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Exact Solutions for Vibration and Buckling of Rectangular Plates Loaded at de
Simply-Supported Opposite Edges by In-Plane Moments, Free along the Other Two Edges
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Abstract

This paper presents exact solutions for the free vibrations and buckling of rectangular plates having two opposite, simply
supported edges subjected to linearly varying normal stresses causing pure inplane moments, the other two edges being
free. Assuming displacement functions which are sinusoidal in the direction of loading (x), the simply supported edge
conditions are satisfied exactly. With this the differential equation of motion for the plate is reduced to an ordinary one
having variable coefficients (in y). This equation is solved exactly by assuming power series in y and obtaining its proper
coefficients (the method of Frobenius). Applying the free edge boundary conditions at y=0, b yields a fourth order
characteristic determinant for the critical buckling moments and vibration frequencies. Convergence of the series is studied
carefully. Numerical results are obtained for the critical buckling moments and some of their associated mode shapes.
Comparisons are made with known results from less accurate one-dimensional beam theory. Free vibration frequency and

mode shape results are also presented. Because the buckling and frequency parameters depend upon Poisson’s ratio (V),

results are shown for 0 <V <0.5 valid for isotropic materials.
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20 | 755 - -
B 7% | - - - -
¢ 2B DENC TGy 12 M Cyy DS
mnid T . B - B -
(n+d(n+3)(n+2)n+l) 29 9408 - - - -
(11 31| 9660 | - - - -
o] Aat=t}. 32 9815 | 10.78 - - -
3B | o7 | 1116 | 1389 | - -
2 (107 (1) Cun(724)% Con(n=0,123) & 3 | 977 | 109 | - - -
A2 A3BAE BY Foh mEA g9 A 3B | 978 | 1105 | 147 § -
. . 9761 | 11.03 | 1522 | 1913 | -
F Con(n=0123)E 44 P14 G)elA ee X
T Cra(r=0123)E WA FIEAA GelA 3 | 9760 | 1104 | 1501 | - :
e FHd Aot 738 | 9760 | 1104 | 1508 | 2080 | -
n="0,104 AFAAZD (PRAES} KelvinKirchhoff | 39 | 9760 | 1104 | 1506 | 2283 | 2397
o] FATo] )2 o) g5ty 0 | 9760 | 1104 | 1506 | 2150 | -
41 | 970 | 1104 | 1506 | 2180 | 2785
2 | 9760 | 1104 | 1506 | 2168 | -
M| =027, (0)-vB,T, (=0 £ | 970 | 1104 | 1506 | 2172 | 2990
Yln=0 4 | 970 | 1104 | 1506 | 2170 | -
L 45 | 970 | 1104 | 1506 | 2171 | 3087
Vyl =027, (0)-2-v)B,’Y, (0)=0 46 | 9760 | 11.04 | 1506 | 2171 | 3133
" 47 | 9760 | 1104 | 1506 | 2171 | 3L13
M) =025, (1,0 =0 8 | 970 | 1104 | 1506 | 2171 | 3120
Vet 49 | 9760 | 11.04 | 1506 | 2171 | 3117
50 | 976004 | T1.0368 | 150626 | 21.7064 | 311794
A3l | 9.76004 | 11.0368 | 15.0626 | 21.7064 | 31.1771
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(M, /D)ol £ (m=1, v=03).

N a/b=05 a/b=1 a/b=2

8 1431 - -
9 3.803 1.671 1.143
10 1335 8.178 2.385
11 3.647 2137 1.566
12 12.74 4.622 1.921
13 3.072 2787 1.814
14 7.79 3.749 1.864
15 4.649 3.450 1.866
16 5.814 4051 1.875
17 5159 3.980 1.875
18 6.19 4.306 1876
19 5923 4125 1.876
20 40.62 4.301 1.876
21 7.005 4.276 1.876
2 18.29 4.290 1.876
23 8.356 4.287 1.876
24 11.72 4.289 1.876
25 9.762 4288 1.876
26 11.25 4.289 1.876
27 10.85 4289 1.876
28 11.52 4,289 1.876
29 1140 4,289 1.876
30 11.63 4.289 1.876
31 11.58 4.289 1.876
32 11.63 4.289 1.876
33 11.62 4.289 1.876
34 11.63 4.289 1.876
35 11.63 4.289 1.876
36 11.63 4.289 1876 |
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D=ER/120-v)= vE 23l Qong o
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9 DdIl._rtHo” 3._—'::’- 2 RES h=oa 2Jph/D 9
23 (a/b=1.5 m=1, v=03, M/M,=05)

| N 1

Tz A= 4 5

15 7.974 273 55.51 194.6

16 8102 21.98 - - -

17 | 8057 225 61.64 - -

18 | 8072 215 68.53 1011 -

19 | 8.067 218 65.06 265.7 -

20 | 8.069 217 66.14 1204 -

8.068 2218 65.18 - -

8.068 2218 65.84 139.0 -

8.068 2218 65.79 3405 -

8.068 218 05.81 1475 -

RHIRBIRBIR

8.068 218 65.80 157.6 1883

26 | 8.068 2218 65.80 151.9 -

27 | 8068 218 65.80 153.1 2464

28 | 8068 218 65.80 152.6 -

29 | 8068 218 65.80 1528 2512
30 | 8068 2218 65.80 152.8 -

31 8.068 218 65.80 152.8 279.2

8.068 218 65.80 152.8 -

8.068 2218 65.80 152.8 2814

8.063 218 65.80 152.8 2859

8.068 2218 65.80 152.8 2848

8.068 2218 65.80 152.8 2852

8.068 2218 65.80 152.8 2849

819 R|G R B|S

8.068 218 65.80 152.8 285.0

39 | 8068 218 65.80 152.8 285.0

40 | 8068 218 05.80 1528 285.0
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na a/b WE M,/ Er 7 B AT HFFNE ALY o %
05128 | 1 | 15 |25 ] 5 | 10 8% 2249 ol 2 (2DP)°) 9§ AT 9t B E

o

1.080]0.7132 | 04210 02627 |0.1517|0.07451| 0.03708 o
1.065| 06882 | 03928 | 0.23%2 01348 006557 0035 | FAT 2 T FALE AtelE (2DPIDB)/2DPO100

1.099 | 0.6968 | 0.3868 | 0.2291 (0.1272(0.06127 |0.03033 2 A4 &k B o] 28 71 Hoj A E uj$- A

v=0 v=0.5

a/b=0.5

A /A
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/A A
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(E b) "Hasol ofg 24Xt Eo|2(2DP)2t 1XI¥ 20|E(1DB)oll 2[§t SS-F-SS-F ol fAta Al =
ZRUE M, /ER of wjm (v =0.3).
’7 a/b |
05 1 2 5 10 20 50
1DB 6495 3247 1624 0.06495 0.03247 0.01624 0.006495
2DP 1.065 3928 1718 0.06557 0.03255 0.01625 0.006495
%=tol 39.0% 17.3% 547% 0.946% 0.246% 0.062% 0%
B5e Rt a/b>5Y W I HAE Aol=1% DI REFAL FHF REFYH fAH o
ogtol, a/b=50Y W& fFraAA 427 F o <# 6~8>2 M/M,©l 0, 05, 0.95% S7HE uf, W
29 AnA7} XS Ho 20} R0 FZe Ho Avl(alb)7t 05 2/3,1, 15, 258 & FA4d &
B (a/b<2), B o]82 AP F5e HAEZH  mah=ed'ph/D)o £8AE BART. v E (),
BOOJER <I¥ oA /b2 W RAE AH 03 057} ALFD ARATSE BFE mn)=(11)
22 S5 E(lateral curvature) FE3A BOM,  projy mAsH, ot x¥FoTE 179 Wi

17} A o) 2o ZA(lateral line)2 A& £
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AL ot} <E 6~8>0f A (mn) =(1,2)7Jr
s EroXe MM.©l F7F8d &

(E 6) v =02 uff RAY TUSS +=od’Jph/D 2} WEIES (m,n).
M e a/b
M,, <A 05 2/3 1 15 25
1 9.870 (1,1) 9.870 (L,1) 9870 (L1) 9.870 (1,1) 9.870 (L1)
2 1223 (1,2) 1388 (1,2) 17.88 (1,2) 2475 (1,2) 3946 (1,2)
0 3 1870 (1,3) 2452 (1,3) 3923 (13) 3948 (2,1) 3948 (2,1)
4 29.05 (L4) 3948 (2,1) 3948 (2,1) 5923 (2.2) 8494 (2,2)
5 3948 (21) 4210 (L4) 4891 (22) 69.20 (1,3) 8883 (31)
1 7.792 (L) 7.962 (1,1) 8214 (1,1) 8378 (1,1) 8482 (1,1)
2 1327 (1,2) 1481 (1,2) 1858 (1,2) 2524 (1,2) 3812 (2
05 3 1887 (1,3) 2462 (13) 37.85 (21) 3800 (2.1) 39.77 (1,2)
4 29.03 (14) 37.65 (21) 39.27 (1,3) 60.03 (2,2) 8549 (22)
5 3753 (21) 4212 (14) 4994 (22) 69.22 (1,3) 8744 (31)
1 2698 (1,1) 2614 (1,1) 2764 (11) 2.8% (1,1) 3.004 (L1)
2 1421 (1,2) 1603 (1,2) 1984 (1,2) 2630 (1,2) 3455 (2,1)
095 3 19.33 (1,3) 24.88 (1,3) 3441 (2,1) 3444 (2,1) 4051 (1,2)
4 29.18 (14) 3422 (2,1) 39.38 (1,3) 6175 (2.2) 8.9 (31)
5 3452 (2,1) 4216 (14) 51.74 (2.2) 69.26 (1,3) 86.81 (2,2)
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M e a/b
M, A 05 2/3 1 15 25
1 9736 (1,1) 9,698 (1,1) 9631 (1,) 9,558 (1,1) 9484 (L1)
2 1168 (1,2) 1298 (12) 1613 (1,2) 21.62 (1,2) 3362 (1,2)
0 3 1769 (1,3) 29 (1,3) 36.73 (1,3) 3872 (21) 3836 (21)
4 2776 (14) 3911 (21) 3895 (2,1) 5484 (2,2) 75.20 (2,2)
5 3919 (21) 4036 (14) 4674 (22) 65.79 (1,3) 86.97 (3,1)
1 7573 (1,1) 7.732 (1,1) 7.940 (1,1) 8.068 (1,1) 8131 (1,1)
2 1283 (1,2) 1402 (12) 1693 (1,2) 218 (1,2) 33.69 (1,2)
05 3 17.86 (1,3) 205 (1,3) 36.76 (1,3) 3729 (1) 37.06 (21)
4 2779 (14) 37.26 (21) 37.34 (21) 55.70 (2,2) 75.80 (2.2)
5 3717 (1) 4037 (14) 4782 22) 65.80 (1,3) 85.66 (3,1)
1 2448 (1,1) 2521 (1,1) 2643 (1,1) 2.764 (1,1) 2861 (1,1)
2 1378 (1,2) 1528 (1,2) 1826 (1,2) (12) 3368 (2,1)
095 3 1834 (1,3) 2330 (1,3) 3410 (2,1) 395 21) 34.78 (1,2)
4 27.88 (1,4) 3420 (2,1) 36.86 (1,3) 5748 (2.2) 7722 (22)
5 3424 2]) 4041 (14) 4965 (22) (13) 8240 (3)
(E 8) v=059 uf 2At FES r=0d"\ph/D o} ZERE= (m,n).
M rE a/b
M, &4 05 2/3 1 15 25
1 9380 (1,1) 9.268 (1,1) 9.079 (1,1) 8886 (1,1) 8.704 (1,1)
2 10.87 (1,2) 11.86 (1,2) 1435 (1,2) 1881 (1,2) 2876 (1,2)
0 3 16.70 (1,3) 21.60 (1,3) 3478 (1,3) 36.87 (21) 1)
4 2671 (14) 38.00 (21) 3752 (21) 4972 (22) 66.02 (2,2)
5 3824 (21) 39.04 (14) 4348 22) 6331 (1,3) 8251 31) |
1 7183 (1,1) 7.289 (1,1) 7417 (1) 7465 (1,1) 7450 (1,1)
2 1215 (1,2) 13.00 (1,2) 1520 (1,2) 1938 (1,2) 2910 (1,2)
05 3 1683 (1,3) 2167 (13) 3480 (13) 1) 3467 (2)
4 26.73 (1,4) 3601 (2,1) 3588 (2,1) 5062 (2.2) 6662 (22)
5 36.02 (21) 39.05 (1,4) 469 22 6332 (13) 8129 31)
1 2.308 (1,1) 2359 (1,1) 2450 (1,1) 2537 (1,1) 2618 (1,1)
2 1320 (1,2) 1431 (1,2) 1655 (1,2) 2054 (1,2) 2991 (1,2)
095 3 17.23 (1,3) 21.86 (1,3) 3281 (2,1) 3237 (21) 31 59 (2,1)
4 2680 (1,4) 33.07 (21) 3487 (1,3) 5245 (2.2) 04 22)
5 3319 (1) 39.08 (14) 4662 (2.2) 6334 (1,3) 78.28 B
7} 238 ZF/1s oj¥d REEd M AT M, BTt & RHEE 718 & o B9 v
H 2 FFEHNEE 7MAA HY, Mov BT Ixz AFdAe #2 o o B3k gom
EEQ} H=Z2HE FoA 71 HL& Aolth Mo) &2 4 (shallow shell)o] T},
Z75te] M-S 233t (B YA) »}%+ 1E gk <E o AE v e WEy Aol oH IS

THEHA HH ojEjdt REdY JFFE Ax2 A
2357} 00l Zhhel A Ao)d) 18y o] AL TR
5812 Q) AEY Wolm, AAel SlojME &
A8 33 (postbuckling) AES 1A ¥
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(a8 4) HAEE (a/b=12 (m,n)=(1,1)¥ we]

R

M RE a/b

M, A 05 2/3 1 15 25
1 0.823 0.813 0.797 0.780 0.764
2 0.770 0.734 0.695 0.658 0.631

0 3 0.773 0.763 0.768 0.809 0.787
4 0.796 0834 0.823 0.727 0.763
5 0.839 0.803 0.770 0.792 0.804
1 0.798 0.793 0.782 0772 0.761
2 0.793 0.760 0.708 0.665 0.634*

05 3 0.772 0762 0.821+ 0809 0.788+
4 0.797 0.823 0.767 0.730 0.765
5 0.831 0.803 0.775 0.792 0.805
1 0.741 0.782 0.768 0.759 0.755
2 0.804 0.773 0.722 0.676 0.639*

0.95 3 0.772 0.761 0.826 0814 0.792+
4 0.795 0.837 0.767 0.736 0.679++
5 0.833 0.803 0.780 0.792 (.808%*
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s T = A 0952 war ] 9 a4 T2 AT AT WESFSSH| HAEH Ase
::L—D A 1-0.95 L: Hj, i st A-s) l(exact solutlon)% Frobenius &% 0
2 Fa/b=1)9 718 R=FAY (1,1)& TRAHLo = 2aQy. AzaeT 15 dE] S5dT
2 By 0 M/M,A0Y o, RS T A9 ool ASHL DCagE AN B ane
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