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FURTHER REVERSES OF THE SCHWARZ
INEQUALITY IN INNER PRODUCT SPACES

S.S. DRAGOMIR

ABSTRACT. Some new reverses of the Schwarz inequality in inner
product spaces and applications for vector-valued sequnces and
integrals are given.

1. Introduction

Let {H;{-.-)) be an inner product space over the real or complex
number field K. One of the most important inequalities in inner prod-
uct spaces with numerous applications, is the Schwarz inequality

2 2 2
(1.1) | <" lvll™, =ve A,
with equality if and only if there exists a scalar o € K with x = ay.

If B(y,r):={z€ H|||z—vy| <r} is the closed ball of radius r >

0 centered in y and @ € B {y,r), then the following reverse of the
Schwarz inequality holds [1]

(1.2) O <)zl iyl = [ | < llell gl — [Re (&, 1)
(1.3) < llell liyll — Re @, y) < 5r*.

[a—

The constant 3 is best possible in (1.2).
If we assume that || — y|| < r < ||y] . then the following quadratic
reverse of the Schwarz inequality also holds [2]
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© <) l=ll® lyll? = K. )) < lll® Iyl — [Re {x, )]
<r?|x]?.

(1.4)

The multiplicative constant 1 in front of r? is best possible in the
sense that it cannot be replaced by a smaller one.

If |z = %] <7 < |y, then the following multiplicative version of
the Schwarz inequality is valid (see [2])

=l ¥l K]
(1.5) 1<yl
Re@ o) =\l - r2

After simple calculation, (1.5} is clearly equivalent to:
(0 <) llzll llyll — Re ()

< T2
Vi = (il =+ 1)

Other types of reverse results of the Schwarz inequality are pre-
sented in the following.
Let A,a e K(K=C,R) and x,y € H. If

(1.6) Re (z,y) .

(1.7) Re (Ay — 2,2 — ay) > 0,

or, equivalently,

(1.8)

a+ A 1 _
o - 52| < gla-am.

holds, then one has the inequality [3]

(1.9) O ) =1 Iyl = e, * < 2 1A = al* ly]l".

| =

The constant ; is sharp in (1.9).
This inequality has been refined in [4] as follows
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0 2) el Il = 1w, )P
1 2
< 1A=l Iyl -

1.10
(19 Iyl — (2, y)

A+a
2
provided (1.7) or (1.8} holds. A different refinement of (1.9) has

been obtained in [5]:

O ) N21* Iy l* = 1, )

(1.11) L
< 1A= al llyl = lyl* Re (Ay — 2,2 — ay)

It has been shown in [4] that the bounds provided by (1.10) and
(1.11) for the Schwarz difference |z||” ||ly||* — |{z,%}|* cannot be com-
pared in general, meaning that, sometimes one bound is better than
the other.

If A ja € K satisfy either (1.7) or {1.8) and Re (Aa} > 0, then the
following inequality also holds (see [6] and [7]}

1 Re [(A+a) <x,y>} <L |A + a
2 [Re(4a)] 2 [Re(4a)]
The constant % is best possible in both inequalities.

In the particular case where A = M > m = a > 0, the inequality
{1.12) becomes

(1.12)  flfl flyll < e, 9}

L Ll

. 1 (M+m)

1.13 x < - ——Re{(r,y),
(1.13) Izl iyl < 5 i {z,y)
provided
(1.14) Re (My —xz,x —my) >0

or, equivalently,

M+m
(1.15) +m

x_

1
ol <51 —m) ).

The constant £ is sharp in (1.13).
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An equivalent additive version of {1.13) is the following result

(- )
2 VMm

(1.16) — Re{z,y) < Re {z, 7).

In this inequality % is also sharp.
As pointed out in [2], the quadratic version in {1.12), i.e.,

JLl JA=af

=41 Re (A ) |($?y>|2

(1.17) e l* Iyl <

has the following equivalent additive version [2]

JA=af

W18 O el Il - o)l < 7 s |l

in which i is the best possible multiplicative constant.
Finally, if A,a € K and x,y € H satisty either (1.7) or {1.8) and
A # —a, then we have the inequality [1]

(0 <} llell 1yl = [ 73]

A+a
< el = [Re [ 502 G|
(1.19) A+a
< el - L e )]
NIEY,
< -

The constant § is best possible in (1.19).

The main aim of this paper is to provide new reverse inequalities
for the Schwarz result. Some applications in relation to the triangle
and Bessel inequalities are also provided.

2. Some New Reverses

The following result holds.



SCHWARZ INEQUALITY IN INNER PRODUCT SPACES 5

THEOREM 1. Let (H;{-,-}) be an inner product space over the real
or complex number field K and x,y € H, p1.ps > 0. If

(2.1) pr < [llell =yl (<€) le = yll < p2,
then we have the inequalities

O ) =l Nyl = Kz w3 | < Nzl Iyl = [Re {z, vl
(2.2) < |zl llyll — Re {2,y
1
<3 (03— 1) -

The constant % is best possible in the sense that it cannot be re-
placed by a smaller quantity.

Proof. We need only to prove that the last inequality holds and the
sharpness of the constant occurs.
Taking the square in the second inequality in (2.1}, we have
lzI* = 2Re {a, ) + lyll* < p3.
This is equivalent to

(2.3) 2(lz llyll — Re (.)) + (<l = llyl)* < 3.
Utilising the first inequality in (2.1), we have

(2.4) 2 < (=l = llylh?
Now, making use of {2.3) and (2.4}, we deduce {2.2).

To prove the sharpness of the constant %, let us assume that there
exists a constant ' > () such that

(2.5) [l llyll — Re (e, v} < C (03 — p1)
provided the condition (2.1) is satisfied.
Let e € H with |le]| = 1 and for p; > p1 > 0, define

x:szrm_e ” £1— P2

[yl

(2.6) 5 ) . 5
Then

|z =yl = p2 and [[lx]l = llylll = o1,
showing that the condition (2.1) is satisfied with equality on both
sides.
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If we replace in (2.5) the vectors z and y as defined by (2.6), we
deduce
PR=P o 2 2
9 > C (.-02 - pl) !

1

which implies C' > 3,

and the theorem is completely proved. O

REMARK 1. If p; = 0, then (2.2) will produce the known inequality
(1.2).
The following corollary holds.

COROLLARY 1. With the assumptions of Theorem 1, we have the
inequality:

(2.7) O <) llell + Nyl = llz + yll < 4/ 05 — pi-

Proof. We have, by (2.2), that
(lll + y)* = = + w1 = 2 (el 1yl - Re ¢z, ) < p5 — o}

giving
o 2 2,
(2.8) (Il + 1y < Ml + yll* + 23 — of.
Taking the square root in (2.8) and taking into account that
Va+B<a+/p for a,3>0,
we deduce the desired inequality (2.7). O
If (H; {:,-)) is a Hilbert space and {e;},.; is an orthornormal family
in H, ie., we recall that {(e;,e;) = &; for any ¢,j € I, where §;
is Kronecker’s delta, then we have the following inequality which is
known widely in the literature as Bessel’s inequality
(2.9) Z |(x,e:}]> < ||||* for each xe€ H.
il
Here, the meaning of the sum is

Z |(x, e:}]? = sup {Z (z,e)|*, F is a finite part of I} .
FcrI

ef i€l

The following result provides a reverse of Bessel’s inequality.
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THEOREM 2. Let (H;{:,-)) be a Hilbert space and {e;},.; an or-
thornormal family in H. If x € H\ {0} and for p;,p1 > 0 we have

(2.10)  py < ||| - (Zux?egﬁ)'(g =Y (ze)e

el i€l

S p27

then we have the inequality:

(2.11) (0 <) |l — (Z |(;Ir,e£>|'2) < % . 3 — Pt :
el - (Eu;ef |(;1r,e¢)|2)

2=

L Ll

The constant 3 is best possible in (2.11).

Proof. Consider y := 3, {x, ;) e;. Obviously, since H is a Hilbert

space, ¥ € H. We also note that
2
2
= > el
iel

Z (r,e;)e;

Iyl =D (z.e) el = .
iel il
and thus (2.10) is in fact (2.1) of Theorem 1.
Since
Il Iyl — Re () = [l (Z |<x?eé>|2) ~ Re < 3 (e >
il il
! %
= (Z |<x?e’f->|2) ||93'|| - (Zl(x‘ €¢>|2) )
il il

then, by (2.2), we deduce the desired result {2.11).

We will prove the sharpness on the constant for the case of one
element, ie., I = {1}, e, = e € H, |le| = 1. For this, assume that
there exists a constant ) > 0 such that

2 2
. P2 — M
(2.12) ]| = [{x,e})| < D- ,

[{x, e}

provided x € H\ {0} satisfies the condition
| = [z, (<) [lz — (z,e)ell < pa.
Assume that # = de + uf with e, f € H, |le] = ||f|=1and e L f.

n < |z
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We look for positive numbers A, i such that

(2.13) le — (2. e} ell = p2 > p1 = ||zl — [{z.€)].
Since (for A, pt > 0)
|z — (. e) ell =

Izl = |(x,e)| = /A2 + pi2 —

hence, by (2.13)}, we get u = p2 and
AN pi—A=p

N4 p5 =+ ) =N+ 2200+
from where we deduce

and

giving

p 91
)\ =
2m
With these values for A and g, we have

2 2
P2 — P
lzll = [{z,e)l = p1, [z e)] = =5—,

> 0.

2m
and thus, from (2.12), we deduce
2
Py — pl
psbe P3=o1
291
giving D > 1, and the theorem is completely proved. O

The following corollary follows immediately.

COROLLARY 2. Let x,y € H with {x,y) # 0 and p2 > p1 > 0 such
that

(2.14) Nyl or < lll llyll = {2, 03[ (<)

Then the following reverse of Schwarz’s inequality is valid:

2112
215) 0 ) lel ol ~ 1o} < 5 (65 - o)

lylle - (u ﬁ* y

‘ < lll.

The constant 3 is best possible.



SCHWARZ INEQUALITY IN INNER PRODUCT SPACES 9

3. Other Reverses Related to the Triangle Inequality

The following result holds.

THEOREM 3. Let (H;{-,-)) be an inner product space and R > 1.
For x,y € H, the following statements are equivalent:

(i} The ensuing reverse of the triangle inequality holds
(3.1) lzll + llyll < Bllz +yll;

(i1} The subsequent reverse of Schwarz’s inequality holds
| 1 ipo 2
(3.2) © <) Izl Iyll — Re .y} < 5 (B = 1) e + ylI”
The constant % is best possible in (3.2).
Proof. Taking the square in {3.1}, we have, after some calculation,
(33) 2llzlllyll < (R* —1) ll<|* + 2R°Re (z, ) + (R* — 1) [ly]*.
Subtracting from both sides of (3.3) the quantity 2Re {x,¥), we get

2(lell iy — Re (x,99) < (B* = 1) [lle]* + 2Re (. 9) + lyl°]
= (R* = 1) [|l= +y]*

which is equivalent to (3.2).
To prove the best constant, let us assume that there exists a positive
number £ > 0 such that

(3.4) 0 < lzll llyll - Re {z,9) < E (B - 1),

provided x,y, R satisfy (3.1).
Assume R > 1 and choose z = =8¢, y = HRe where e € H with

lell = L. Then

el + sl

1
R

T+ y=e,

and thus {3.1) holds with equality.
From (3.4}, for the above choices for z and y, we have 1 (R* — 1) <
D (R?* — 1}, which shows that D > 2. O

The following corollary holds.
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COROLLARY 3. Let x,y.e € H with |le| = 1 and R > 1 such that
(3.5) ||| £ RRe{x,e) and |y| < RRe{y,e).

Then we have the inequality:

(3.6) (0 <) [l=|

L, .
lyll - Re (z,) < 5 (B* = 1) =+ yl*.

Proof. Adding the two inequalities in {3.5), we get
loll + llyll < RRe {z +y,¢) < R [Re (& + g e}
S Rz+y.e < Rle+yllle]l =Rz +yl.
Utilising the implication “(i) = (ii)” of Theorem 3, we deduce the
desired inequality (3.6). O

REMARK 2. It is an open problem whether % is the best possible

constant in {3.6). Preliminary investigations show that i may be the
candidate for the best constant, but we do not have any analytic proof
of this fact.

The following result also holds.

THEOREM 4. Let (H; {-,-}) be an inner product space and r € (0, 1],
x.y € H. The following statements are equivalent

(i) We have the reverse of the norm continuity inequality

3.7 ezl = Iyl = 7l — yll;
(i1} We have the subsequent reverse of Schwarz’s inequality
1 .
(3.8) 0 < |zl lyll — Re (x,9) < 5 (1 =) l= - yl®.
The constant 3 is best possible in (3.8).
Proof. Taking the square in (3.7), we have

2> 2 [||;r_||2 — 2Re {(z,y) + |

]

2
l2ll® = 2 |l |zl + [y yl

which is clearly equivalent to
(1—7%) [ll2l* — 2Re (e g) + llyll*] > 2 (llell llyll — Re (2. 9))
or with (3.8).



SCHWARZ INEQUALITY IN INNER PRODUCT SPACES 11
To prove the sharpness of the constant, assume that there exists a
positive number F' such that
(3.9) 0<| —Re{z,y) < F(1-7%) ||z - ] [

provided x,y and r satisfy (3.7).
For r € (0,1}, consider the vectors

14 1 -
r = :I)_re;. y=— Te, where e € H, |e| = L.
Then
le =yl =1,
and by (3.9), we get
1—r2 r2—1 5

T =F (1—7r%),

from where we deduce F > 3. O

4. Discrete Inequalities

Assume that (K;(-,-)} is a Hilbert space over the real or complex
number field. Assume also that p; > 0, 7 € N with > .~ p; = 1 and
define

ff) (K):= {x = (;Ifi)ieNl ek, ieN and Zp,,; ;]| < oo} .
1=1
It is well known that € (K) endowed with the inner product )y
defined by

x50, sz (z, ¥:)

and generating the norm

1
0 2
2
1[I, :== <Zpi [ )
=1

is a Hilbert space over K.
We may state the following discrete inequality providing a reverse
of the Cauchy-Bunyakovsky-Schwarz result.
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PROPOSITION 1. Assume that X,y € £2(K) and ps > py > 0 such
that

(4.1) lz; — w:l| < po foreach i € N

ahd

1 1
00 2 00 3
. 2 2
4 (zpi o ) . (zpi I ) >
i1 i—1
Then we have the inequalities
1 L
[ee] 2 [ee] 2 oo
2 2
09 (zpi o ) (zpi " ) S
i1 i1 i1
1 1
oo 2 O 2
2 2
i1 i1

Z piRe (@;, y:)
i=1

(4.3)
0 % 0 2 o0
< <sz ||x¢||2> <sz ||in|2> = > piRe(z, )
=1 =1 =1
1
< 5 (3 —ni) -

The constant 3 is best possible in (5.3).

[
[

2

Proof. From (4.1) we have
2

x-yl, = <sz lz; — ?Jz’||2> < <szﬂ§> = P2
=1 =1

Since (4.2} is in fact the following inequality
il = 11, = 23

then, on applying Theorem 1 for £ (K} and (., ), we deduce the
desired inequality (4.3). O
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COROLLARY 4. Under the assumptions of Proposition 1, we have

1
o0 2 o0
09 (zpi nmﬁ) . (zpi nm?)
=1 =1
1
o0 2
— <ZP¢ ||xi+yi||2>
=1
< \/p3—pi.

REMARK 3. Similar results may be stated if one uses the other
inequalities obtained in Sections 2 and 3, but we omit the details.

1
2

5. Integral Inequalities

Assume that (/;{(:,-)) is a Hilbert space over the real or com-
plex number field K. If p : [a,b] C R — [0,2¢) is a Lebesgue in-
tegrable function with j{f’ p{t)ydt = 1, then we may consider the space
L2 ([a,b]; K} of all functions f : [a,b] — K, that are Bochner measur-
able and ffp(t) If ®)|* dt < oc. It is well known that L2 {[a,b]: K)
endowed with the inner product (-, -}, defined by

b
(.9}, = f o (8)(f (6) g (1)) de

and generating the norm

I11,:= (| o, (t)||2dt)%

is a Hilbert space over K.
The following reverse of the vector-valued Cauchy-Bunyakovsky-
Schwarz integral inequalities holds.

PROPOSITION 2. Assume that f.g € L2([a,b]; K) and p, > p; > 0
such that

(6.1) 1£ (&) =g @I < p2 forae telad
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ahd

1

(f:f’(t) I/ (t)llzdtf - ( /: ®ls (t)uwtf

Then we have the inequality

o< (| "ot IIf(t)|I2dt>% (/ "0 lg Ol de )

b
[0 (t),g(t))dt‘

< ( / oIT (t)uzdt)% ( / o) lg (t)||2dt)

b
/ p(t)Re(f(t),g(tndt\

< ( / oIT (t)uzdt)% ( / o) lg (t)||2dt)

b
_/ p(t)Re (f (1), q(t))dt

(5.2)

2 1

(&1 [

(&1 [

(&1 [

< = (03 - p}).

[\ ]

The constant 3 is best possible.

Proof. From (5.1), we have

If = gll, = </abp(t)(llf(t) —g(t)II)thf < </abp(t)p§dt) = p2-

Since (5.2) is in fact the inequality

(&0

I£1l, = 1gll,| = p1,

then, on applying Theorem 1 for £2(K) on (-,-) ,» we deduce the de-
sired inequality (5.3). O
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COROLLARY 5. Under the assumptions of Proposition 2, we have:

0<) ( / oIT, (t)||2dt) + ( / o) ||g<t)||2dt)2

_ </abp(t) FIGEYIGIE dt)

W=

W=

<y/pi— el

REMARK 4. Similar results may be stated if one uses the other

inequalities obtained in Sections 2 and 3, but we omit the details.

(1]

3]

(4]

(6]

7]
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