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H A ¥ % (bounded variation)® #HE Daniel Waterman®] 304 @dz7+te] €39
ate xALE AT

FHO: 4T, BUAE, T F4

B [a, bl SARZ(bounded variation) TFE ZYgs=d oA
2IAL)IS A3 (supremum)S B ZEat A71M ([} [e, b)) AARAA e
T2+ = (non-overlapping subintervals)® EE % 3 (collection)©] 12,

I,=I[x,,v,], AL)=Rx,)—Ay,)

d 9, [g,b]l=UIL<E =803 A &4 V(H=sup LIAL)I e oA, =
FAME FqFEta o o] FAME 4t Fourierd4e 39 ##E3F Dirichlet
o FBEIHANA 181d Jordano] 23td LAHI}TE o FAREFY MEES
Fourierg 4 ¢ Riemann-Stieltjesd ¥ 3 WHI dFS 23z vt H 7o &
Zy AT Zoltgile] FARMES 42 weight® F9 Riemann-Stieltjesd #-&
AostA @},

3, Fourierg 5 & F&oA el SRR A & Fa71 Y9l Fourierdl o3}
o TE ARez, FFE {e™},.,& FFFL L,(0,2m)9 71A(basis)7t Btk

= =1

wetA fe L,(0,209

A

H
T

d

==

2 EEHZ, o] i £89 9rlE L,—normeZREH 44 . F,
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Fel &l Waterman?| 23720l U 5104

n .
||f(x)—k2 Cke’kx”LZ—’ 0 as n—oo0
. =—n

olth. 7l A  Ly(0,2m)€ F X F(equivalence class)ol|22 L,—normo|A &
Lebesgue & E(measure) 0¢ H&olA Fourierg49 ol Axd &3 o
AL EAZM HA geo gadA AdzEe 2ELS “Axdd WE Fourerg %
> c.e™ AAE 2t F x2(0,20) WA A0 FEHENY e 2Aol
o ooldl oig ge a¥AF ¥ue Ao g4l Z2 Fourierg 7+ F
o g FHEIA e FEo Ade Aol HIEAT. APFHY
Dirichlet-Jordan& & & 7] 2x9 57 & 5old, I Fourier 5= 7z 9
AollA -Fd7 FAF3e HFo2 85T A4 (point of continuity)E9] o+

W&otk oAl ZajA, T4 Ax)7F FA

I
H¢7
O _]‘,)4
r'O

i
o

o)A %<4 & (uniform convergence)dtthE

HEold o] ¥4 Fourier 5% #74 ¥ (closed bounded set)ellA T 5H3}
oOE A S B3l Ao o] Ao JMXZ AZE 4 I 1 Fol| Fourlerd 71 F
o7 gtro] Arvlth 4#(pointwise convergence)dts LurdlE FAWNE FFITUES
e A3, Fourlergs 7t Fo1x #eo Hutth £831x &v Z o Hrigk 43
=% Fourerdso AFE ZAse WHol dAFHZTH, FAY WYe

summability method#t &t}

1. BVel #d3 Watermane |+

Daniel Waterman< & A} Florida Atlantic Universityl 4] research professor® ¢
3l k. 129 dFE FARZE(0)3 BV)H Fourierg49 +£38d g A3 A
FHAJT. A7) E BVEFe BEE Watermand d7o tisld A o2

2AHE St

BVl duisle] oigt 9] dFE AWEA I 1968WFE FHELG AW
Fourier F49) W3 =82 2¥syzm, 1972¥9) Studia Mathel ‘On convergence
of Fourier series of functions of generalized bounded variation’ 2+ A5 o2 BVE
Fo gutglel] Uid =85 LEA Fo. 971- ¥ A —bounded variation
(ABV)S} R & 57 Zo] 3tz 3

“If A={A,} is an increasing sequence of positive numbers such that 2%
. n

diverges, the functions of ZA-bounded variation( ABV) are those f for which
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for every sequence I, of non-overlapping intervals(([13]).“

oAl ZEA, A Hgd 2E @ (collection) {L}A M, X IAI /A,

27 #4 (uniformly bounded)ol® f= ABVY &3toiz #3ic) o] =FoAM 2
Harmonic bounded variation(HBV)&l #Ec°] Fourier §59 S8 U4
Lebesgue test& EE XA wZFA U ABVEY &4 E<(class)e Fourier 5
7b S §4E LG E RS O HBVE ABVAA A= {n}d #29
classg ¢jn|gttt, HBV el ¥ ¥ (variation)o] BV ¥WE Rt zouwe HBV7 BV
B Z AU AL Atk o]AL ZF Dirichlet-Jordan A ®l 7t (BV C)HBV
A HFEEE oSt

i

19761 d9] ‘On the summability of Fourier series of functions of /A —bounded
variation([14])' ¢} A& 2.2 Studia Mathel =&& LX) oA AFTHRZ ofd
ABV 7+ Fourierd 27t FR o] Dateles 292 T3sr] g, 3=
Folx ABVFZrolA summability methodE A& 4 Ut} o] =2 ABVE3}
o]4 summability method® ©E& RozZM, Fe YL JF A={nft1},
—1<{B<0 ¢ F4E°l Fourer 847} frA(bounded)o]® & 7}% (summable)s}ti=
W&ot

A-bounded variation([15])’2 Studia Mathel]l 2% stA "o}
HAedae A543 ABV €49 d&A Aol BAE d+8
=d, ¥E ve dA&EHde f(eABV)9 d&£A4L uitdE AL HYg:, f9

19761 d el Al ‘On

A
o] N aE 4

<d
norm% ||Al=Aa)|+ V(f;De.2 A3H ABV7F Banach #7to] & B4t} o}
Hof 7 HES BA

“Let f be of class ABV on I. Then v is right(left) continuous at any point of
I if and only if f is right(left) continuous at that point.”

$1el A A v variationo) 1, 7= §A ¥ F7tolt)

1979 ‘Proceedings of the AMS'9)

=1 ’'Fourier series of functions of A-—
bounded variation([16])'¢}A] ABVY £

2 Fourier A%
HBV® &9 Fourierg49 FE%(partial sum)e] TLEZA §A E}“ A& .
% Dirichlet® #ol oj&3x] &3, HBVSY 44 dojA DirichletBa &+ S48 A

_(l)(_l(
rie
uoi'

].
Bt
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a2 W& o] F57F BEE ZAdA FEIL, ASHEY FFAAA
'3}1:}-‘= Yigojth o] AAAZRE o= £ 9ojA Lebesgue Test®: &
} L3t HBV7} complementary EYolgte A& E4t. o] &L g 374
T4 =0 U

ofl mjn
olN

o
rir

&

juitd

L)
oX

AU, 22
b oot

“Theorem 1. If fE ABYV, then the Fourier coefficients of f are O(A,/n).

Theorem 2. The classes L and HBV are complementary. If ABV is not
contained in HBYV, then L and HBYV are not complementary.

Theorem 3. If f=HBYV, then the partial sums of its Fourier series are
uniformly bounded. The series converges everywhere and converges uniformly on
closed intervals of points of continuity([16]).”

9219 complementary®] /@& Zygmundd] &3t Rolg Adew F
[a,6]=1[0, 2719 & &9 class K9 K,°] complementaryZte AL

1 [ 1 = , ,
eK ge K= — dx = 5aa¢+ aya '+ bb
f g 1 ™ J, fg 5 %080 ;;Jl(kk kk)

o] APFL gulstth YA g, b,T f9 Fourer AFolL, &, b,v g9
Fourier Al4go]t}.

3 % Schramn ¥ Waterman< 19823 ‘Proceedings of the AMS'ol ¥ & T %
=% 'On the magnitude of Fourier coefficients([10])'olA ©F& o ZUdd
o]A  FourierAl4¢ =7](magnitude)& F% 4 3, integral modulus of
continuityE 7 ¢+ U2<¢ EY 2 Hd= v 2

“For p=1, we define the integral modulus of continuity of order p to be

w,(£6) =supl [ (e +1) = f(@)P dz)?,

I
where 0 < £<4§."

o] =&)X ¢A—bounded variation( pABV)ol& = A7l Loz FAIU
otgije]l I A& BAL

“f ¢ is a non-negative convex function defined on [0, ) such that
#(x)/x—0 as x—0, we say that f is of ¢A-bounded variation if, for every

{1,}
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and the total variation of f over [a, b] is defined by

(AL
3 .

n

Vya(H=sup 2

Aol ce Aoy, {[)L BAAA ¥2(non-overlapping) THY HEolrt o
=EAAE frt F7] 2ne) A5¥sd @, ABV, pABVA X4(order) 19
integral modulus of continuity® F#3tgx, AB V(p)°ﬂ Al X4 pel integral modulus
of continuity® FatQth ¢ABV AN ¢(z)=a, p>12 A9 RFE M. Shiba
o gjste] 19800l ArE AL ABV I red.

19823 o] ¥ AlFE A FEATFEA “Absolute convergence of Fourier series
of functions of ABV® and ¢ABV([11])"& Acta Math. Hungary o] 2E& 3%t}

19851l Waterman®¢] QT A Schramn& BVE 7/1dg [0,)0lA Hod
718t convexBFEQ 48 ¢={¢, ) &3 Iz Hh. Tran. AMSY =X
& o] e Aode BSF Z

"If fis of ¢-bounded variation on [a, ] if
Vy(H=sup 21¢,(IAL,)D
is finite([6][7][9D."

o] &

A
2,

14 ' d9wsiAzl BVY AEEL AP norme

€ H¥3, ¢BVS Riemann-StieltjesE &3 #AH ZIAE F3g&act. 2
2] 3 Dirichlet-Jordan B2l ¢} #@& s ¢BV ZYE x= 014 Fourier 57+ 4t
e 48 TEIgE AL FEY. e é% ABV}?_T:} e 23l ¢BVAA
X Dirichlet-Jordan Agj7} A ¥E3x &EvE AL gns}. ¢BVCABVS AL
Young®]l A7 g&otH([15]). Young's ¥54& ¢7} ¢(0) =00l lim ¢(x)=0

ol

Zro]

ot

grgoﬁfl=w% o, ¥ (y) =supley— ¢ (z)lx =0} 8 zy<d(z)+v(y)ol B

e HEolth o] #EHozRH,

DIRELLES WL RS yRIC S

n=1 n n=1
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ted 2 Waterman®| &30 O 610

oz Y w(s) <o olm, $BVCABVHE Ag 4A 2Y ¢ Uk 479
n=1 n

AFeA7t ABVAA ¢ABVE 1 v5ddl ¢BVE 7te Aol FHIFT AL
¢$BVE OBVEE= 2 195939 Musielak®t Orliczol 93te Studia Matholl A
& AFHt Schramne o] Fo& ol&sted BVY Adg dvrast 2oz ¢
2 A ATt Musielak 2} OrliczE Z R FT kel &t

n—1
zl] Sklf (1) — flz;))) Aol SAH frb OBVe &3tz Astgch

([5D.
1997\ 3 Waterman< L.A. D'anonio®td =&oA ‘A summability method for

Fourier series of functions of generalized bounded variation([2])'°]2}&= A F o2
'Analysis’e] 2EE gt} 2 W& g3 2o k/A,=0(1) olx 2] 1/A,0] &
et F5g Frkste £E A={1,}°] FoAHE& W, ABVY &9 Fourler §

£ RE RN T TAx-)E & Assin %89 ATLAA n2A
7} & (uniformly summable) summability method (W, )& A& ¢ Q). o] ¥
He g2 9 it HgHAH ou o Z FIH(space)dl X AYIIA evhe

Ao A, 8 Ao EAP] 9}t mElx 2 £ summability 23 o] Foju)
ABVHET} g 2z WAE A3tk o] «=w9 FLI¥% FHUEL 1986
Syracuse W& 9 Isazad) 9% “Functions of generalized bounded variation and
Fourier series”®] Z2H}EE 7122 ZA4HAD Aoz g8A I

BVe] dutstel oidt @37 D. Waterman, M. Schramn 28] 32 Pamela B. Pierce
59 gxpeo st AF7E ®ol o] HRUY] dFol, o2 BV #AHG AF
A BVE ¢utdlo] i A7 EgE BVS #dEE Jidgd did A7 2= o
AARolgty BHAT} 1996 o] Méricz® Siddigiv ¥4 &5 {9 Fourerg<+9 ¥
3 S92 convergence in the meang €-73HA] bounded variation in the mean

AEdE =YATH4D. ool o] HeE AHEA

s

L

lo,

“Let f be a real-valued function in I, on the circle group 7I'. We define the

corresponding interval function by AI) = Ab)— A a), where I denotes the interval
[a,b]. Let a=ty,(t<-{t,=b be a vpartition of [0,27], and
I,=[z+t,_,z+t,) If
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V. (f —sup{ / kz] |7 (Je ldac}<

where the supremum is taken over all partitions, then f is said to be of

bounded variation in the mean(or of bounded variation in the L; norm). We denote

the class of all functions which are of bounded variation in the mean by BVAM

(8.

I % 20009 Daniel Waterman® Pamela B. Piercet= ‘Proceedings of the
AMS’9] ‘Bounded variation in the mean([8])'¢l8lE A E2oZ BVES9 Bounded
variation in the mean(©]d BVM)9 #FE39 A ddtd circle groupo Al ©]
NEe ALEsld TEE ST o] =82 HY UVIE FAHUEH, Watermand
Pierce® {7} BVMAEse= AF f=g ae & BVEST g7 EASE R Aol
doFRxdo] AHEE Holn Ut ‘:P of 2 & ExA

“A function of f € BVM if and only if there is a function g € BV such that
f=g ae”

o] A& FEE(measure theory)d T HIYE FILE ¢EZF Aoz wo
o YRt oz “frt HENEIHE fo 25 09
F7b LSl &4 &9 # °
ojlnZ g7]' ARttt R #98A. Waterman®} Pierced] =&2 &7
ok 2% A BVY 2AL FA 9o 9uwrE HHE FASFARC

] Atk 9714 f7F Riemann #HE7Hg$ A Lebesgue &
UatE fAH P A fAEE
feRi
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Riemann #

13t7] A&l

o>‘
2] rL m]m
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A 42
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T
iemann® ¥ Lebesgue® &
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2. %% AFAAY 2 X 4%

Waterman< @A double Fourier 559 39 sty A+
A Ut 5 A7 839 QA oz B s A4S st Bt}

1) Dirichlet-Jordan® &7} A ¥sts HBVRT =23 ¢BVRT =& BV 437+
< e F JdEAN?

2) Circle groupdlAl A 2]38 bounded variation in the mean® 7§38 Ldlx g A
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FAHSY 2 E Waterman® 30| Of 5401

F2 g2 g3t B4 £ U7}
3) Convergence in measure® 7Jd< 7}A 3, bounded variation in measure¥ 7}
€@ tEOHE, o8 ZYrt g

f7b la, b]oXe 25X &g 2k & L g8y,

o] o}F & ¥ Mo it JHEtH, fE bounded variation in measuregt 3t
BVudl ¢jste] EA&A}

4) 3)9 B97} B33+ ¥ bounded variation in the mean¥ bounded variation in
measure 28] FAE o w}?

5) Variation &4 $AMERY 7§ 279

e

) & < (absolute continuity)d] Z

A& Fo]A Radon-Nikodym A@[1][12]Z 42 F UA=71?
6) V7t [a,bldAd Ada&oladta, p>14 o V2, = Hha&Uds?
7 t8]°ﬂ’*19] AYoA BVErET 7ZE 249 AU 248 FH oJHd A

37t deivtert?

.38

Aol Watermane] AT FelA BVl #§ AFE ADEAHE AHEJYT & 2
okl tidk 30edde]l de 29 AdTE, 29 FABAE AE F UA dHEH. 19
AT 7 e dursiAlzl BV 59 24 (class)°ﬂ/\1 Dirichlet- Jordan A7t o=

garith $@aH

2Ad7A] Ayt td %9 Fourier8 71 Fold 54 %
£ 2R3 WUY d summability

2E A4S Aut £E3 52 Fourlerg 49 AF
methoddl] &3 Aojgtn FddTh
gozo BVe ¢dZ2¥ A7 Dirichlet-JordanB &7t A Este HBVEY A
1 ¢BVHET} && BV &5FHE e A BV &2 e dad
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On the study of Waterman with respect to

Bounded Variation

Department of Computer Science, Anyang University Hwa Jun Kim

Functions of bounded variation were discovered by Jordan in 1881 while working out
the proof of Dirichlet concerning the convergence of Fourier series. Here, we investigate
Waterman'’s study with respect to bounded variation and its application on a closed
bounded interval.

The value of his study is whether Dirichlet-Jordan theorem holds in which function
classes or not and summability method is what modifies its Fourier coefficients to
make resulting series converge to the associated function.

We have a view that the directions of future research with respect to bounded
variation are two things; one is to find the function spaces which are larger than
HBYV and smaller than @BV, and the other is to find a fields of applications.

Key words : bounded variation, absolute continuity, Fourier series
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