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The increasing complexity of the socio-economic environments makes it less and less possible for single 
decision-maker to consider all relevant aspects of problem. Therefore, many organizations employ groups in 
decision making. In this paper, we present a multiperson decision making method using fuzzy logic with 
linguistic quantifier when each of group members specifies imprecise judgments possibly both on performance 
evaluations of alternatives with respect to the multiple criteria and on the criteria. Inexact or vague preferences 
have appeared in the decision making literatures with a view to relaxing the burdens of preference specifications 
imposed to the decision-makers and thus taking into account the vagueness of human judgments. Allowing for 
the types of imprecise judgments in the model, however, makes more difficult a clear selection of alternative(s) 
that a group wants to make. So, further interactions with the decision-makers may proceed to the extent to 
compensate for the initial comforts of preference specifications. These interactions may not however guarantee 
the selection of the best alternative to implement. To circumvent this deadlock situation, we present a procedure 
for obtaining a satisfying solution by the use of linguistic quantifier guided aggregation which implies fuzzy 
majority. This is an approach to combine a prescriptive decision method via a mathematical programming and 
a well-established approximate solution method to aggregate multiple objects.
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1. Introduction         

For the increasing complexity of the socio-eco-

nomic environments, it becomes less and less pos-
sible for single decision-maker (DM) to consider 
all relevant aspects of a problem. Therefore, many 
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organizations employ group members in decision 
making [17]. In general, a group decision mak-
ing process can be defined as a decision sit-
uation in which (i) there are two or more in-
dividuals, each of them characterized by his or 
her own perceptions, attitudes, motivations, and 
personalities, (ii) who recognize the existence of 
a common problem, and (iii) who attempt to 
reach a collective decision [2, 7, 9]. According to 
the type or degree of information assumed to be 
elicited from DMs, different solution techniques 
exist to find a single collective preference or 
group preference that is best acceptable by the 
DMs as a whole with their different preferences.

With regard to the preference judgments, 
we can frequently find that most of researchers 
have focused on dealing with the group decision 
problems whose decision parameters are charac-
terized by exact numerical values. Sometimes, 
however, an individual cannot provide his opin-
ions with exact numerical values [1, 7, 8, 12, 17]. 
The possible reasons are time pressure, lack of data, 
unquantifiable information due to its nature(e.g., 
intangible or non-monetary), and/or DM’s limited 
attention and information processing capabilities 
[14, 28]. As a result, many attempts have been 
made with a view to relaxing the burdens of pref-
erence specifications imposed to the DMs and 
thus taking into account the inexactness or 
vagueness of human judgments. 

With regard to the situations in which only 
incomplete or vague information is available, there 
exist two categories of research efforts resolving 
(group) decision problems. One group of studies is 

a series of research efforts on multi-attribute 
decision making (MADM) with partial information 
such as [1], [3], [4], [5], [16], [17], [19], [20], 
[21], [22], [25], [26], [28], and [29]. Though no 
definite terminology has been developed for the 
general case, some authors describe ‘partial in-
formation’, ‘imprecise informaion’, ‘incomplete 
knowledge’, or ‘set inclusion’. All of these are, 
however, similar to each other and commonly imply 
linear inequality of preferences such as rankings 
and bounded descriptions. The preference relations 
assessed by the set inclusions with respect to 
multiple conflicting criteria, on one hand, may 
provide the DMs with opportunities that are 
enhanced freedom of choice and comforts of 
specification. On the other hand, however, it is an 
extremely rare case to find the best alternative(s) 
dominating all of the remaining others and/or being 
accepted by all DMs.

The other group of studies is focused on the 
preference judgments that are closer to human 
knowledge representation with fuzzification of 
(group) decision making model, e.g., preference 
relations based on fuzzy sets [12, 13] and linguis-
tic preference relations [6, 7, 8, 9]. In this ap-
proach, each of DM’s preference judgments are 
supposed to be assessed by means of fuzzy prefer-
ence relation as it incorporates the uncertainty in 
the decision by the particular DM. And to find a 
solution best acceptable by the group of DMs as 
a whole, the concept of fuzzy majority man-
ifested by the so-called linguistic quantifier is 
used. In those applications, anyhow, we find 
some common situations in which each of group 
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members states pairwise comparison judgments be-
tween alternatives in a holistic manner. It is, 
however, widely recognized that obtaining 
preference relations between alternatives with re-
spect to the decomposed multiple criteria is more 
preferable in view of divide and conquer principle 
than judging them on just one holistic criterion, 
since alternatives can be evaluated by multiple aspects 
of characteristics [15, 23, 24]. In addition, the pre-
ference relations between alternatives with respect 
to each of criteria, in some cases, can be better as-
sessed by set inclusions that imply relational ex-
pressions on considered alternatives (e.g., a certain 
alternative is at least twice as preferred as to the 
other alternative with respect to a certain criterion).

In this paper, we are considering the mod-
el in which two parameters (attribute weight and 
preference judgment) are specified imprecisely 
by each DMs. This imprecisely identified in-
formation constructs region of linear constraints 
and therefore, pairwise dominance relationship 
between alternatives reduces to incomplete form, 
i.e., bounds, which is not sufficient to find the 
best alternative(s) dominating all the remaining 
others and acceptable by all DMs. To deal with 
these difficulties, fuzzy logic with linguistic 
quantifier is applied for approximation.

The paper is organized as follows：in Section 
2, we introduce the background of our methodology, 
i.e., the aggregation method guided by fuzzy 
linguistic quantifier. In Section 3, the whole group 
decision making process is outlined step by step. 
A numerical example is presented in Section 4 
followed by concluding remarks in Section 5.

2. Background of Methodology : 
Fuzzy Linguistic Quantifier 
Guided Aggregation 

In a group decision making, a solution is to 
be an option(s) best acceptable by the group as a 
whole, that is by most of its members since in no 
real situation it would be accepted by all [12]. 
Applying fuzzy-logic-based calculi of linguistically 
quantified propositions proposed by [30, 32, 33, 
34] and [35] which can make it possible to handle 
fuzzy linguistic quantifiers, Kacprzyk [11] sug-
gested to use the concept of fuzzy majority repre-
sented by linguistic quantifier to make aggregation 
phase in group decision models more hu-
man-consistent. A general form of a linguistically 
quantified statement is Qy’s are F, where Q is a 
linguistic quantifier (e.g., about 8, most, at least 
half, as many as possible), y is a class of objects 
(e.g., DMs) and F is some property [12]. Zadeh 
[35] distinguished between two types of quanti-
fiers：absolute and proportional. Absolute quanti-
fiers are used to represent amounts that are abso-
lute in nature. These quantifiers are closely related 
to the concepts of the counting of the number of 
elements. Zadeh [35] suggested that these absolute 
quantifiers values can be represented as fuzzy sub-
sets of the nonnegative real numbers, R+. In par-
ticular, he suggested that an absolute quantifier 
can be represented by a fuzzy subset Q, where for 
any r∈+, Q(r) indicates the degree to which the 
value r satisfies the concept represented by Q. 
Relative quantifiers represent proportion type 
statements. Thus, if Q is relative quantifier, then Q 
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can be represented as fuzzy subset of [0, 1], such 
that, for each r∈0, 1], Q(r) indicates the degree 
to which proportion of objects satisfies the con-
cept devoted by Q. The membership function of a 
relative quantifier can be represented as 
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with a, b, r∈[0, 1]. Some examples of relative 
quantifier in our consideration may be depicted by 
following [Fig. 1].
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[Fig. 1] Linguistic Quantifiers

Yager (1988) computes the weights wi of 
the aggregation from the function Q describing the 
quantifier. In the case of an absolute proportional 
quantifier

wi = Q(i) - Q(i-1), i = 1, …, m,

and in the case of a relative proportion quantifier, 

wi = Q(i/m) - Q((i-1)/m), i = 1, …, m.

After determining the weights that quantify linguistic 
quantifiers in order to signify fuzzy majority, a 
collective opinion can be obtained by means of the 
aggregation of all individual opinion, and indicates 

the group’s global opinion according to the ma-
jority of DM’s opinions. The aggregation operation 
is carried out by the use of OWA operator [32].
Definition 1. An OWA operator of dimension M is 
a mapping F：RM → R that has an associated 
weighting M vector W = [w1, w2, …, wM]T, such 

that wi∈[0, 1] and ∑=
=

M

i iw
1

1 , and where the 

function value F(a1, a2, …, aM) determines the 
aggregated value of arguments the a1, a2, …, aM in 
such a manner that 
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where bi is the ith largest element of the collec-
tion of the M aggregated objects a1, a2, …, aM.

The fundamental aspect of the OWA oper-
ator is the re-ordering step, in particular, an argu-
ment ai is not associated with a particular weight 
wi, but rather a weight wi is associated with a par-
ticular ordered position, i of the argument a1, a2, 
…, aM, thus yielding a nonlinear aggregation. Its 
generality lies in the fact that by selecting the 
weights, we can implement different aggregation 
operators. Specifically, by appropriately selecting 
the weights in W we can emphasize different ar-
guments based upon their position in the ordering. 
Thus, if we place most of the weights near the top 
of W, we can emphasize the higher scores, while 
placing the weights near the bottom of W empha-
sizes the lower scores in the aggregation [30, 31].

This aggregation technique have been applied 
into group decision making and consensus 
formation models in which each DM’s preference 
between alternatives are specified with fuzzy 
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[Fig. 2] The framework of group decision making process

linguistic label associated with semantics of linear 
trapezoidal membership function [6, 7, 8, 9]. 
Sometimes, however, it is difficult for all individuals 
to agree on the same associations between mem-
bership functions and linguistic labels. In some 
situation, it can be more preferable to obtain pref-
erence relations between alternatives with respect 
to the decomposed multiple criteria than to judge 
them on just one holistic criterion. Moreover, the 
vagueness of evaluation can be varied across the 
criteria according to their own nature or the de-
gree of expertise each DM has. For example, the 
value of a car with respect to horse power 
(quantitative) criterion can be specified in exact 
numerical number while its evaluation with re-
spect to design (subjective) criterion should be 
specified in imprecise way. Thus, this paper con-

siders a situation in which each DM’s are allowed 
to specify their preference judgments in partial in-
formation mentioned above. 

3. Methodology：A Fuzzy Multi- 
criteria Group Decision Making

Two-stage group decision process, as can be 
seen in [Fig. 2], is considered in this paper. In the 
first stage, a preferential modeling via mathemat-
ical program, the dominance checks for identifying 
individual DM’s preferences toward alternatives 
are performed by solving mathematical programs 
since the preferences judgments are expressed in 
terms of relational set inclusions which constitute 
feasible regions. 
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As can be easily seen, however, it is an ex-
tremely rare case to find the alternative(s) domi-
nating all the remaining others. Due to the wide 
use of imprecise information about performance 
evaluations and criteria weights, the induced dom-
inance relations are not sufficient to resolve a de-
cision problem. Kirkwood and Corner [18] show in 
their simulation study that imprecise information 
solely on the ordinal preference information of 
weights is often not sufficient to determine the 
most preferred alternative for realistic decision 
problems. In addition to the imprecise information 
on criteria weights, it can be conceived that the 
consideration of imprecise judgments on the eval-
uations of alternatives makes the clear selection of 
best alternative more difficult. An interactive deci-
sion aid has features to make the DMs specify ad-
ditional statements or modify existent preference 
judgments for the purpose of restricting the fea-
sible decision regions. Further interactions with 
the DM may proceed to the extent to compensate 
for the initial comforts of preference specification. 
In addition, these interactions may not, from the 
perspective of group decision making, guarantee to 
result in the best alternative. Rather than ending 
up a group decision making process with nothing 
in hand in an attempt to trying to satisfy all the 
members, it would be more fruitful and productive 
to compromise to a certain level of accommodation 
by allowing for an appropriate degree of aggregation. 
It seems that “all or nothing” is inappropriate es-
pecially in group decision support environments 
since in almost all group decision making problems 
there exist contradictory opinions, though some of 

them are adjusted, among the group members who 
are participating to resolve the problem. 

These considerations lead to the adoption of 
fuzzy majority concept in the second stage, i.e., 
aggregation via fuzzy linguistic quantifier. In this 
study, OWA operator guided by linguistic quantifier 
is applied to aggregate individual DM’s imprecise 
preference judgments, according to two types of 
fuzzy majority：(1) fuzzy majority of decision-makers 
in which DMs are considered as objects, used to 
quantify group’s aggregated pairwise preferences 
relation between alternatives by means of aggregating 
each of individuals’ pairwise preference relation 
and (2) fuzzy majority of alternatives in which 
alternatives are considered as objects, used to 
quantify the dominating degree that one alternative 
has over all the remaining ones, according to the 
decision group’s opinions, considered as a whole.

More detail process of group decision making 
with fuzzy linguistic quantifier can be outlined in 
the following five steps.

3.1 Step 1: Eliciting individual DM’s 
preferences in imprecise forms

Individual DM of a group specifies his or 
her preferences in natural language styles with re-
spect to performance evaluations of alternatives 

under multiple criteria considered (i.e., ∙) and 

importance of criteria weights among the criteria 

(i.e., ). For example, the k-th DM states his or her 

preference judgments between criteria as following :
•Criterion 3 is more important than criterion 2 

but is not more important than sum of crite-
rion 1 and criterion 2.
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•The importance of criterion 1 lies between 0.2 
and 0.3.

These statements, then, can be summarized as

,3.02.0,,{ 132123 ≤≤≥+≥= kkkkkkk ccccccC
}0,,,1 321321 ≥=++ kkkkkk cccccc

3.2 Step 2: Identifying individual DM’s 
pairwise dominance relation via a 
mathematical programming method

Individual DM’s pairwise dominance values 
between alternatives are identified with the 
preference statements obtained in Step 1, via 
a mathematical programming method.
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We obtain a pairwise dominance relation in 
the form of value interval )],(),,([ maxmin mlml aaaa ϕϕ , 
which represents a range of all possible difference 
of evaluation values between alternatives al and 
am. Notice that a pairwise dominance value, 

0),(min ≥ml aaϕ  (or 0),(max ≤lm aaϕ ) represents an 

individual DM’s preference of al over am. If one 
can find an alternative that has 0),(min ≥ml aaϕ  

(or 0),(max ≤lm aaϕ ) for lm ≠∀ , then alternative 
al is the most preferred alternative in his or her 
perspective.

3.3 Step 3: Calculating the individual DM’s 
strength of preference measure

To make each individual DM’s pairwise 
dominance relation, min max[ ( , ), ( , )]l m l ma a a aϕ ϕ  ob-
tained in Step 2, equivalent to the ones in fuzzy 
relations, we define a function d k, d k：X×X→ [0, 1], 
which denotes the strength of preference [27] of 
alternative al over am with the k-th DM’s opinion.

Let ( , )l ma aΨ  = V(al) - V(am), al, am∈X and 
define d k(al, am) = P(Ψ(al, am) ≥ 0) where P(∙) 
denotes the probability of (∙) being greater or equal 

to zero. For a given pair al, am∈X, ),(min ml aaϕ  is 

the minimum value of Ψ (∙) and max ( , )l ma aϕ  is 

the maximum value of Ψ (∙). Thus a measure, 
P(Ψ(al, am)≥0) denotes the strength of preference 
indicating the degree of overall evaluation of al-
ternative al exceeding that of alternative am when 
the measure, P(Ψ(al, am)≥0) ranges in one dimen-

sional interval min max[ ( , ), ( , )]l m l ma a a aϕ ϕ . The 

equations in (1) show a way of determining the 
strength of preference of alternative al over am, 
which depends on the probability distribution 

function ,l ma af  of the random variable ( , )l ma aΨ .
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Considering the value interval, the fact of al 
over am is definitely supported if the lower bound 
of the interval is nonnegative, i.e., min ( , ) 0l ma aϕ ≥ . 
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Therefore, ( , )l ma aΨ , the strength of preference of 
al over am is perfectly identified (see 1a). To the 
contrary, if the fact of al over am is definitely 
supported, which implies min ( , ) 0l ma aϕ ≥  and in turn 

max ( , ) 0l ma aϕ ≤ , then the strength of preference of 
al over am does not exist at all, thus resulting in 
value zero (see 1c). In case of (1b), none of two 
alternatives strictly dominates each other. For de-
riving a specific strength of preference, suppose 

that the distribution, , ( ( , ))
l ma a l mf a aΨ  on [ min ( , )l ma aϕ , 

max ( , )l ma aϕ ] can be approximated by a symmetric 
triangular distribution with a vertical axis through 

mΨ , in which max min( ( , ) ( , )) / 2m l m l ma a a aϕ ϕΨ = + . 
Then, the Pr{ ( , ) 0}l ma aΨ ≥  becomes

2
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For example, let us suppose that the value inter-
vals among alternatives a1, a2, and a3 be given as 
follows:

min 1 2 max 1 2[ ( , ), ( , )] [ 0.209, 0.652]a a a aϕ ϕ = − ,

min 1 3 max 1 3[ ( , ), ( , )] [ 0.465, 0.501]a a a aϕ ϕ = − ,

min 2 3 max 2 3[ ( , ), ( , )] [ 0.484, 0.376]a a a aϕ ϕ = − .

From the value intervals, let us further com-
pute the strength of preference of each alternative 
based on the formulae (2), then we can obtain

1 2{ ( , ) 0} 0.88,P a aΨ ≥ =

1 3{ ( , ) 0} 0.54,P a aΨ ≥ =

2 3{ ( , ) 0} 0.38.P a aΨ ≥ =

From those values, we can conclude that 
the DM recognizes that the confidence of alter-
native a1 over a2 is relatively as high as 88%, but 
confidence of a2 over a3 is as low as 38%.

To obtain group’s pairwise strength of pref-
erence and select the best alternative(s) or rank al-
ternatives from these individual DM’s strength of 
preference, we consider the adoption of fuzzy ma-
jority concept on two levels：(1) level of prefer-
ence strength, on which the group’s pairwise 
strength of preferences of an alternative over an-
other one are calculated according to the opinions 
of each DMs, and (2) level of dominating degrees, 
on which the aggregated dominating degree of an 
alternative over all the remaining ones are calcu-
lated according to the opinions of the group, con-
sidered as a whole. We can use different fuzzy 
linguistic quantifiers on each level, since the con-
cept of fuzzy majority is different between those 
two levels, i.e., majority of decision-makers and 
majority of alternatives, respectively as followings.

3.4 Step 4: Calculating the group’s pairwise 
strength of preference measure

With the individual DM’s strength of pref-
erences between alternatives, the group’s strength 
of preference of an alternative over another one, 
signifying the relative strength to which the alter-
native is preferred to each of the other alternatives 
by the fuzzy majority of the decision-makers, is 
calculated according to Definition 2.
Definition 2. Given two alternative al, am ∈X, the 
group’s pairwise strength of preference guided by 
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linguistic quantifier, d G(al, am), is defined as 

dG(al1, am)=FQ1[dk(al, am)], k = 1, …, K,

in which FQ1
 is the OWA operator guided by fuz-

zy majority of decision-makers and dk(al, am) rep-
resents the pairwise strength of preference of al 
over am, according to the k-th DM’s opinions.

We can use the group’s pairwise strength of 
preference in a manner that the confidence of al-
ternative al over am is recognized relatively as 
high as dG(al, am) by the whole DMs in a group, 
since the aggregation is performed with OWA op-
erator guided by the linguistic quantifier, Q1, in 
which the individual DMs in a group are considered 
as objectives. Aggregating the results of group’s 
pairwise strength of preference, the dominating 
degree of each alternative can be obtained for final 
decision making.

3.5 Step 5: Calculating dominating degree 
of each alternative

With the group’s strength of preference of 
each alternative obtained in Step 4, the dominating 
degreeof each alternative, signifying the degree to 
which an alternative dominates the fuzzy majority 
of the remaining ones, is calculated according to-
Definition 3.
Definition 3. Given an alternative al∈ X, the dom-
inating degree of al guided by linguistic quantifier, 
DDl, is defined as

DDl = FQ2[d
G(al, am)],  m=1, …, K, l≠m

in which FQ2 is the OWA operator guided by fuz-

zy majority of alternatives and DDl represents the 

dominating degree of al over all the remaining 

others according to the whole decision group’s 

opinions.

We can use the dominating degree in a 

manner that an alternative to have larger is better 

from the viewpoint of the whole DMs in a group. 

Thus, the alternative which is to be selected from 

the magnitude of quantifier guided dominating de-

gree is the one that dominates the fuzzy majority 

of remaining alternatives since the aggregation is 

performed by the use of OWA operator guided by 

linguistic quantifier, Q2, in which the remaining 

other alternatives are considered as objects.

4. Numerical Example 

Considering an artificial example with five 
alternatives (M =5) that are characterized by three 
criteria (N=3), we shall show how the proposed 
approach can be applied in imprecisely specified 
group decision making problem with six group 
members (K =6). Let us suppose that the DMs’ 
imprecise preference judgments are given as fol-
lows:
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The performance scores with respect to first 
and third criteria are normalized between zero and 
one in which zero is attached to the lowest un-
normalized performance and one to the highest 
(see the normalization methods in [10] and [15]). 
We assign the imprecise judgments to the per-
formance scores with respect to the second criterion 

in which the types of imprecision include strict 
preferences, preferences with ratio comparisons, 
and interval preference. For example, let us sup-
pose that the first DM makes the following prefer-
ence judgments with respect to second criterion:
∙the difference in performance scores between 

alternative 1 and 2 lies between 0.1 and 0.2,
∙the performance score of alternative 2 lies be-

tween 0.1 and 0.2,
∙the performance score of alternative 3 is 0 (the 

lowest),
∙the performance score of alternative 4 is 2 times 

greater than or equal that of alternatives 2,
∙the performance score of alternative 5 is 1 (the 

highest).
These statements can be summarized as P1.

Let us suppose that the first DM makes the 
following preference statements among the criteria：
∙criterion1 is more important than criterion 2, 

which is in turn more important than criterion 3, 
∙the importance of criterion 3 lies between 0.1 

and 0.3. 
These statements can be summarized as 
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With the same manners, the judgments between 
criteria of other decision-makers can be expressed as 
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With precise or imprecise preference judgments 
specified in Pk and C k(k = 1, 2, …, 6), we want to 
identify each individual DM’s preferences of 
alternatives. For example, a mathematical program 
for identifying the first individual DM’s prefer-
ences between a1 and a2 can be formulated as 
follows(a maximization program can also be 
formulated by using max instead of min and 
hereafter we deal with only minimization program)：

1 1 1 1 1 1 1 1 1
1 1 1 1 2 2 2 1 2 2 3 3 1 3 2

1 1

( ( ) ( )) ( ( ) ( )) ( ( ) ( ))

subject to ,  .

Min c p a p a c p a p a c p a p a

P C

− + − + −

When we encounter seemingly complicated im-
precise decision problem, the solution process is 
so simple that we only have to solve a series 
of small linear programs backwards from per-
formance to weight. In the first phase, the per-
formance differences between alternative a1 and 
a2 are minimized subject to the constraints com-
prised of imprecise value scores, i.e., P1, with re-
spect to each of criteria. The solutions indicate 

0.50)- 0.10, 0.50,())()(),()(),()(( 2
1
31

1
32

1
21

1
22

1
11

1
1 =−−− apapapapapapMin

The minimization program of performance 
difference with respect to the second criterion for 
the first DM is formulated below and the result 
can be obtained by the use of linear program 
package.

1 1
2 1 2 2( ( ) ( ))Min p a p a−

subject to

.)( 11
2 Pp ∈⋅

In the second phase, each of minimized per-
formance differences is used for the corresponding 
coefficient of weight variables and then individual 
weighted performance is minimized subject to the 
constraints comprised of imprecise weights judg-
ments, i.e., C1. For the first DM’s case, the prob-
lem can be formulated as follow：

1 1 1
1 2 3(0.5 0.1 0.5 )Min c c c+ −

subject to 

}.1,3.01.0,{ 1
3

1
2

1
13

1
3

1
2

1
1

1 =++≤≤≥≥= cccccccC

The result indicates min 1 2( , ) 0.060a aϕ =  for 
the first DM. Note that we can get maximized 
performance differences by formulating maximization 
program as follow：

1 1 1 1 1 1
1 1 1 2 2 1 2 2 3 1 3 2( ( ) ( ), ( ) ( ), ( ) ( )) (0.50, 0.20, -0.50).Max p a p a p a p a p a p a− − − =

Then, individual weighted performance is 
maximized as follow：

1 1 1
1 2 3(0.5 0.2 0.5 )Max c c c+ −

subject to 1.C

The result indicates max 1 2( , ) 0.370a aϕ =  for the 

first DM. Thus, the first DM’s pairwise domi-
nance relation between alternative 1 and 2 is ob-
tained as min 1 2 max 1 2[ ( , ), ( , )]a a a aϕ ϕ = [0.060,0.370] . 
With the same manners, one can obtain all the 
pairwise dominance relations as shown in [Fig. 3]. 
The dominance relation min max[ ( , ), ( , )]l m l ma a a aϕ ϕ  
of DMk(k = 1, 2, …, 6) represents a range of all 
possible differences of performance scores between 
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DM1

Alt.

Alternatives

1 2 3 4 5

1 - [0.060, 0.370] [0.185, 0.735] [-0.030, 0.760] [-0.050, 0.520]

2 - [0.125, 0.400] [-0.090, 0.390] [-0.270, 0.200]

3 - [-0.410, 0.075]  [-0.445, -0.095]

4 -  [-0.485, -0.195]

5 -

DM2

Alt.

Alternatives

1 2 3 4 5

1 - [-0.150, 0.325] [-0.010, 0.240] [-0.070, 0.260] [-0.190, 0.095]

2 - [-0.200, 0.340] [-0.200, 0.360] [-0.335, 0.180]

3 - [-0.290, 0.030]  [-0.140, -0.030]

4 - [-0.140, 0.105]

5 -

DM3

Alt.

Alternatives

1 2 3 4 5

1 - [0.200, 0.680] [0.50, 1.000] [0.260, 0.850] [0.420, 0.910]

2 -  [0.230, 0.500] [0.230, 0.250]  [-0.130, 0.333]

3 -   [-0.470, -0.033]  [-0.590, 0.233]

4 -  [-0.590, 0.500]

5 -

DM4

Alt.

Alternatives

1 2 3 4 5

1 - [-0.750, -0.350]   [-0.300, -0.100]  [-0.880, -0.760]  [-0.350, -0.050]

2 - [0.150, 0.500] [0.150, -0.060] [-0.480, 0.600]

3 - [0.100, -0.560] [-0.680, 0.100]

4 - [-0.680, 0.730]

5 -

DM5

Alt.

Alternatives

1 2 3 4 5

1 - [-0.180, 0.310] [0.160, 0.510]  [-0.190, 0.700] [0.350, 0.667]

2 - [0.200, 0.445] [0.200, 0.450]  [-0.010, 0.670]

3 -  [-0.030, 0.250]  [-0.350, 0.233]

4 -  [-0.350, 0.470]

5 -

DM6

Alt.

Alternatives

1 2 3 4 5

1 - [0.450, 0.580] [-0.250, 0.280] [-0.350, 0.080] [0.400, 0.520]

2 -  [-0.800, -0.220]  [-0.800, -0.400]  [-0.900, 0.020]

3 -  [-0.150, -0.100]  [-0.430, 0.650]

4 -  [-0.430, 0.760]

5 -

[Fig. 3] Individual DM’s pairwise dominance relation
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DM1
Alt.

Alternatives

1 2 3 4 5

1 - 1.000 1.000 0.997 0.985 

2 0.000 - 1.000 0.930 0.362 

3 0.000 0.000 - 0.048 0.000 

4 0.003 0.070 1.000 - 0.000 

5 0.015 0.638 1.000 1.000 -

DM2
Alt.

Alternatives

1 2 3 4 5

1 - 0.801 0.997 0.910 0.222 

2 0.199 - 0.726 0.745 0.244 

3 0.003 0.274 - 0.018 0.000 

4 0.090 0.255 1.000 - 0.367 

5 0.778 0.756 1.000 0.633 -

DM3
Alt.

Alternatives

1 2 3 4 5

1 - 1.000 1.000 1.000 1.000 

2 0.000 - 1.000 1.000 0.842 

3 0.000 0.000 - 0.000 0.160 

4 0.000 0.000 0.840 - 0.421 

5 0.000 0.158 0.840 0.579 -

DM4
Alt.

Alternatives

1 2 3 4 5

1 - 0.000 0.000 0.000 0.000 

2 1.000 - 1.000 1.000 0.605 

3 1.000 0.000 - 1.000 0.033 

4 1.000 0.000 0.967 - 0.535 

5 1.000 0.395 0.967 0.465 -

DM5
Alt.

Alternatives

1 2 3 4 5

1 - 0.730 1.000 0.909 1.000 

2 0.270 - 1.000 1.000 1.000 

3 0.000 0.000 - 0.977 0.319 

4 0.091 0.000 0.681 - 0.636 

5 0.000 0.000 0.681 0.364 -

DM6
Alt.

Alternatives

1 2 3 4 5

1 - 1.000 0.555 0.069 1.000 

2 0.000 - 0.000 0.000 0.001 

3 0.445 1.000 - 0.000 0.683 

4 0.931 1.000 0.317 - 0.739 

5 0.000 0.999 0.317 0.261 -

[Fig. 4] The individuals’pairwise strength of preferences
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alternatives l and m under the k-th DM’s prefer-
ence judgments. Note that the entries in lower di-

agonal are omitted, since it holds min 1 2( , )a aϕ = 

max 2 1( , )a aϕ−  or equivalently max 1 2 min 2 1( , ) ( , )a a a aϕ ϕ= − . 

From the results with the third individual DM’s 
judgments, it is evident that alternative a1 dominates 
all the other alternatives, implying min 1( , ) 0ma aϕ >  
for 1m∀ ≠ . With the other DM’s judgments, 
however, none of alternatives dominate all the 
remaining ones.

Instead of relying on the interactive questions 
and responses for the purpose of restricting the 
imprecise judgments, we turn our attention to the 
well-established aggregation method by the use of 
fuzzy linguistic quantifier. This is mainly because 
there are a number of DMs who are participating 
in the decision problem. If we are to support a 
single decision making problem with imprecise 
judgments, the final decision might be made after 
several rounds of interactions. In most of cases, 
however, ensuing questions and responses might 
be required to obtain sufficient results from in-
sufficient information. The problem is that the 
final decisions obtained from many interactions 
are so sensitive to the methods adopted to elicit 
more specific preference judgments. Thus, we 
intend to support group decision making problem 
using the results as they are up to the point. 
Based on the formulae (2) in subsection 3.3, each 
of interval values (i.e., pairwise dominance relation) 
is transformed into the individual’s strength of 
preferences, that is dk(al, am). In [Fig. 4], the 
degree of an alternative l over alternative m under 
k-th DM’s preference judgment (i.e., d k(al, am)) 

were presented. For example, from the first 
DM’s dominance relation between alternative 1 
and 2 (i.e., [0.060, 0.370]) is transformed to 1, 
that means he or she recognized that the con-
fidence of alternatives 1 over alternative 2 is 100%.

On the level of preference strength, we 
calculate the group’s strength of preferences 
signifying the degree of alternative al over other 
alternative am, dG(al, am) by means of OWA oper-
ator, FQ1[d

k(al, am)], k=1, 2, …, 6, according to the 
fuzzy majority of individuals specified by the 
linguistic quantifier. With the weighting vector 
W=[0, 0, 0, 0.333, 0.333, 0.333] implying the 
linguistic quantifier, as many as possible, the 
pairwise strength of preference based on group’s 
opinion is calculated as shown in <Table 1>. 
For example, the group’s pairwise strength of 
preference of alternative 1 over alternative 2 is 
calculated as follows.

dG(a1, a2)=1.000×0.000+1.000×0.000+1.000×0.000
+0.801×0.333+ 0.730×0.333+0.000×0.333=0.510

<Table 1> The group’s pairwise strength of 

preferences

Group
Alt.

Alternatives

1 2 3 4 5

1 - 0.510 0.517 0.326 0.202 

2 0.066 - 0.575 0.558 0.202 

3 0.000 0.000 - 0.006 0.011 

4 0.031 0.000 0.612 - 0.263 

5 0.000 0.184 0.612 0.364 -

Finally on the level of dominating degrees, 
we calculate dominating degree, DDl, by means of 
OWA operator, FQ2

[dG(al, am)], m=1, ..., 5, m≠l, 
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according to the fuzzy majority of alternatives 
specified by the linguistic quantifier. With the 
weighting vector W=[0, 0.4, 0.5, 0.1], implying 
the linguistic quantifier, most, the dominating 
degree of an alternative is calculated by the OWA 
aggregation of elements in the row. Therefore, we 
can make a final decision by the dominating 
degree in a manner that an alternative to have 
larger is better.

DD1 =0.517×0.000+0.510×0.400+0.326×0.500+0.202×0.100 =0.387
DD2 =0.575×0.000+0.558×0.400+0.202×0.500+0.066×0.100 =0.331
DD3 =0.011×0.000+0.006×0.400+0.000×0.500+0.000×0.100 =0.002
DD4 =0.612×0.000+0.263×0.400+0.031×0.500+0.000×0.100 =0.121
DD5 =0.612×0.000+0.364×0.400+0.184×0.500+0.000×0.100 =0.238

Based on the magnitudes of dominating 
degrees, we can conclude alternative 1 is the best 
alternative in group’s perspective.

5. Concluding Remarks

In this paper, we present a group decision 
making method using fuzzy logic with linguistic 
quantifier when each of group members specifies 
their own imprecise judgments possibly both on 
performance evaluations with respect to the multi-
ple criteria and on the importance of each criteria. 
This is an approach to combine a prescriptive 
preference modeling via a mathematical program-
ming and an approximate solution method to ag-
gregate multiple objects. The former makes it pos-
sible to identify the strength of preferences be-

tween alternatives, which are then utilized for ag-
gregation according to the fuzzy majority specified 
by linguist quantifier. In our approach, approx-
imations on two levels (i.e., the level of pairwise 
preference strength and the level of dominating 
degrees) are required since the solution process is as 
follows：individual DMs’ problems are solved, then 
their pairwise strength of preferences are aggre-
gated to produce a group’s aggregated strength 
of preferences (i.e., on the level of pairwise 
strength of preference), and then a group’s pair-
wise strength of preferences are further aggregated 
to identify which alternative is better than others 
(i.e., on the level of dominating degrees). In our 
case, linguistic quantifiers such as “most” or “as 
many as possible” among others can be used for 
the purpose of aggregation. 

As further researches, it will be interesting 
to develop a prototype system in which our meth-
odology is embedded. By adopting it to support 
real group decision making situations (e.g., project 
selection), it will be possible to investigate the 
users’ response to the prototype system. 
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요약

불명료한 선호정보 하의 다기준 그룹의사결정：
Linguistic Quantifier를 통한 퍼지논리 활용

1)최덕현*․안병석**․김성희*
 

본 논문에서는 각 안의 속성 평가와 속성 자체의 요도에 한 평가에 있어 불명료한 

선호정보 형태로 주어진 경우, linguistic quantifier를 통한 퍼지논리를 활용하여 그룹의사결정을 

지원하는 방법을 제시하 다. 불명료한 선호정보는 의사결정 련 문헌에서 의사결정자에게 

요구되는 선호정보 명시의 부담을 여주고, 단의 모호성을 받아들이고자 하는 시각으로서 

다 져 왔다. 그러나 불명료한 유형의 선호정보를 허용할 경우 의사결정그룹이 원하는 안의 

명확한 선택이 보다 어려워진다. 따라서 추가 인 정보획득을 한 의사결정자들과의 상호작용이 

요구되지만, 이는 불명료한 선호정보를 허용하 던 기의 취지를 반감시킬 뿐더러, 반드시 최 의 

안을 보장하는 것도 아니다. 이러한 상황을 타계하기 하여, fuzzy majority의 의미를 반 하고 

있는 linguistic quantifier를 활용함으로써 satisfying solution을 구하는 차를 제시하 다. 이는 

mathematical programming을 활용한 의사결정 기법과 다수의 객체를 집성하기 한 개략  

해법을 결합한 근방식이다. 

*  한국과학기술원 테크노경 학원
** 앙 학교 경 학부


