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Analysis of Rate-Compatible Punctured Serial
Concatenated Convolutional Codes Based on SNR Evolution

Seung-Kyu Shin*, Dong-Joon Shin** Regular Members

ABSTRACT

The next generation mobile communication systems require error correcting schemes that can be adaptable to

various code rates and lengths with negligible performance degradation. Serial concatenated convolutional codes

can be a good candidate satisfying these requirements. In this paper, we propose new rate-compatible punctured
serial concatenated convolutional code (RCPSCCC) which performs better than the RCPSCCC proposed by

Chandran and Valenti in the sense of the rate compatibility. These codes are evaluated and analyzed by using

computer simulation and SNR evolution technique. As their application, Type-II hybrid automatic repeat request
(HARQ) schemes using both RCPSCCCs are constructed and new RCPSCCC is shown to have better

throughput.
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I . Introduction

The next-generation mobile communication sys-
tems should support high data rate and asym-
metric transmission as in the high speed downlink
packet access(HSDPA) systemm. Therefore, the
frame error rate(FER) should be down to 10™
~10” at the target signal-to-noise ratio(SNR) range
and the latency should be within 80ms with sim-
ple hardware structure. To be used for Type-II
HARQ which is a popular technique to improve
the throughput, the error-correcting codes should
have the rate compatibility and show good per-
formance for various codeword lengths.

The concept of rate-compatible codes was first
presented in™”, where rate-compatible convolutional
codes were obtained by adding rate-compatibility
restriction to the puncturing rule. This restriction
on puncturing requires that the rates are organized
in the way that all the punctured bits of a low-
er-rate code should also be chosen as the punc-
tured bits of all the higher-rate codes. The con-

cept of rate-compatible codes was extended to
Turbo codes, called rate compatible turbo codes
(RCTCs)™.

Turbo codes, also called parallel concatenated
convolutional codes(PCCCs), have an error floor
in the region of moderate-to-high SNRs due to
low weight codewords™. Especially, at high code
rate and short code length, the effect of error
floor becomes more serious, which is an obstacle
to the reliable packet transmission. On the other
hand, serial concatenated convolutional codes
(SCCCs) can provide better FER performance
than Turbo codes in the region of moder-
ate-to-high SNRs because SCCC shows little error
floor™. Therefore, SCCC can be better suited for
reliable packet transmission”".

Chandran and Valenti'® compared and analyzed
RCTC and rate compatible punctured serial con-
catenated convolutional code(RCPSCCC). Although
RCTC has error floor problem, it has better
rate-compatibility than RCPSCCC.

Turbo codes are usually analyzed by SNR evo-
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lution to obtain the threshold value [8]. In [9],
the SNR evolution technique was used to explain
many mysteries of Turbo code and SCCC.

In this paper, we propose new RCPSCCC which
shows better performance than the RCPSCCC pro-
posed in'®. To obtain new RCPSCCC, good punc-
turing patterns are obtained through simulation.
We also analyze new RCPSCCC by using SNR
evolution technique. Furthermore, by employing
RCPSCCC in Type-I HARQ based on in-
cremental redundancy(IR) retransmission, we can
obtain better throughput than Type-II HARQ using
the existing RCPSCCC given in [6].

Il . Overview of Sccc

The structure of SCCC encoder is shown in
Fig. 1, which consists of outer and inner convolu-
tional encoders with interleaver between them.
The information bit sequence U, is encoded by
the outer encoder. Then the output codeword C,
is interleaved and this interleaved sequence U, is
encoded by the inner encoder. The output C, of
inner code is transmitted through the channel.

SCCCs with non-systematic convolutional(NSC)
code as the outer code and recursive systematic
convolutional(RSC) code as the inner code are
known to perform better than SCCCs with RSC
codes as the outer and inner codes”. Based on
this, we construct an SCCC with rate-1/2 NSC
code as the outer code and rate-2/3 RSC code as
the inner code and compare it with the SCCC

outer Inner
—» Encod P Interleaver g Encod
ncoder ncoder

Fig. 1. Structure of SCCC encoder

Table 1. Generating Matrices of Convolutional Codes
Code G(D)

Rate-1/2 NSC

[1+D+D? 1+ DY
[1 1+D?}
1+ D+ D?

Rate-1/2 RSC

1+ D?

1+ D+ D?
1+D

1+ D+ D?

Rate-2/3 RSC
01

Table 2. Code Structure

Code Outer code Inner code
SCCC1 Rate-1/2 NSC Rate-2/3 RSC
SCCC2 Rate-1/2 RSC Rate-1/2 RSC

with rate-1/2 RSC codes as the outer and inner
code, with puncturer between them'. The con-
volutional codes used to construct these SCCCs
are listed in Table 1. We denote new SCCC
bySCCC1 and the code proposed in [6] by

SCCC2 as in Table 2.

. Good Puncturing Pattrens and
Construction of Repscce

The puncturing rules can be classified into two
types. The first type is to puncture only the par-
ity bits. The second type is to puncture both the
information and parity bits. When RSC codes are
used as in SCCC2, the first type shows better
performance than the second type. However, since
an NSC code is used as the outer code for
SCCC1, we should compare two types of punctur-
ing rules to obtain good puncturing pattemns.

Since the overall code rate of SCCCl1 is 1/3,
we choose the rates from 1/3 to 4/5 as the target
code rates of RCPSCCC and design the corre-
sponding rate-compatible puncturing patterns. For
this, we consider the following three cases to ob-
tain good puncturing patterns. Note that to design
good rate-compatible puncturing patterns for the
SCCCl1, the puncturing is limited to the inner co-
deword bits.

Case 1: Puncturing only the parity bits.

Case 2: Puncturing only the information bits.

Case 3: Puncturing both the information and
parity bits.

Candidate puncturing patterns for each case are
listed in Table 3. Good puncturing patterns are
selected through simulations. In our simulations,
we assume that the channel is additive white
Gaussian noise(AWGN) channel. Max-Log MAP
is used in decoding since it is practically more
widely used. We use puncturing period P=8 and
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Table 3. Puncturing Patterns(Octal)

Inner Puncturing patterns for inner encod
(S
Code| Case 2 P touts @ T
Rate outpu
377 377 357] [[357
8111 | 2| 3|®|377| @377 376| |[377
273 356 377 1376
377 356
1 | 2][377 167
252 377
45 377 376 376
3 D|(375| @l177| ®|376
253 273 356
377 352
1 | 21377 127
210 377
273 377 356
8/9 Df375] @|335| ®|167
3 253 252 273
356 376 337
@|356| ®|177] ®|375
356 252 252
377 252
1 |2 |l377 123
) 000 377
273 377 356 356
3 ®|335| @|125] ®|167| D[356
252 252 252 314
356 273 356
Dl167| @325 ®|125
210 250 252
87 3 352 354
@127 ®l354
252 354
253 252 352 354
4/3 3 D|325| @125 Bl127| D|354
210 252 210 210
253 252 314 252
8/5 3 ®|123] @|125] @|314| D|123
210 210 210 222

Table 4. Good Puncturing Patterns(Octal)

Rate 8/5 43 8/7 1
Punturing | [252 352 352 356
125 127 127 167

Patterns 210 210 252 252
Rate 8/9 4/5 8/11 2/3
Punturing 376 376 377 377
177 177 377 377

Patterns 252 273 273 377

1000 information bits. For the purpose of compar-
ison, the 8-state Turbo code given in [7] is also
considered, which is known to have the complex-
ity nearly close to that of 4-state SCCC. To con-
struct an RCPSCCC from SCCCI1, we choose one
from the puncturing patterns at each rate in Table
3. Note that the inner code rate can be greater
than 1 and the overall code rate is obtained by
multiplying the outer code rate 1/2 to the inner
code rate.

In Fig. 2 (a), at rate §/11, 1-D is similar to 1-@
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Fig. 2. FER of various puncturing patterns for the inner
codeword

3-@ has the best performance at rate 4/5 and 3-
(D shows the best performance at rate 8/9.
Because 3-(D shows error floor, we select 3-®.
In Fig. 2 (b), at rate 1, all patterns show nearly
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Fig. 3. FER of SCCC1, SCCC2 and Turbo code at rate 1/3
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the same performance except 1 and 2. 3-@ shows
slightly better performance than the others at rate
8/7. Due to the rate-compatibility, we choose 3-
@. In Fig. 2 (c), 3-@ is similar to 3-@ at rate

4/3. At rate 8/5, 3-( has the best performance.

Based on these results, good rate-compatible
puncturing patterns for target rates are selected
and listed in Table 4.

Fig. 3 compares SCCC1, SCCC2, and Turbo
code for the mother code rate 1/3. At SNR below
-3.5dB, Turbo code has the best performance.
However, at SNR above -3.5dB, Turbo code
shows error floor, and SCCC1 and SCCC2 out-
perform Turbo code. Figs 4 and 5 show the FER
performances of SCCC1 using puncturing patterns
given in Table 4 and SCCC2 in [6], respectively.
SCCC1 shows similar performance as SCCC2 at
low code rates. Note that if the code rates 1/3,
4/9, and 2/3 are used to form a Type-Il HARQ,
at the rate 1/3, SCCC1 performs better for SNR
below -3.5dB, SCCC2 slightly outperforms SCCC1
at the rate 4/9, and SCCC1 becomes much better
than SCCC2 at the highest code rate 2/3, that is
a crucial factor for the throughput.

IV. Snr Evolution Analysis

For any serial or parallel concatenated convolu-
tional code, we can compute the input and output
SNRs at each iteration for each component de-
coder, using actual density evolution or the sym-
metric Gaussian approximation. The actual density
evolution is calculated based on the collected
LLRs at each iterative decoding step. If the col-
lected LLRs can be approximated by a Gaussian
density function, then its statistics depend only on
two parameters, its mean gz and varance o7.
Then, SNR for this random variable can be de-
fined as SNR=_p/2. If the collected LLRs are as-
sumed both Gaussian and symmetric, then o? =2u
and SNR= /2. The SNR evolution analysis is to
plot the output SNR versus the input SNR for
one component decoder, and the input SNR ver-
sus the output SNR for the other component
decoder. If these two curves do not intersect, then
the iterative decoder converges.

We compare SCCC1 and SCCC2 at rates 1/3,
4/9, and 2/3. In Fig. 6, it is verified that both
SCCC1 and SCCC2 touch the iteration tunnel at
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Ey/No=0 dB. Therefore, SCCC1 performs similarly
as SCCC2 at rate 1/3 as given in Figs 4 and 5.
In Fig. 7, SCCCl1 touches the iteration tunnel at
Eu/No=0.5 but SCCC2 shows iteration tunnel.
Thus SCCC2 shows slightly better threshold(per-
formance) than SCCCl at rate 4/9 as given in
Figs 4 and 5. Contrary to the case when rate 4/9,
SCCC2 touches the iteration tunnel at inner input
Ew/No=8dB. Thus, SCCC1 shows better perfor-
mance than SCCC2 at rate 2/3 as given in Figs 4
and 5.

328

Output SNR (inner code), Input SNR (outer code) Output SNR (inner code), Input SNR {(outer code)

Output SNR (inner code), Input SNR {outer code)

Fi

«

Output SNR (inner code), Input SNR (outer code)

Fig.

5
/ .
4 / e
, .
s e
// /
. / e
V4 s
, .
/ 7
J/
21 ’
’
/ .
’ /-
14 e ’ SCCC1 (inner code)
. -+ SGCGC1 (outer code)
e ~ SCCC2 (inner code)
S —-—- SCCC2 (outer code)
0 s — — — .
0 2 4 8 8 10
Input SNR (inner code), Output SNR (outer code)
(a) Eb/NO=1.0dB
SCCC1 (inner code) B
- SCCC1 (outer cade) s
SCCC2 (inner code) il
SCCC2 (outer code) 4 e
// -
-
il -
4 -~
12 // -
7/ e
1.0 s e
e e
Y -
05 , -~
P -
4 —~
0.6 4 -
Ve -
04 partd
rd .
e / e
0217 s I
] — T ! —
0.0 0.5 1.0 15 20 25 3.0
Input SNR (inner code), Output SNR (outer code)
(b) Eb/N0=0.8dB
0.8
SCCC1 (inner cade} e
- 8GCC1 {outer code) e
SCCC2 (inner code)} //
- $CCC2 (outer code) d i
_ 1 s -
e e
// P -~
pd e
s R
0.4 4 s e
Ve N
e -
// pu -
//:./"
Pt
0.2 ,////-'/
-
e
-
. -~
6.0 - = T T
0.0 0.2 04 06 08 1.0
Input SNR (inner code), Output SNR (outer code}
(c) Eb/N0O=0.5dB
7. SNR evolution at rate 4/9
SCCC1 (inner code)
L - 8CCC1 (outer code) s
SCCC2 (inner code) 7
—-—- SCCC2 (outer code) / !
44
2
0 v
0 2 4 6 ) 10

Input SNR (inner code), Qutput SNR (outer code)}
8. SNR evolution at rate 2/3 for Eb/N0=4dB



1 [ Analysis of Rate-Compatible Punctured Serial Concatenated Convolutional Codes Based on SNR Evolution

V. Performance Of Type-li Harq

Type-Il. HARQ schemes are constructed by us-
ing SCCC1 and SCCC2, respectively. For the
simulation, 1000 information bits, BPSK modu-
lation, random interleaver, 8 iterations and AWGN
channel are also assumed. It is assumed that the
noiseless feedback link is available so that the re-
ceiver can reliably inform the transmitter of the
decoding result. The round trip delay is not
considered. The CRC code of length 1000 with
the generator polynomial z'®+2'® +2?+1 is used.
SCCC1 with puncturing patterns for the rates 1/3,
4/9, 2/3 in Table 4 and SCCC2 with rate-compat-
ible puncturing patterns given in [6] are used for
the simulation. Fig. 9 shows that at SNR below
-2dB, HARQ-SCCC2 shows slightly better per-
formance than HARQ-SCCC1 but, for the SNR
range of 0.5 and 4 dB, HARQ-SCCC1 outper-
forms HARQ-SCCC2.

VI. Gonclusions

In this paper, we have proposed good rate-
compatible puncturing patterns for new SCCC to
construct RCPSCCC. For this code, by only
puncturing inner codeword bits, RCPSCCC could
achieve higher rates and better performance. The
performance is analyzed both by simulation and
SNR evolution technique. As its application, Type-II
HARQ scheme using new SCCC is constructed and
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Fig. 9. Throughput of Type-ll HARQ schemes using SCCCl
and SCCC2

compared with the existing scheme to show that
new RCPSCCC has better throughput. For the
future research, various types of RCPSCCC suitable
for various applications can be constructed and
analyzed.
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