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An Improvement on Robust H,, Control for Uncertain
Continuous-Time Descriptor Systems

Hung-Jen Lee, Shih-Wei Kau, Yung-Sheng Liu, Chun-Hsiung Fang*,
Jian-Liung Chen, Ming-Hung Tsai, and Li Lee*

Abstract: This paper proposes a new approach to solve robust H, control problems for
uncertain continuous-time descriptor systems. Necessary and sufficient conditions for robust
H,, control analysis and design are derived and expressed in terms of a set of LMIs. In the
proposed approach, the uncertainties are allowed to appear in all system matrices. Furthermore,
a couple of assumptions that are required in earlier design methods are not needed anymore in
the present one. The derived conditions also include several interesting results existing in the

literature as special cases.
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1. INTRODUCTION

It is well known that the descriptor system (also
referred to singular systems, or generalized state-
space systems, or implicit systems, or semistate
systems in the literature) described by the following
model

Ex(t) = Ax(t) + Bu(t),

(1)
y(t)=Cx(t)+ Du(t)

has higher capability in describing a physical system.
In (1), the matrix E € R™” may be singular. Assume
rank(E)=r and denote by p the degree of the
characteristic polynomial |s E - A|_ For descriptor
systems, it is interesting to note that 0 < p <r <n.

The system (1) is termed to be regular and impulse-
free if p=» and termed to be admissible if it is

p = rand all roots of isE —A| =0 are Hurwitz stable.
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Descriptor-system  models are often more
convenient and natural than standard state-space
models in the description of interconnected large-
scalar systems [3], economic systems [12], electrical
network [14], power systems [1], chemical processes
[9], and so on [10]. This is the reason why descriptor
systems have attracted much interest in recent years
[4-13].

The H,, control problem of descriptor systems has
been addressed by several researchers. For instance, to
solve H,, control problem, the concept of J-spectral
factorization and(J,J’)-spectral factorization had been
extended to descriptor systems in [7] and [15]. Based
on the generalized algebraic Riccati equation,
necessary and sufficient conditions for H,, control of
continuous-time and discrete-time descriptor systems
were given in [8] and [18], respectively. Recently,
because of the numerical efficiency of LMI, the H,,
control problem of descriptor systems was resolved by
using LMI approaches [13,5-20]. When descriptor
systems contain uncertainties, the robust H,, control
result currently available in the literature is very
limited. Reference [6] proposed a necessary and
sufficient LMI-based condition for robust H,, control
of uncertain descriptor systems. Based on it and under
some assumptions including the admissibility of
nominal system, necessary and sufficient GARI-based
conditions are developed to solve the state feedback
and the dynamic output feedback synthesis problems.
However, as indicated in [16], all results of [6] are
only sufficient due to an incorrect proof of the
necessary statement. Differently, an LMl-based
approach is proposed in [16] to tackle exactly the
same problem as [6]. However, all results obtained in
[16] are still sufficient only.

In this paper, a new LMI approach is proposed for
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solving the same problem mentioned above. There are
four major contributions in this paper. (1) Necessary
and sufficient conditions for robust H, control are
derived. Before this presentation, only sufficient
conditions for the same problem were obtained. (II)
No assumption as needed in [6] is required. (III) The
system model considered in this paper is more general
since all system matrices are allowed to have
uncertainties. In [6,16], only the state matrix contains
uncertainties. (IV) The present result includes the
major result of [13,18] as special cases.

2. PROBLEM FOMULATION

Consider an uncertain continuous-time descriptor
system
Ei(r) = A x(t) + B, w(r) + B,yu(0),
2(t) = Cpx(t) + D,y W(1) + D, u(t), @
y(t) = CyAx(t) + DywAw(t) + DyuAu(t)n

where x(r)e R” is the state vector, w(r)eR™ the
u(tye R™
z(t) e R* the controlled output, and y(f) e R* the
measured output. Assume the system matrices A4,,

BwA’ BuA? CzA’ DzwA’ DzuA’ CyA9 DywA’ and DyuA

exogenous input, the control input,

are described as

AA B‘VA BuA A BW Bu
Za DZW A DZ Ua é CZ DZW DZ U
Cya Dy Dy Cy Dy, Dy, 3)

H,
+ Hy [A[J, T, s,
H3

where 4€R™", B,eR"™, B,eR"™™, C,ec
X,
R, D, eRI>™ D eRI™, €, eRD™,
D, e R¥™ and D,, € R*™™ are constant matrices
representing the nominal system. H; e R™, H, e
R, HyeRYS, JeR™, J,eR™™, and
J, € R™™ provide structure information of uncer-
3 p
tainties. A € R***is a norm-bounded uncertain matrix
satisfying
T
ATALI,. 4)

References [6,16] considered the robust H, control
problem of the following special system

Ex(t)=(A+H AJ ) x(t)+ B, w(t)+ Bu(r),
z(t) = Cx(¢) + D_u(z), %)
y(0)=Cx(t)+ D, w(1),

in which uncertainties appear only on the state matrix.
Next definition and lemma are directly quoted from

(6l
Definition 1 [6, Definition 2.5]: Given y >0, the

unforced system (5) (i.e. u(¢) = 0) is stated to be
quadratically admissible with disturbance attenuation
y for all uncertainties A if there exists a nonsin-

gular matrix X such that for all A

E'x=xTE>0,
(4+ HAL) X+ XT (4+ HiATL)
+%XTBWB§X+CZCZ <0.
4
Lemma 1 [6, Lemma 2.6]: Consider the system in
(5) and a prescribed scalar y > 0. Assume ATA<
Pl s where o is a given real number. Then (6)

holds for all A if and only if there exists a
nonsingular matrix ¥, independent of A, such that

E'y=yY"E>0,
ATy +y" 4 1YT[B H,] By Y
+ T Yy
72 W }/HIT (7)
+[c! pJIT][ Z}o.
“LpJy

As mentioned in [16] that, actually, Lemma 1 is only
sufficient because an obvious argument error appears
in the proof of necessity. More precisely, the
inequality (20) of [6] can’t be as claimed to be derived
from substituting (19) into (17a) in [6]. The following
simple example shows a contradiction between
Definition 1 and Lemma 1. Let y =1, p=1 and E=

voy] [-120] o C.=[1 o], H =
oo | o 1" ol 7" >

0 1.2 0
{ }, Ji=[1 0], ae[-1 1]. Note thatX:{ }
1 0 02

satisfies (6) for all A €[-1, 1]. Hence, by Definition 1,

the corresponding system is quadratically admissible
with disturbance attenuation 1. However, to check

_yl yzi‘ il’l (7)

_'3 4

feasibility of (7), by letting Y =

The first condition of (7) implies y, 20 and
y, = 0 and the second condition of (7) gives
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{y5—2-4y1+y§+2 y3(1+y4)}<0’
y;(1+ »,) Vi+2y,

which, by Schur complement and some simple
algebra, is equivalent to

2

yi+2y,<0 and 3224y 42 <2

2

Yat2y,
or

2
yi+2y,<0and (3 12)+0.56 < 52—
Yit2y,

Since it is impossible to find three real numbers y1, ys,
and y4 to satisfy the above two inequalities simul-
taneously, the inequality (7) has no solution at all.
This obviously indicates the result of [6] is incorrect.
Since all the other results in [6] are based on Lemma 1,
they are only sufficient, too.

The goal of this paper is to derive necessary and
sufficient LMI-based conditions for robust H, control
of (2), which is more general than (5). The new
conditions are applied to design two types of
controllers so that the closed-loop system is
quadratically admissible with disturbance attenuation
¥ . For solving the robust H,, control problem of (2),

Definition 1 is extended to a more general case as
follows.
Definition 2: Giveny > 0, the unforced uncertain

descriptor system (2) (i.e. u(¢) = 0) is said to be
quadratically admissible with disturbance attenuation
y for all uncertainties A satisfying (4) if there

exists a nonsingular matrix P such that for all A

E'P=PE>0, (8)
AP+ P 4y +(P'B,, +CLD ) ©)

ZATTZWA

(721mw —DZTWADZWA)_](BQPJr o’ c ) vcTe <o,

ZWA T ZA ZAZA

Next Lemma plays a key role in the development of
next section.

Lemma 2 [19]: Given appropriate dimensional
matrices X, ¥, and a symmetric matrix Z, then

Z+XAY+YTATXT <0

for all A satisfying ATA<7 if and only if there
exists a scalar & >0 such that

Z+exxT +e Yy <o0.
3. MAIN RESULTS
In this section, two necessary and sufficient LMI-

based conditions for robust H,, analysis and design of
system (2) are derived, respectively.

3.1. Robust H,, analysis

First, the result of robust H,, control analysis of (2)
is presented.

Theorem 1: The unforced uncertain continuous-
time descriptor system (2) is quadratically admissible
with disturbance attenuation y for all Aif and only

if there exists a nonsingular matrix P and a scalar
£ >0 satisfying

X"E" =EX 20, (10)
XA v ax +eH\H] B,
sz _}/zlmw
T
C,X +eH,yH, D,,
S X J
1 2 (11)
x'cl vem gl xTJl
Dl J7
w . 2 <0.
—qu +8H2H2 O

0 —&l

§

Proof: By congruence and setting X p , (10)
becomes (8) and (11) is equivalent to

ATP+P A+ePTHTH,P P'B,
BLP an
C, +&H,H{ P D,,
Ji Jy
cl veP"HHD  JT
pr JI
w 2 < 0 )
-1, +eHyH) 0
0 —&l

s

which can be represented further into A+eHHA"
+&'J7T <0 , where

A'P+P'4 P'B, (T

A=\ BP I, DI |
C. D, -,
P'H, ,
H=| 0 |, J=[J, J, 0].
HZ

By Lemma 2, we obtain
A+HA +J'ATHT <0,

which can be equivalently represented as
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(4+HAL) P+PT(4+HAL) PT(B,+HAL)

T
(B, +HAJ,) P e
(C, +H,A}) (D, +HyA,)
T
(Cz + H2AJI)
(D,,, +Hy0,) <0
_qu
(12)
for all A satisfying (4). Applying Schur comple-
ment to (12), then (9) is obtained. O

Remark 1: If the system (2) is uncertainty-free, the
result of Theorem 1 reduces to the major results of
[13,18]. Thus they can be viewed as special cases of
ours.

3.2. Robust H,, control design-state feedback cases

In this subsection, the result of Theorem 1 is
applied to design state feedback robust H,, controllers.
Suppose all descriptor variables are measurable.
Herein, we are concerned with designing a constant
gain matrix K, #(¢) = Kx(#), such that the closed-loop
system

Ex(t)=(( A4+ B,K)+ HA(J; +J3K)) x(1)
+(B,, + HiA ) w(0),
20)=((C, + D, K)+ HyA(Jy + J3K)) x(1)
+( Dy, + HyA, Yw(t)

13)

is quadratically admissible with disturbance attenu-
ation y forall A satisfying (4).
Theorem 2: Let y > 0 be given. Then there exists

a state feedback controller, u(¢f) = Kx(f), such that (13)
is quadratically admissible with disturbance attenuation
y for all A if and only if there exist a matrix F, a

nonsingular matrix P, and a scalar & > 0 such that

O'E"=EQ>0, (14)
OTA" + FTBT + 40+ B, F+cHH B,
Bg; —yzlmw
C,Q+D,,F+eHyH| D,,
SO+ J5F 2 s)
o'cT +F'p! +eHHT QTJl +FTJT
DZTW J; <0.
1, +&HyH] 0
0 -&l

N

Moreover, the controller can be chosen as

u(t) = Kx(t) = FQ 'x(¢) .

Proof: Let K = FQ™' and by Theorem 1, the
result is straightforward. O

3.3. Robust H,, control design-output feedback cases
When the states are not fully accessible, output

feedback control becomes important. For designing a
dynamic output feedback controller in descriptor form
without loss of generality, we may convert system (2)
into an SVD coordinate

Ex(1) = 4,%(1) + B,,w(t) + Bu(1),

2(t) = C,#(t)+ D, w(t) + D, u(?), (16)

y(t)=C %)+ D, w(t)+ D, ut),

ywA

where
3 O 5 1 0] -
Xt)=V"'x(t), E=UEV = o of Ay =UAV,

EWA = UBWA’ BMA = UBuA’CzA = CZAV’ éyA = CyAVf
D,yp = Dpops D

ZW, ZwA > Dzqu

Zul >
DywA:DywA’ yquDyuA‘ (17)
Assume the controller is also in descriptor form

E]'Co (= A, %, "+ Boy(t)v

(18)
u(t)y=C,x,(¢).
Then the closed-loop system is
Ex(t) = A\X(t) + B\ w(t), 19)

2(t) = C,pX(t) + D, s w(2),

where

ol ot

- ;IA BuACo 5 BWA
AA = & = ’ BwA = A ’
B,C,n A, +B,D,,\C, B,D

EZA :[ézA ézuAco]’ 5zwA = DzwA . (20)
According to Definition 2, the closed-loop system

(19) is quadratically admissible with disturbance
attenuation y for all A if there exists a nonsingular

matrix X satisfying

EX=X"E>0, @20
A/X+X"4, X'B, Cl
Bl X -y’1, DI, |<0 (22)
EZA EZWA _]q,

for all possible uncertainties. The main resuit of the
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subsection is presented as follows.

Theorem 3: Let y > (0 be given. The following
two statements are equivalent.

(I) There exists a controller (18) such that the closed-
loop system (19) is quadratically admissible with
disturbance attenuation y forall A.

(IT) (a) There exist Ay, By, Cy, a scalar ¢ > 0, and two
nonsingular matrices X; and Y, satisfying

F{(l El:[)(@ ~ }zo, 23)
E Y'E E EY,
(xTuay
+B,C ¥ g .
A, viA'UT + 4 X[UB,+BD,,
+Tcl Bl
UAVY,
+UB,C,
UAV + 4] I UB,
+Y VT AU
+cIBTUT
BLU"X,+D] B[ Blu™ . I,
cV C VY, +D,C, D,
HIU" X, + HI Bl H[U" 0
yA% JVY +J5C, J
vicl [XITUHlj vigl
+B, H;
i) (i
+C{ DI, G5 )|, 24)
pr 0 Jy
-1, H, 0
HY  —&'I, 0
0 0 -&l; |

(b) There exist X; and two nonsingular matrices X;
and Y; satisfying

I1-XY =X,Y,, (25)

Ex,=X!E, (26)

where X; and Y, are obtained from part (a).
Moreover, the controller (18) can be chosen as

G, =G,

B() =X;TBk s

A4,=X;" (4, - X[UAVY, - BC Y,

_XlTUBuCk _BkDyuqf)Ys-l

27)

Proof: ()= (II) Assume X satisfies (21) and
(22) for all possible uncertainties. Partition X in
accordance with the block structure of E as

7| A, (28)
X, X,

where X, e R™, i=1,2,3,4. Since X is nonsingular.
Define
pallhv Bi_ g 29)
Y, 7,

According to Propositions 1 and 2 (see Appendix), we
know that all X’s and Y;’s are invertible. In the
following, we will show that the above X;and Y, i =
1,2,3,4, satisfy (23)-(26). From the (1,1) and (2,1)
blocks of XY =1, it gives
Xh+Xh=1, (30)
XY +XY =0. @D

(30) implies (25). Using (30) and (31), rewrite X as

)?:|:Xl Y31—X1Y1Y31}:{X1 1}{1 -ry?
X, X 5! X3 0o w!
X, Il\I Y|
X; 0[/0 1
where
NE NEER{
g, A , W, 2 : (33)
X; 0 0 ¥

By (32), we have
Che v (B W, )W, =¥, (¥, YE)¥,20 (34
SWYIEY, =¥/E¥Y,>0

I O|E ofXx I|{X" X'|E ol ¥,
= - ="' 7 . >0
F K0 E|X I 0]0 E|0 L

EX, E | |X'E X'EY +X'Ey,
L= ~ s~ = = - >0
YEX,+YEX, YE| | E EY,
(35)
= (23).

By (35) and (30), we have
E=X"EY, + XTEY,
= EXY,+ X!EY,
= E(I-XY,)=X]EY,
= EX,Y, = X!EY,
= (26).
Substituting X =W P,' into (22) yields
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Iy T T T.Th =T
Ay +v; ‘VITAA Vo Wi By Caa

= - T
BT yvs! ~*1, DL |<0 VA,36)
Ca Da _qu

or equivalently,

T5T T s TAT
(Wz AW Y Ay W B v Gy

R 1, Dha |<0 VA.(37)
CzA\V2 DzwA _]qz

Using (20) and (33), (37) is equivalent to

r ~ ~
AL+ xT4,¥
7 T A Ip T4 Aty
X/ 4,+X{BC,, .o r
~ ~ +X3 BoCyAYl +‘Xl BuACoYE‘)
T T gl
+A4y X, +CT B X, - .
+X3 A5+ X3 BODWAC0Y3
A+ K X+ K CAB X 4K +BACH
Y G Bp X+ A4 X K Ay AL
+¥ C D], B) X +1 ) By
BiaX, + DyTwABoT X3 Bla
L Ca Cali +D,0 G
T5 Tp A& ~T ]
Xl BwA +X3 BoDywA CzA
B yrel +vlclpr
2wA 1 “zA - T3 o Y zulA <0 (38)
-7 Imw DzwA
DzwA _qu

In view of (17) and (3), the inequality (38) can be
reformulated as, V A,

[ QO G,
Qb o
7T
B +HALY UTx
(B Fhas) ) (B, +HaLY UT
+(Dyy, + H3AT,) B X
C. + HyN, VY,
(C, +HyAR)V (( 2+ MV ]
L +(Dzu +H2AJ3)C0Y3
XTU(B. +HAJ |
'T( vt Hhis) VT (C, +HyAR)
+X3 B,(D,,, + H3A), )
YIvT(c. + Hoad ),
U(B, +H M) VG M) _l]<0.
+Y3TC0T (Dzu +H2N3)
5L, (Do +HytN )T
(D, + HyAT,) I,

(39)
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where
Q= X[ U(4+ HAL )Y +X] B, (C, +HyAJ, )V
W (4+ ALY UTX, VT (C, + HyA) BL X,
Q, =V (A+HAL + XTU(4+ HAK) VR
+X B, (C, + HyAL VY,
+X[U(B, + HiAR)C 1 + X3 AT,
+X3 B, (D, + H303) G s,
Oy =U(A+HA)VY, +U(B, + HiAL)C,Y,
VT (a+HAR) UT + Y CL (B, + HaL) UT
(39) can be rewritten in a more compact expression
A+HA +J"AHT <0 VA, (40)
where
xTuav + xIB,C v +vTATUT X, + v'clBl X,
uav + vt ATuT x + v ¢l BY x5
+¥ CIBIUT Xy + Y AL X3+ ¥ €I D], B! X3
BLUT X, + D] Bl X;
c,v
v ATUT + x[UavY, + X3 B,C, 1Y,

+X{ UB,C,Y; + X3 A4,Y; + X3 B,D,,C,Ys
UAVY, +UB,C,Y; + W vT ATuT + v T BTUT

BTUT
CVh+D,Ch
x[uB,+Xx]B,D,,, vict
UB, y'vicl +v ¢,
Pl pl, ’
D,, ~1, |
X{ UH, + xI B H,
I:‘I - UHl ,
0 (41)
H 2

J=[JV WY +45CY J, 0).

According to Lemma 2, the inequality (40) holds for
all A of (4) if and only if there exists a scalar

g >0 such that
A+eHAT + 71T <o0. (42)

In (42), denote
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4, = X{ UAVY, + X B,C, Y]

+X{ UB,C,Y; + X] 4, + X{ B,D,,C 13, 3
B, =X1B,,
Cp =G,

and use Schur complement, we have (24).
(DH=O If X\, ¥\, X3, and Y5 are solved from (23)-
(26), construct X by

)—(ér{l vy —XIYI)%_I}
-1 ?
X3 —X3hh

we will show that such X is nonsingular and satisfy

(21) and (22) for all A of (4). Note that X can be
factorized as

o _[x 11 AR
“lx, ollo n =Vivs -

The nonsingularity of X; and Y; implies that of X .
From (23), (25), and (26)

E=E(X\Y; + X,13) = EX\Y) + EX, 1 @)
= X] EY, + X] E1;.

Using (44) and (23), with the help of derivative
between (34) and (35), we have EX = X' E>0.
Furthermore, denote C,, B,, and A4, by (27) if (23)-
(26) is feasible. In view of the derivatives between
(36) and (42), it is easy to verify that such X also
satisfies (22) VA. N

Remark 2: Based on the result of Theorem 3, the
H,, minimization design via dynamic output feedback
for uncertain descriptor system (2) can be formulated
as the following constrained optimization problem

minimize ¥
subject to (23-26).

This problem can be solved efficiently by using LMI
software, e.g. Scilab 2.6.

Remark 3: Using the proposed LMI-based approach
to design dynamic output feedback controllers, the
assumptions (A1)-(A4) needed in [6] are no more
required. Thus our approach relaxes the design
constraints.

4. ANUMERICAL EXAMPLE

Consider an uncertain continuous-time descriptor
system

Ex(1) = Ayx(1) + B, ,w(t) + B,,u(1),
2(1) = Cyx() + D, w(t) + D, u(t),

277

(@) = Cpyx() + Dy, ,w(t) + D,z u(t)

1 0.1 0
where E={0 1 0], and uncertain system
0 0 0
matrices Ax, Byn, Bya. Coas Dogns Dayns Cyas

Dy and Dy, are described as in (3) with

301 4 03 3 2
A=| 1 o -1|,B,=|045] B,=[2 1|,

20 0 03 0 -2

-1 1 0 _[-03 [o o0
=3 o 2},13”_[0_45},@“_[0 0.3}’

c,=[11-2].D,,=-054D,=[2 1],

[ -0.1
H =| 0.8, &, :[‘00']2}, H, =04,
0.1 :

Jy=[01 0.1 -09], J,=06, J;=[-08 0].

In this example, the uncertainty is formulated as

H

1
H, Al J, J5)
H

3

where A is a time-invariant uncertain scalar lying in
[-1,1]. By Theorem 1, the given uncertain descriptor
system is not admissible for all A e[-1,1]. In the
following, we want to find a dynamic output feedback
controller (18) such that the closed-loop uncertain
descriptor system is quadratically admissible with
disturbance attenuation ¥ for all A. From Remark

2, we obtain y =0.7070, € =2.34,

03148 -03969 0
X, =|-03969 1.2851 0 |
37.6385 32018 -14.9701
30813348  3167.0251 0
¥ =| 3167.0251  3258.5813 0 :
2520965.8528 -690755.9541 —2713279.7539
[-55.9425 —68.1142  —5.7252
A, =| -150.7793 —160.3615 —0.2578 |,
| 544256  68.2844  8.0605
[-25.3884
B, =|-3.7543 |,
11.0222

[—2835359.8185 777840.9875 3052431.7746
=

—16776555.7025 4635752.9509 18088522.9763

|



278  Hung-Jen Lee, Shih-Wei Kau, Yung-Sheng Liu, Chun-Hsiung Fang, Jian-Liung Chen, Ming-Hung Tsai, and Li Lee

100 100
X,=0 1 0|, X3=[0 1 0],

00 1 001

287.7668 296.1238 0
% =| 28470837  -2929.7354 0

37612908.6785 —10470297.6060 —40617976.3845

Therefore, from (27), the parameters of dynamic
output feedback controller are

_ -25.3884
42260084 4302168 -0.0751
C, = , B, =| 37543 |,
117680156 1198.6767 -0.4453
- 11.0222

[1418882.1907 144505.1089 -51.6867
A4,=| 172610.5842 17579.1161 -6.2106 |.
| -590777.8358 -60167.1167 21.3711

Let T:,(s) stand for the transfer matrix of the

closed-loop system from w to z. Note that 7, (s) is
also a function of A. Fig. 1 shows the curves of

o ax(Tzcw (ja))), where o, denotes the largest

singular value of 75, (jw). Since the uncertainty A lies
between [-1,1] in the example, each curve in Fig. 1

represents the function o, (T . ( ]a))) correspond-

ing to a different A in {-1,1]. From Fig. 1, one can
see that the maximum of sup {O'max (Tz ¢ (s))} for all
s€jo

A occurs at 0.707. That means the
that all dynamic output

feedback controllers can achieve is 0.707.

allowable
minimal value of ¥

G (15 ()
097
v=0.7070
0.8r
0.7¢
0.6 ""-@»‘“\
05 = | S
=7/ A ——

04 7_———!-’4;‘%,‘ ’\S&‘\‘;{'-;**

77———'?'")4/__/ = -
0.2 L - L L 1 ( | ]

40 30 20 10 0 10 20 30 40
o(rad/s)

Fig. 1. o, (T:‘, ( ja))) of the closed-loop system.

5. CONCLUSION

In this paper, a new LMI approach is proposed to
solve the robust H, control problem for uncertain
descriptor systems. The state feedback and dynamic
output feedback controller design are investigated.
Necessary and sufficient conditions for the existence
of the robust H,, controllers are derived and expressed
in the LMI formulation. Although only continuous-
time cases are discussed, the presented technique can
be applied to the discrete-time cases in a similar way.
Four major contributions of the paper are summarized
as follows: (I) This paper is the first one to present
necessary and sufficient LMI-based conditions for
robust H,, control analysis and design of the uncertain
descriptor systems (2). (II) The requirements of
system property while designing output feedback
controller have been removed. No assumption as
needed in [6] is required by the proposed approach.
(I The uncertain system model considered in this
paper is more general than the ones investigated in the
previous literature. (IV) Some interesting results
[13,18] for H. control of descriptor systems are
included as special cases of ours.

APPENDIX
Material of the appendix is a direct adoption from

[2].

Proposition 1: Let X € R*™*" be a nonsingular
solution to (21) and (22). Suppose it can be
partitioned as in (28). Then, without loss of generality,
all X ,fs may be assumed to be nonsingular as well.

Proof: Suppose that X s are singular, then there

always exists a small & >0 such that the matrix
X defined below

X — )?1 A’;Z é Xl XZ +§ In In
X, X, X, X, 1, 1,
has its all submatrices X ;s being nonsingular. Note

that & can be chosen small enough so that the LMI

(22) won’t be violated when X is replaced by X.
Moreover, since

T 17 (1, 1.]-
E| " =" ""|Ex0,
II’I In ]I’l IVI

it is straightforward to show that
EX=X"E>0.

Therefore, starting from any solution to (21) and (22),
which does have some singular submatrices, we can
always find a very close solution that will meet the
nonsingularity requirement on its submatrices. 0
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Let ¥ 2X' and partition ¥ as in (29). By
Proposition 1, we have the following results.
Proposition 2: Y,, i=1,2,3,4 are nonsingular.

Proof: Since X and X, are invertible, by the

matrix inversion formulas, we have

X X)X gy T(y oy

where Y = X, — X, X;'X,. Since Xp, X3, Xj, and

Y are all nonsingular, the above equality implies that
1, Y5, and Y3 are nonsingular. Finally, since X and X}
are nonsingular, ¥, can be rewritten as

Y, = X XXX = (X, - X X)L

Therefore, Y, isnonsingular, too.
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