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ON STABILITY OF THE ORTHOGONALLY CUBIC
TYPE FUNCTIONAL EQUATION

Ick-SooN CHANG*

ABSTRACT. In this article, we establish the stability of the orthog-
onally cubic type functional equation 2f(x + 2y) + 2f(z — 2y) +

2f(2x) + 7[f (x) + f(—2)] = 4f (z) + 8[f(x +y) + f(z —y)], Ly in
which L is the orthogonality in the sense in the Réatz.

1. Introduction

In 1940, S. M. Ulam [11] proposed the following question concerning
the stability of group homomorphisms: Under what condtion does there
s an additive mapping near an approximately additive mapping between
a group and a metric group?

In next year, D. H. Hyers [5] answers the problem of Ulam under the
assumption that the groups are Banach spaces. A generalized version
of the theorem of Hyers for approximately linear mappings was given
by Th. M. Rassias [8]. Since then, the stability problems of various
functional equation have been extensively investigated by a number of
authors.

The cubic function f(z) = az® satisfies the functional equation

(1) fRx+y)+ f2x—y) =2f(z+y) +2f(x —y) +12f(z).

Hence, throughout this paper, we promise that the equation (1) is called
a cubic functional equation and every solution of the equation (1) is
said to be a cubic function. The functional equation (1) was solved by
Jun and Kim [6]. Moreover, they investigated the Hyers-Ulam-Rassias
stability for the functional equation (1).

Received July 24, 2006.
2000 Mathematics Subject Classification: Primary 39B72, 39B52.
Key words and phrases: cubic function, orthogonally cubic function.



276 1.-S. Chang

Now we introduced the cubic type functional equation as follows:

(2) 2f (x4 2y) + 2f (x — 2y) + 2f (22) + T[f(x) + f(—2)]
=4f(z) +8[f(z +y) + f(z —y)].

It is easy to see that the function f(x) = ax® + b is a solution of the
functional equation (2). The main goal of this note is to offer the stability
of the orthogonally cubic type functional equation (2) for all z,y with
xly, where L is the orthogonality in the sense of Ratz.

2. Stability of Eq. (2)

Let us recall the orthogonality in the sense of J. Rétz [9]; Suppose
that X is a real vector space with dim X > 2 and L is a binary relation
on X with the following properties:

(O1) totality of L for zero: 10, 0Lz for all x € X;

(O2) independence: if z € X — {0}, xLly, then z,y are linearly inde-
pendent;

(O3) homogeneity: if z € X, z Ly, then ax LBy for all a, 8 € R;

(O4) the Thalesian property: if P is a 2-dimensional subspace of X, x €
P and A € Ry, then there exists yg € P such that xlyy and
x4+ yol Az — yo.

The pair (X, 1) is called an orthogonality space. By an orthogonality
normed space we mean an orthogonality space having a normed struc-
ture.

DEFINITION 2.1. Let X and Y be an orthogonality and a real vector
space. A mapping f: X — Y is said to orthogonally cubic if it satisfies
the so-called orthogonally cubic functional equation (1) for all z,y € X
with z 1y.

LEMMA 2.1. Let X and Y be an orthogonality and a real vector
space. If a function f : X — Y satisfies the functional equation (2)
for all x € X with x 1y, if and only if C is orthogonally cubic, where
C: X —Y is a function defined by C(z) = f(z) — f(0) for all x € X.

Proof. (Necessity.) From the assumption, it follows that

7C(x) + C(=)]

(3) C(z +2y)+ C(x —2y) + C(2z) + 5

= 2C(x) +4[C(x +y) + C(x — y)].
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for all z,y € X with xLy. In particular, C'(0) = 0. Observe that x 10
for all z € X. Putting z = 0 in (3), we arrive at

(4) C(2y) + C(=2y) = 4[C(y) + C(—y)].

Letting y = 0 in (3) gives the equation

7C(x) + C(—x)]
2

Let us replace = by —x in (5) and then we get

7[C(z) + C(=2)]
2

(5) C(22) = 8C(x) —

(6) O(—22) = 8C(—z) —

By adding (5) and (6), we find that
C(2z) + C(—2z) = C(z) + C(—x)
and by comparing with (4), C(—x) = —C(x). Therefore (3) now becomes

(7) C(x+2y) + C(x —2y) + C(2z) = 2C(x) +
A[C(z 4 y) + C(z —y)].
for all x,y € X with xLly. Setting y = 0 in (7) leads to the identity
C(2x) = 8C(x). If yLz, then by (O3) yL2z. By replacing x by 2z in
(7), then we see that C' is orthogonally cubic.
(Sufficiency.) Suppose that C is orthogonally cubic, i.e.,

(8) C2x+y)+C(2x —y) =2C(x+y) +2C(x — y) + 12C(x)

for all z,y € X with xly. Note that that 10 for all z € X. If we
take x = y = 0 in (8), then it is clear that C'(0) = 0. Setting x = 0 in
(8) yields to C(—y) = —C(y) and letting y = 0 in (8), we obtain that
C(2x) = 8C(x). If Ly, then by (O3) z12y. Replacing y by 2y in (8),
we have

Cz+2y)+ Clx —2y) + C(22) = 2C(x) + 4[C(x + y) + C(z — y)]

Since C' is an odd function, (3) holds for all z,y € X with zLy. So we
see that a function f satisfies the functional equation (2) for all z,y € X
with z_Ly. The proof of Lemma is complete. O

From now on, let X be an orthogonality normed space and Y be a
Banach space. Given a mapping f: X — Y, we set

Df(x,y) :=2f(x + 2y) + 2f(x — 2y) + 2f(22) + 7[f(x) + f(—2)]
—4f(z) = 8[f(z +y) + f(z —y)].
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THEOREM 2.2. Suppose that f : X — Y is a mapping for which there
exists a function ¢ : X? — [0, 00) such that Y 22, ¢2§72y) converges and

(9) 1Df(z,y)ll <6+ ¢(z,y)

for all x,y € X with zly, where § > 0. Then there exists a unique
orthogonally cubic function C' : X — Y satisfying the inequality

(10) 5) — C)l < 5[ 30 g (% + 2220
=0
e e | R O

for all x € X.

Proof. Let F be a function on X defined by F(x) = f(x) — f(0) for
all z € X. Then F(0) = 0. Note that L0 for all x € X. Substitution of
x =01n (9) yields

(1) 1P (y) + F(-2) ~ 4F0) + -y < 27000
Next, we let y = 0 in (9) to obtain

HF(237) N T[F(x) —;F(—x)] B 8F(x)H < o+ ¢2(3370)‘
Interchanging = with —z in (12), we get
(13) HF(—2:1:) 4 TF(@) J;F(_x)} _8F(— H 5+¢(2 ).
It follows from (12) and (13) that
(14) |F(22) + P(~22) — [F(z) + F(-a)]|| < 6

+¢(1‘, 0) + ¢(—.%', 0)
5 :

Combining (11) and (14), we see that

(15)  ||F(z) + F(—z)|| < g L o, 0) + ¢(—ga 0) +6(0,7)

Thus, using (12) and (15), we find that

W - T
+7[@%)( x,()i;-gf)() ]
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By replacing « by 2z in (16) and dividing 8 and summing the resulting
inequality with (16), then we get

F(2%z)) _ 1796  134(z,0)  7[¢(—=,0) + ¢(0,z)]
(17) HF@”) TR H = é{Z Tt 12 }
1795  134(22,0)  7[¢(—22,0) + ¢(0,27)]

82 [Z+ 12 + 12 }

An induction implies that

I s s LI
| Tle(=2'z, 01)2+ (0, 21:1;)]} .

In order to prove convergence of the sequence {F(SQZ@}, we divide

inequality (18) by 8™ and also replace z by 2™z to find that for n >
m > 0,

F(2mz) F(2"2mx)H 1 E2 1795 136(2mFiz,0)
1 - < ) A A
(19) H gm grim || = gl Lo gil g * 12
T[p(=2"""2,0) + ¢(0, 2™ x)]
+ B )

Sine the right-hand side of the inequality (19) tends to 0 as m — oo,

{F(82: x)} is Cauchy sequence. Therefore, we may define a function C :
X — Y by C(z) := lim, F(SQZQ:) for all x € X. By letting n — oo in
(18), we arrive at the formula (10).

Now we show that C' satisfies the functional equation (2) for all z,y €
X with x Ly: If z Ly, then by (O3) 2™2z12"y. Let us replace = and y by

2"z and 2"y in (9) and divide by 8". Then it follows that

DF((2"x, 2" 0 2Nz, 2"

= 0.

Hence we obtain the desired result. Since C'(0) = 0, the lemma 2.1
implies that C is an orthogonally cubic.
It only remains to claim that C' is unique: Let us assume that there

exists an orthogonally cubic function T which satisfies (2) and the in-
equality (10). It is clear that C'(2"x) = 8"C(x) and T'(2"x) = 8"T'(x)
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for all z € X and n € N. Hence it follows from (10) that
|C(2"x) = T2 )]

87’L
1 n n n n
87[”0(2 x) = f(2") ||+ [If(2"x) = T(2"2)]]

1C(x) = T(x)|| =

IN

1 (171796 136(2'2,0)  7[p(—2'2,0) + ¢(0,2'x)]
R —(=
_8”{4[;@(4 + 12 * 12 )}
+2] £0)1I}.
By letting n — oo, then we have C(z) = T'(x) for all x € X, which
completes the proof of the theorem. O

COROLLARY 2.3. Let p,q,d,e1 and €5 be nonnegative real numbers
with p < 3 and g < 3. Suppose that f : X — Y is a mapping such that

I1Df(z,y)ll <6+ exllz]]” + e2flyl?

for all x,y € X with x 1ly. Then there exists a unique orthogonally cubic
function C : X — Y satisfying the inequality

94 1 5 7
_ < 2 b py b q
I17() = C@ < 55 + 5= [eallell + 5eallel
for all x € X.
Proof. Considering ¢(z,y) = e1||z||P + e2]|y||? in the theorem 2.2, we
arrive at the conclusion of the corollary. O
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