j(1+n(1—1/(1)—‘1)

k=—o0 j=—00
p\ 1/p
2k7/4 3" D" Al suo
|B|=m
= J1+ Js.

To estimate J; and Jo, we consider two cases:
Casel. 0<p<1.

00 k—3
J < C Z gkap Z |A;|P2[RnA+i(A4n(1-1/9)—a)lp

k=—oc0 Jj=—00

1/p

2/ Y ||DP Al paso)”
|8=m
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1/p
= C Z | D% Al sapo Z AP Z 9(i—k)(1+n(1-1/g)—a)p
|B|=m j=—o00 k=j+3
o 1/p
< C Y IDAlsmo | DY NP
|Bl=m j=—00
< C”fHHK;gmA?
Jo < C Y D Algao | Y INPY (k- j)ratmR(En-t/a-a
|B]=m j=—o00 k=543
o 1/p
< C Y IDAllsuo | D NP
|Bl=m j=—o0
< C”fHHK;ngA'
Case 2. p > 1. By Holder’s inequality, we deduce that
[e%S) k-3 ‘
J < C Z IDP Al garo Z ( Z |\, [P2U—RP((-1/0)=0)/2)
|Bl=m j=—00 j=—00
k-3 1/p
( Z 2U—k)p (14n(1=1/9)=a)/2yp/p'
Jj=—00
o 1/p
< o D P
j=—00
< Clfluieg,
J2 S C Z HDEAHBMO
|B]=m
0o k—3
3 (5 e g
j=—00 \j=—o0
k3 p/p' P

Z 9(i=k)p (1+n(1-1/g)—a)/2

j=—oc0

323
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1/p
< C Z ||DBAHBMO Z AP Z (k ,j)pg(j*k)p(Hn(l*l/q)*a)/2
|B|l=m Jj=—00 k=j+3
~ 1/p
P .
< C Z Al < COllflakey,, ,-
j=—00
This finishes the proof of Theorem 2. O

Remark. Theorem 2 also holds for nonhomogeneous Herz-type space.

Theorem 3. Let DPA € BMO(R™) for || = m and 0 < p < 1 < ¢ < o0,
a=n(l—-1/q) +1. Then, for any X >0 and f € HK " 4,(R"), we have

1/p
<SCA M fllaxes

S 2keri (X, g (f)P/ or (1 +logt(A7Y| f||HK;,gmA)) .

k=0

Proof. Let f € HK_ hn 4(R") and f(z) = 3272, Aja;(x) be the atomic decomposi-
tion for f as in Definition 3. We write

oo 1/p
lz 25 (A, gy ()P ﬂ
k=0

3

1/p
< C [Z zkwmm,gﬁ(f»p/ﬂ

k=0
_ 1/
N s p/a] P
+C |3 2k [ A/2,3 10 lgik(ay)
k=4 Jj=0
- p/a] VP
+C | > 2k [ N2,90 | D Na
k=4 J=k=2

= K+ K>+ Ks.

For K;, K3, by the weak type of (¢, ¢) boundedness for gl‘;‘ and 0 < p < 1, we have
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K,

IN

IN

IN

<

<

3 1/p oo 1/p
oA ZQk“pllflliq] <O NPl
k=0 =0
. 1/p - 1/p
CATHLD I P27er | <ent DY D INPP
7=0 =0
-1
CA ke, ,
p q1/p

o0

| k=4 La k=4 j=k—2
i 9] j+2 p 0 p
CATH D DY S atker < onT [ Y NP
|i=0 k=0 j=0
-1
CAT N kg,

For K5, by the same argument as the proof of Theorem 1 and 2, we have

9 (a;)(z) < C27F0HD)

therefore

K,

IN

|Bl=m |Bl=m

C |3 257, | A/4,C27K0+) ST DA AG) — (DAY, | Y )
k=4 |B]=m 7=0

p/q

+C ZQkaPﬁlk A4, C27 R Z HDBAHBMOZ|/\J'|

k=4 1Bl=m j=0

K 4 KR,

For Kél), by using John-Nirenberg inequality (see [19], [20]), we gain

K

[ /a
> C2k(n+1)>\ P
< C okep | exp | — = okn
,;4 < ( 2 i81=m 1D AllBrmo 32526 2]
- 1/p
= CA2k(+D)
< C 2k (+P oxp | — —

325

C)\fl iycap i )\jaj SC)\71 iZkap Z |>\j|p2*jaiﬂ
j=k—2

> IDPA(@) — (DPA)p, | +k Y DPAllsuo |

p/q

1/p

1/p

1/p

1/p
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IN

o \ 1/p
C / P Lexp [ — AT —~ dx
0 Ew\:m HDﬁAHBMO Zj:O |)‘j‘

© 00 1/p
= C)‘_IHDBA”BMOZ'AJ‘ (/ tp_le_tdt)
0

=0
- 1/p

< oo
=0

< O Uflluxeg,,-

For KQ(Z), by using the following fact: If there exists u > 1, such that 2% /2 < u for
x > 3, then 2% < culog™ u. We have, if

v € Cp: C27F R N IDPAllpro Y I > A4 3| #0,
|Bl=m i=0

then -
1 < 2k(n+1)/k(n+1) <)L Z HDﬁA”BMO Z |)‘j|7
|Bl=m Jj=0
thus
o0 oo
2P < OXTEY TN [ logT [ AT 1N
§=0 j=0

Let K be the maximal integer k& which satisfies this estimate, then

Ky 1/p
I2(2) < C <Z 2k:o¢p2/cnp/q> < C2K>\(n+1)
k=4

< O Y yllogt (AT Yy
j=0 j=0
- 1/p . 1/p
< O[O gt (AT DI
j=0 Jj=0
< O fllakes,, , log* (A’l\lf ||HK;*;5M) :

Now, summing up the above estimates, we have

0o l/p
3 2kapmk<A,g$<f>>p/q] <O W lasg., (1+108" (Ao, ) -
k=0
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This completes the proof of Theorem 3. ]
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