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During World War 11 there was a statistical analysis conducted by the Allied analysts to
estimate the German war productions, including their tank productions. This article
revisits the analysis of the tank productions as a classroom activity format. Various
reformed ideas are proposed in order to enhance students' perspectives of the point
estimation. Comprehensive simulation works and actual classroom discussions will be
provided along with the theoretical investigations.
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1. INTRODUCTION

In the early years of World War II, the allied analysts tried to estimate the number of
the tanks manufactured by the German. The analysts realized that each German tank has
some unique items built in. On some types of equipment, such as tire molds and tank gear
boxes, the items had unique numbers that are sequential like 1, 2, 3, 4, and so on. The
analysts used these serial numbers to estimate the total production of the tanks made. The
analysts assumed that the serial numbers denoted by Y1, Y2, ..., Y» are distributed
according the Uniform distribution U(0, &]. Here, the parameter & represénts the total
production of the items or the tanks manufactured as of the date of the analysis. The
challenge was to find the best mathematical form of the data that estimates 6.
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In junior or senior level mathematical statistics classes, the point estimation is usu-
ally not so well appreciated beyond the sample mean and the sample standard devi-
ation as the estimates of p and o, respectively. One of the reasons is the lack of good
examples that capture students’ attention. This article exercises and manipulates
the idea of the actual analysis of the German Tank production so that the value of
the point estimation can be delivered to students in an engaging way. This article
is based on the real classroom activities conducted in calculus-based undergraduate
statistics classes. Students in this activity had some background in Order Statistics.
All the simulation results were obtained through the TI-83/89 calculators.

2. THEORY

Suppose that Y;, Y3, ..., Yn are randomly collected serial numbers from the
uniform distribution on the interval (0, 6]. In reality, the serial numbers in manufac-
tured items would be labeled with integers, instead of real numbers. However, for
convenience we assume that the serial numbers are continuously distributed on the
domain. The upper bound 8 in the interval is considered to be the total number of
the tanks or the items manufactured.

Eighteen students were grouped into threes and were asked to propose their best
formation of the data ", Ys, ..., Y, to estimate §. After some discussion, the groups
came up with a few, including 2Y, Yin), Yin) + %, and Y,y + ¥(y).

The first estimator, 2Y, is not so difficult consider as an estimate if one un-
derstands that the mean Y is the balancing point in the uniform distribution. By
doubling the balancing center value in the uniform distribution, the upper bound
can be reached. As we shall study later, this is not a wise choice because it does not
treat the special message in the maximum order statistic Y{,,) as to where the upper
bound 8 is.

The second choice, the maximum order statistic Yy, is a natural choice because
the largest value is usually a mirror of the upper bound. This estimator, however,
lacks the property of the unbiasedness necessary for an estimator to be good. On
average, the estimator Y(,) underestimates § because E(Y(,)) = ;5376. Because
of this reason, the estimator Y,y was not kept in consideration. Instead, it was
modified into the form of ﬂf:—l 0, which provides unbiasedness.
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The third estimator Yy, +% chosen by a group was an interesting pick. In a sense,
this group’s choice was better than either 2Y or the maximum order statistic Y,
because they understood that Y{,) would underestimate  and they had to think
about how to close the gap between Y(n) and 0. They, however, were not aware
that Y,y + % can not possibly be an estimator because it involves the unknown
parameter 6 itself. The estimator Y{,) + Y(;) was a very unique and clever form to
make up the gap between Y{,) and the upper bound §. For educational purposes,
a dummy estimator (n + 1)Y(;) was added to the list. As we shall see in Lemma 1,
the estimator (n + 1)Y{;) is an unbiased estimator. This, however, should not be a
very good one, because it does not make sense to look at only the smallest value in
order to estimate the upper bound. '

In this article, we will be using the estimator (n +1)Y(;) to create some contrasts
to the other estimators.

In summary, we consider the four estimators of
n+1

n
In Lemma 1 we first show that these four estimators are all unbiased.

0: él=2}_’, é2=

Yy, 03 = Yoy + Y1y, 04 = (n+1)Y)y.

Lemma 1. §; =2V, 05 = Eyt—lY(n), b = Yy + Y, by = (n+1)Y(yy are unbiased
estimators of 6.

Proof. The probability density functions of ¥{;) and Y{,) are

fo@) =nll—=F@" ' f(y) and fr)(y) =nlFE)]" " f{),

respectively, where f(y) = & and F(y) = §. These yield that
_ y_ n—1 l _ y- n—1 l
f(l)(y)—n(l- 0) 5 and f(n)(y)—n(o) 7

Then, we have

[ -1 !
yy\»-11 1
E(Yq)) /0 yn( 0) § W=

and
n

e n-11 :
Yy
E(Y,,) = = —dy = 0.

Now, we are ready to evaluate the expected values of the four estimators.

E(f) = E(27) = 2E(¥) =2 g —
n Y(")) ) B =~ o5

E()=E (
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n 1
= ] 0=
n+1 +n+1

E(f3) = E (Yg) + Yin)) = E (Ya)) + E(Y(n)) 6,

and

E(64) =E((n+1)Y(1)) =(n+1)ﬁ—%9=0. | O

In Lemma 1 we verified that the four proposed estimators of # are all unbiased. In
order to evaluate the efficiencies among them, in Lemma 2 we consider the variance
structure of the four estimators.

Lemma 2. The variances of 01, 02, 03, and 64 are the following.

~ 02
(a) V(61) = 5~
02
() VD) = s
A 262
V(3 = ————
(c) V(8s) CESCES)
- nf?
@ Vi) =
Proof. (a) We have
A\ _ V(0T — o4, 4 62 42
V(6,))=V(2Y)=4-V(Y) = —ot = o=
(b) We have
A n+1 n+1)\2
V) = V(e = (22 viriy)
n n
_[n+1 2 n 2 1 5
B n n+2)n+1)2  nn+2)
Here,
V(Yn) = E(Y(;)) — B*(Yim)),
where , ,
n—1
2 = 2 = 2, ny — n 2
E(Y(y) —/0 Y [y (y)dy /0 vy = ——
and
n
E(},(n)) = ntl 0.

(c) The probability density functions of ¥(;y and Y(,) are

fo@=(1-5)"";
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and
n—l

fY(,,) (y)

These two functions allow lis to have
g (Y2 )= 262

W7 (n+1)(n +2)
and

y2 )= _" 2

B (")) (n+2) ¢

The following joint density function of Y(;y and Y(,) can be driven using the multi-
nomial probability distribution and can be found in most mathematical statistics

books. ( ‘ )
n{n—1
fY(l),Y(n) (ylayn) = —gn—(yl —Yn
where 0 < y; <y, < 0.
Then, we have

)n—2

YUn
E(YYn) = / / Y1Yn (1), Yim) (Y15 Yn)dy1dyn

Yn n( —1
= / / n-1) (y1 — yn)" 2dyrdyn

n(n —1) Yn _
= ——(——— / Yn / y1(yn — y1)" 2dyrdyn

_ n(n—l)/ - n(n_l

n+ 2'
Therefore,
V(ds) = E(Yg)+Yy)? - B3 (Y +Ym)
= E(Yy) +Ym)* -6
= EY})+EY(}) +2E(Y)Y() — 6°
262 n 262
— 02 _ 02
miDm+2) T mr2) Tnie
%
T o (n+D(n+2)
(d) We have

V(s) = V((n + 1)Y(y) = (n+ 1)*V (V).
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Then,
6 6 2
20
B = [ i owdr= [ Bty - 2
( (1)) 0 Yy fy(l)(y) Y 0 Y 0( 0) Y (n+1)(n+2)
So, |
26° 0 \? n
_ 2 2 _ = 2
V(Yy) = E(Yy) - E*(Yy)) = m+1D)n+2) (n+ 1) T (n+1)2(n+2) 6.
Therefore,
n 2 n 2

V(fa) = (n+1)- a

(n+12n+2)  n+t2

In Lemma 1 we verified that the four estimators are all good in the sense of
unbiasedness. Lemma 2, hdwever, indicates that the four unbiased estimators per-
form unequally due to the different amounts of variability existing within the struc-
ture of the four estimators. The results in Lemma 2 imply that V(§;) = O (1),
V() = O(Z%), V(63) = 0(%), and V(ds) = O(1). As we shall see in the full
discussion section later, the efficiencies of the four estimators are ranked from the
highest to the lowest in the order of 92, 53, él, and 94. In order to enrich our forth-
coming discussions of the four estimators, we begin to consider some simulations in

order to collect data.

3. SIMULATION RESULTS

The purpose of the simulation activity is to have students experience how theory
behaves in practice. The idea is to draw a random sample from a U (0, 8]-distribution,
where 0 is pre-specified integer. Then we evaluate the four estimators and their stan-
dard deviations based on the sample. The observations will be compared to the facts
obtained in Lemma 1 and Lemma 2. In practice, § is an unknown parameter that is
to be estimated. For simulation purposes we assume that # is 1000. The following
data are obtained from the actual class activities conducted in the first authors’
mathematical statistics class in 2004. The TI-83/89 function RandInt function was
used to generate random integer numbers on the interval [1,1000] interval. Each of
the 18 students who were participating the activity obtained his or her own sample
of size n. We considered two different values of n. The case I deals with n = 10,
and Case II with n = 70.

Case I: 6 = 1000 and n = 10
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Table1. y(;y and y,) of the 18 samples

rsamples] 1| 2| 3| 4| 5| 6I 7| 8| QJ
Y1) 126| 45| 145| 55| 74| 69| 76| 295| 68
Yin) 911 | 887| 860| 858 | 865| 899 | 993| 954| 586
g | 547.4(533.3 | 481.8 | 479.2 | 515.8 | 461.7 | 439.1 | 567.0 | 304.8
samples| 10| 11| 12| 13| 14| 5] 16| 17| 18]
Y1) 11 9| 17| 264| 203 6 8| 63| o7
Yn) 796 | 946 939| 767 896| 884| 975| 859 | 961
§  |474.3[383.1]391.1]565.4|591.7 | 308.8 | 478.5 | 519.7 | 492.3

Table 2. 91, 52, 93, é,nd 94 of the 18 samples

samples| 1| 2| 3| 4| 5] 6] 7] 8] 9] 10|
9 [1095[ 1067 964 | 958[1032] 923 878[1134| 610] 949
9, 1002 | 976 | 946 | 944 | 952 | 989 |1092 | 1049 | 645 876
s |1037] 9321005 ] 913 ] 939] 9681069 [1249] 654] 807
. |1386] 4951505 | 605| 814] 759 836 [3245] 748] 121

samples | 11| 12] 13| 14| 15| 16| 17| 18[Mean| SD|

0 766 | 782 11131 | 1183 | 618 | 957 | 1039 | 985 948 166
0, 1041 | 1033 | 844 | 986 | 972 | 1073 | 945 | 1057 968 104
05 955 | 956 | 1031 | 1099 | 890 | 983 | 922 | 1058 970 124
0, 99 | 187 | 2904 | 2233 66 88 | 693 | 1067 997 950

Case II: 0 = 1000 and n = 70

Table 3. y(;) and y,) of the 18 samples

samples 1 2 3 4 5 6 7 8 9 10
Y1) 9| 13| 33| 1| 15| 13| 45| 16| 6| 13
Yin) 974 | 994 | 979 | 993 | 989 | 979 | 961 | 998 | 978 | 986
g 502 | 509 | 530 | 569 | 485 | 440 | 520 | 472 | 470 | 550

samples | 11| 12| 13| 14| 15| 16| 17| 18] | |
Y1) 22| 1| 9| 11| 30| 36| 18| 20
Yin) 992 | 988 | 997 | 993 | 965 | 990 | 973 | 974
7 551 | 498 | 526 | 540 | 502 | 550 | 461 | 453
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Table 4. Evaluations of 91, 92, 93, and 9:; of the 18 samples

samples| 1| 2| 3] 4| 5| 6] 7] 8] 9] 10|
. | 10051019 | 1060 | 1138 | 969 | 881]1040] 944 940 1100
0, 988 | 1008 | 993 ] 1007 | 1003 | 993 | 975]1012| 992 | 1000
f5 983 | 1007 | 1012 | 994 [ 1004 | 9921006 | 1014 | 984 | 999
04 639 | 9232343 | 71]1065| 92331951136 | 426] 923

samples | 11| 12] 13| 14] 15[ 16] 17] 18|[Mean| SD|]
. [1101| 997 | 1053 | 1081 | 1005 | 1100 | 922 ] 905 | 1014] 75.7
8, | 1006|1002 | 1011 [1007 ] 9791004 | 987 988 | 998 | 11.2
3 1014 | 9891006 | 1004 [ 9951026 | 991 | 994 | 1001| 115
0, 1562 71| 639] 781[2130 | 2556 | 1278 [ 1420 | 1227 853.0

4. DISCUSSION

1. 4, the very bad: The estimator §5 = (n+ 1)Yy) is very bad due to the fact that
V(84) = O(1). This means that the variability of 4 does not decrease as n increases,
but rather it is proportional to the size of 6 because Var(fs) = 25 0% ~ 2. This is
not so surprising since the smallest value alone cannot bring up enough information
as to what the upper bound might be. In the simulation of Case I, where 8 = 1000
and n = 10, the standard deviation of the eighteen values of 64 is 950. In Case
II, where § = 1000 and n = 70, the standard deviation is 75.7. Both of these
simulations revealed that the standard deviation of 94 is almost the size of 8 and
highly unreliable, even though it is an unbiased estimator of 4.

2. 91, the not-so-good-not-so-bad: The estimator 51 = 2Y seems to be a con-
venient way to estimate 6 because Y is expected to be located half way between 0
and 8. What is not so helpful is that it does not utilize the maximum order statistic
Y(») to its maximum degree while Y{;, carries the most information as to what the
upper bound # might be. As Lemma 2 shows, Va,r(é) = 317; 62, which reduces to
zero in the order of n, whereas the variances of the other two estimators, 6, and 05,
reduce to zero in the order of n2. This puts the rank of §; in terms of its goodness
as an estimate of 6 ahead of d,, but behind 62 and 5. In the simulations of Cases
I and II, the sample standard deviations of 6, are 166 and 75.7, respectively. These
are all the third largest among the four estimates in each case.
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3. 0, or 03, the two good estimators: Lemma 2(b) and (c) yiélds that the

variances of 92 or é3 reduce to zero in the order of n?, which puts 32 or 63 ahead of
the other two estimators 94 or §,. The standard deviations of 52 and ég (resp.) are

(resp.). This implies
SD(&3) _ 2n
SD(G,) Vntl

This ratio yields that the standard deviation of 03 is approximately 1.4 times larger

than the standard deviation of f;. We conclude that 8, is superior to 6.
In Case I we have # = 1000 and n = 10. Then, we expect to have

SD(63) \/ 2n \/ 2-10
SD(#s) n+1 10+1
The sample standard deviations of the 18 observed values of g, and 53, in Case I,

are 104 and 124, respectively, where the ratio of 124 to 104 is 1.192.
In Case II, where § = 1000 and n = 70, the expected theoretical ratio

SD(6s) on 270
- = = = 1.40.
SD(4;) n+1 1+70
The ratio of the two sample standard deviations of 52 and 3 turns out to be

11.5/11.2 = 1.03.
In the class activities, the number of independent samples was 18 because there

were 18 students. To enhance the accuracy of the simulation result, a TI program
was written to obtain 500 random samples, where 8 = 1000 and the size of each
sample n = 70. Some statistics obtained are as follows: The sample means of 6, and
53 are 999 and 1002, respectively, and the sample standard deviations of 6, and 93
are 49.3 and 70.3, respectively. The ratio of 70.3 to 49.3 is 1.43, which is quite close
to what we have expected from the theoretical ratio

SD(63) \/ 2n \/ 2-500
SD(6,) n+1 1+ 500

4. 0y, the winner: The winner 0y = M) has many titles. It goes like this:

(n+1)
0y = %% is the “complete minimal sufficient uniformly minimum variance unbiased
estimator” of 8. A very brief explanation of this lengthy title is that by = Vi)

(n+1)
is the best and the simplest estimate of §. The exact theoretical notions of the
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terms are beyond the scope of this article. Those can be clarified in some advanced
mathematical statistics books such as Lehmann(1983).

5. SUMMARY

The purpose of this article is to articulate the values obtained in point estimation
as a statistical method. The article also indicated how students used Order Statistics
in relation to point estimation processes. Linking to the historical analysis conducted
during the World War II would make students more interested in and focused in
the topic. After the theoretical foundation of the unbiasedness and the variance
structures of some chosen estimators, simulations and discussions provided students
with an experience of how experimental results fit theory. The contents of this article
can be adopted and manipulated so that it can fit into each classroom situation when

the theme is either point estimation or order statistic.

REFERENCES

Furukawa, N. (1960): The point estimation of the parameters in the mixed model. Ku-
mamoto J. Sci. Ser. A 5, 1-43. MR 24#A609 '

Lehmann, E. L. (1983): Theory of Point Estimation. New York: John Wiley & Sons. MR
85a:62001

Mukhopadhyay, N.; Ghosh, M.; Hamdy, Hosny I.; Wackerly, D. D. (1983): Sequential and
two-stage point estimation for the range in a power family distribution. Comm. Statist.
C—Sequential Anal. 2, no. 3, 259-288. MR 85g:62137

Ruggles, R. & Brodie, H. (1947): An Empirical Approach to Economic Intelligence in World
War I1. Journal of the American Statistical Association, Vol. 42, No. 237.

Wackerly, D., Mendenhall, W., Scheaffer, R. (2002): Mathematical Statistics with Applzca-
tions. Duxburry Press.



Journal of the Korea Society of Mathematical Education Series D:

RESEARCH IN MATHEMATICAL EDUCATION

S ol -

BEHBEHFEEHAMEUZD

THANKS TO REFEREES

The editorial team wishers to thank members of the Editorial Board and the
following people for their time and expertise in reviewing manuscripts for this issue.

Cai Jinfa (Delaware Uni., USA)

Constantinos Papanastasiou (Cyprus Uni., Cyprus)
Peter Kloosterman (Indiana Uni., USA)

Tom Roper (Leeds Uni., England)

Richard Noss (London Uni., England)

G. Daniel Kim (Southern Oregan Uni., USA)

EDITORIAL BOARD

CHAIR:

Young Han Choe, Professor, School of Natural Science, Korea Advanced Institute
of Science and Technology, Yuseong-gu, Daejeon 305-701, Korea.
E-mail: yhchoe@kaist.ac.kr

EDITORIAL ASSISTANTS:
Hyun Jung Lim E-mail: s282503@yahoo.co.kr

MEMBERS:
Jerry P. Becker, Professor, Department of Curriculum and Instruction, Southern
lllinois University at Carbondale, Carbondale, IL 62901-4610, U. S. A.
E-mail: jbecker@siu.edu
Alan J. Bishop, Professor, Faculty of Education, Monash University, Melbourne
3168, Australia.
E-mail: alan.bishop@education.monash,edu.au
Celia Hoyles, Professor, Mathematical Sciences. Institute of Education, University

239



of London, 20 Bedford Way, London EC1 HOAL, England, U. K.
E-mail: choyles@ioe.ac.uk _

Hye Jeang Hwang, Professor, Department of Mathematics Education, Chosun
University, 375 Seoseok-dong, Dong-gu, Gwangju 501-759, Korea.
E-mail: sh0502@chosun.ac.kr '

Soo Hwan Kim, Professor, Cheongju National University of Education, Cheongju,
Chungbuk 361-712, Korea.
E-mail: soohwan@sugok.chongju-e.ac.kr

David Kirshner, Professor, Department of Curriculum and Instruction, Louisiana
State University, Baton Rouge, Louisiana 70803-4728, U. S .A.
E-mail: dkirsh@lsu.edu

Byung-Soo Lee, Professor, Department of Mathematics, Kyungsung University,
110-1 Daeyeon-dong, Nam-gu, Busan 608-736, Korea.
E-mail: bslee@star.kyungsung.ac.kr

Joong Kwoen Lee, Professor, Department of Mathematics Education, Dongguk
University, 26, 3-ga, Pil-dong, Chung-gu, Seoul 100-715, Korea.
E-mail: joonglee@dongguk.edu

Peng Yee Lee, Professor, Division of Mathematics, National Institute of Education,
Nanyang Technological University, 469 Bukit Timah Road, Singapore 259756.
E-mail: leepy@nievax.nie.ac.sg

Frederick K. S. Leung, Professor, Faculty of Education, University of Hong Kong,
Pokfulam Road, Hong Kong.
E-mail: frederickleung@hku.hk

Shi Qi Li, Professor, Department of Mathematics, East China Normal University,
3663 Zhongshan North Road, Shanghai 200062, China.
E-mail: sqli@math.ecnu.edu.cn

Kyung Mee Park, Professor, Department of Mathematics Education, Hong Ik
University, 72-1 Sangsu-dong, Mapo-gu, Seoul 121-791, Korea.
E-mail: kpark@math.hongik.ac.kr

Zi Zhao Ren, National Education Examinations Authority (NEEA), 167 Haidan
Road, Beijing 100080, China.
E-mail: renzz@mail.neea.edu.cn

Hyunyong Shin, Professor, Department of Math. Educ., Korea National Univ. of
Education, Chungbug 363-791, Korea.
E-mail: shin@knuec-sun.knue.ac.kr _

Jane M. Watson, Professor, Mathematics Education, University of Tasmania, GPO
Box 252-66, Hobart, Tasmania 7001, Australia.
E-mail: Jane. Watson@utas.edu.au ,

Ngai-Ying Wong, Professor, Department of Curriculum and Instruction, Faculty of

240



Education, Chinese University of Hong Kong, Shatin, Hong Kong.
E-mail: nywong@cuhk.edu.hk
Dianzhou Zhang, Professor, Department of Mathematics, East China Normal
University, 3663 Zhongshan North Road, Shanghai 200062, China.
E-mail: dzzhang@ecnu.edu.cn

241



