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Abstract

We study the conditions under which a given intuitionistic fuzzy subgroup of a given group can or can not be realized as a
union of two proper intuitionistic fuzzy subgroups. Moreover, we provide a simple necessary and sufficient condition for
the union of an arbitrary family of intuitionistic fuzzy subgroups to be an intuitionistic fuzzy subgroup. Also we formulate
the concept of intuitionistic fuzzy subgroup generated by a given intuitionistic fuzzy set by level subgroups. Furthermore
we give characterizations of intuitionistic fuzzy conjugate subgroups and intuitionistic fuzzy characteristic subgroups by
their level subgroups. Also we investigate the level subgroups of the homomorphic image of a given intuitionistic fuzzy
subgroup.
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0. Introduction

In 1965, Zadeh{21] introduced the notion of a fuzzy set.
Since then it has been a tremendous interest in the subject
due to diverse applications ranging from engineering and
computer science to social behavior studies. In particular,
several researchers [3,7-9,19,20] applied the concept of a
fuzzy set to group theroy.

In 1986, Atanassov[1] introduced the concept of intu-
itionistic fuzzy sets as the generalization of fuzzy sets. Af-
ter that time, Coker and his colleagues(5,6,10], Lee and Lee
[18], and Hur and his colleagues [13] applied the notion
of intuitionistic fuzzy sets to topology. In particular, Hur
and his colleagues [15] applied one to topological group.
Moreover, many researchers (2,4,11,12,14,16] applied the
concept of intuitionistic fuzzy sets to algebra.

In this paper, we study the conditions under which a
given intuitionistic fuzzy subgroup of a given group can or
can not be realized as a union of two intuitionistic fuzzy
proper subgroups. Moreover, we provide a simple nec-
essary and sufficient condition for the union of an arbi-
trary family of intuitionistic fuzzy subgroups to be an in-
tuitionistic fuzzy subgroup. Also we formulate the concept
of intuitionistic fuzzy subgroup generated by a given in-
tuitionistic fuzzy set by level subgroups. Furthermore we
give characterizations of intuitionistic fuzzy conjugate sub-
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groups and intuitionistic fuzzy characteristic subgroups by
their level subgroups. Also we investigate the level sub-
groups of the homomorphic image of a given intuitionistic
fuzzy subgroup.

1. Preliminaries

We will list some concepts and results needed in the
later sections.

Forsets X,Yand Z, f = (f1,f2) : X - Y x Zis
called a complex mappingif f{ : X - Yand fo: X — Z
are mappings.

Throughout this paper, we will denote the unit interval
[0,1] as I.

Definition 1.1[1,5]. Let X be a nonempty set. A complex
mapping A = (pua,va) : X — I x I is called an intuition-
istic fuzzy set (in short, IFS) on X if pa(x) + va(z) <1
for each x € X, where the mapping 4 : X — I and
vg + X — I denote the degree of membership (namely
14(x)) and the degree of nonmembership (namely v 4(z))
of each x € X to A, respectively. In particular, 0., and 1.,
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denote the intuitionistic fuzzy empty set and the intuition-
istic fuzzy whole set in X defined by 0..(z) = (0,1) and
1.(z) = (1,0) for each z € X, respectively.

We will denote the set of all IFSs in X as IFS(X).

Definitions 1.2[1]. Let X be a nonempty set and let
A= (pa,vs) and B = (up,vp) be IFSs on X. Then
(D)WACBiffus < pupandvy > vg.
2)A=Biff AC Band B C A.
(3) A° = (va, pa).
(4 ANB = (ua App,vaVug).
(5) AUB = (a V pB,va AvB).
6) [JA = (pa, 1 —pa),<>A=(1—-va,va).

Definition 1.3[5]. Let {4;};cs be an arbitrary family of
IFSsin X, where A; = (pa,,v4,) foreach i € J. Then
@ N4 = (Apa,, Vrva,)
® UAi = (Vlu’Ai7/\VAz‘)'

Definition 1.4[5]. Let X and Y be nonempty sets and let
f: X — Y be amapping. Let A = (u4,v4) be an IFS in
X and B = (up,vp) bean IFS in Y. Then

(a) the preimage of B under f, denoted by f~1(B), is
the IFS in X defined by :

f7YB) = (fHus), £ (vB)),

where f~(ug) = pp o f.
(b) the image of A under, denoted by f(A), is the IFS
in Y defined by :

F(A) = (F(na), f(va)),

where foreachy € Y,

flua)w) = {Vzeg‘“y’ pal) if /~L(y)

fva)w) = {Az&fl“@ B 1)

Result 1.A[5, Corollary 2.10]. Let A, A;(7 € J) be IFSs
inX,let B,B;(j € K)belFSsinY andlet f: X - Y
be a mapping. Then

(1) A1 C Az = f(A1) C f(A2)

() B1 C By = f~Y(B1) C f~H(Ba).

B3y AcC fHf(A)).

If f is injective, then A = f~1(f(A)).
@ HfU(B)cCB.
. If f is surjective, then f(f~1(B)) = B.
G Y UBy)) =UF1(By).
© fHNB;)) =NF(By)
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@ FUA)) = U £(4).
®) f(NA4:) C N f(A).
If £ is injective, then f(( A:)) =) f(4:).
9 f(1.) = 1., if f is surjective and f(0.) = 0~.
10) f~1(1..) = 1. and f~1(0.) = 0..
(1) [f(A)]° C f(A°), if f is surjective.
(12) f71(B°) = [/ (B

Definition 1.5[12]. Let (G, -) be a groupoid and let A €
IFS(X). Then A is called an intuitionistic fuzzy sub-
groupoid (in short, IFGP) of G if for any z,y € G,
pa(zy) > pa(@) A pa and va(zy) < va(z) Vva(y).

Definition 1.6[11]. Let G be a group and let A € IFS(G).
Then A is called an intuitionistic fuzzy subgroup (in short,
IFG) of G if it satisfies the following conditions :
(i) A is an IFGP of G.
(i) pa(z™!) > pa(z) and va(z™!) < va(z)
foreach z € G.

We will denote the set of all IFGs of G as IFGG.

Result 1.B[11, Proposition 2.13}. Let f : G — G’ bea
group homomorphism. If B € IFG(G’), then f~1(B) €
IFG(G).

Result 1.C[16, Proposition 2.20]. Let f : G — G’ be
a group homomorphism. If A € IFG(G), then f(A) €
IFG(G').

Definition 1.7[12]. Let A be an IFS in a set X and let
A p € I'with A+ p < 1. Then the set AN = {z €
X :pa(z) > Aand va(z) < p}iscalled a (A, p)-level
subset of A.

Result 1.D[11, Propeosition 2,18 and Proposition 2.19].
Let A be an IFS in a group G. Then A is an IFG of G if and
only if A js a subgroup of G for each (A, 1) € ImA.

Definition 1.8[11,17]. Let A be an IFG of a group G and
let (A, 1) € Im(A). Then the subgroup AX#) is called a
(A, p)-level subgroup of A.

Definition 1.9{12,16]. Let A be an IFS in a groupoid G.
Then A is said to have the sup property if for any T' €
P(G), there exists a tg € T such that A(to) = U,cr A(2),
ie., A(to) = (Ve pa(t), Ajer va(t)), where P(G) de-
notes the power set of G.



2. Union of intuitionistic fuzzy subgroups

It is well known in classical group theory that a group
cannot be realized as a union of two proper subgroups. Hur
and his colleagues in [16] tried to establish the intuition-
istic fuzzy analog of the above result in the form of the
following :

Result 2.A [11, Proposition 2.10]. A group G cannot be
the union of two proper intvitionistic fuzzy subgroups.

A generalization of the above problem can be formu-
lated as follows :

Is it possible for a intuitionistic fuzzy subgroup to be
realized as union of two proper intuitionistic fuzzy proper
subgroups such that none is contained in the other?

In this section, we shall demonstrate that the answer of
the above question depends on the image set of the intu-
itionistic fuzzy subgroup under consideration.

It is interesting to note that if the image set of the given
intuitionistic fuzzy subgroup contains at least two nonzero
numbers in [ x I, then the intuitionistic fuzzy subgroup
can always be realized as a union of two proper intuitionis-
tic fuzzy subgroups, such that none is contained in the other
; aresult contrary to the corresponding result of group the-
ory. However, in case the image set consists of

{(0,1), (t, )},
where(t, s) € (0,1] x [0, 1)such thatt + s < 1,
then the result of the group theory stated above can be suc-
cessfully extended to the intuitionistic fuzzy setting.

Definition 2.1. Let G be a group. An IFG A4 of G is said to
be proper if A is not constant on G, i.e., ImA has at least
two elements.

Lemma 2.2. Let G be a group and let A € IFG(G). If for

any z,y € G, pa(x) < pa(y) and va(z) > va(y), then
Azy) = A(z) = A(yz).

Proof. Since A € IFG(G),
pa(zy) = pa(@) A paly) = palz)
and
va(zy) < va(z) Vrvaly) = valz).
On the other hood,
pa(z) = palzyy™")
> pa(zy) A pay™) = paley) A paly)
and
va(z) = valeyy™)
<wvalzy) Vvaly™) = valzy) v valy).
Since pa(z) < paly) and va(z) > va(y), pa(z) >
pa(zy) and va(z) < va(zy).
Thus A(zy) = A(z). Similarly, we have A(zy) = A(y).
This completes the proof.

Union of Intuitionistic Fuzzy Subgroups

In the following example, we show that the union of
two IFGs need not be an IFG.

Example 2.3. Let ¢ be the Klein’s four group :
G = {e, a,b,ab},

where a* = e = b% and ab = ba. Let (t;,5,),0 < i < 5,
be the numbers lying in 7 x I such that

ti+s; < Ltg >t > - >t
and

S0 < 81 < -+ < 8s.
Define two complex mappings A = (ua,va),B =
{(#B,vB) : G — I x I as follows :

A(e) = (t1, 51), A(a) = (t3,33) and A(b) = A(ab)

= (t4, 84),

B(e) = (to, s0), B(a) = (s, s5), B(b) = (t2, s2) and

B(ab) = (ts, s5).
Then clearly, A, B & IFG(G). Moreover, we can easily see
that AU B ¢ IFG(G).

Now we state without proof the following result. In
fact, the proof can be obtained along the lines of Result
2.A.

Proposition 24. If C is a constant (improper) IFG of a
group G, then C cannot be realized as A U B, where A and
B are proper IFGs of G with A # C and B # C.

We illustrate through an example that a proper IFG can
be realized as a union of two proper IFGs A and B such

that C' £ A,C # Band A # B.

Example 2.5. Let G be any non-trivial group. We define a
complex mapping C' = (uc,ve) : G — I x I as follows :
C(e) = (to,S()) and C(fl)) = (tl, $1)
foreache # z € G,
where (to,s0), (t1,s1) € (0,1] x [0,1),tp > t; and
S0 < 81,t;+ 5 <1(i=0, 1),
Then clearly (' is a proper IFG of G. We can see that
C = AU B, where A and B are proper IFGs of G defined
as follows :
Ae) = (t), () and A(z) = (¢1, 81)
foreache # z € G,
B(e) = (to, s0) and B(z) = (t1, s})
foreache £ z € G,
where to > t; >ty > t),(t, sp), (t),87) € I x I and
ti+s; <1(i=0,1). But, A% C,B# Cand A # B.

Proposition 2.6. Let G be a group and let C be a
proper IFG of G such that ImC' = {(0,1), (¢, s)}, where
(t,s) € (0,1] x [0,1). If C = AU B, where A and B are
IFGs of G, then either A C B or B C A.

Proof. Assume that A ¢ B and B ¢ A. Then there exist
1, Z2 € G such that
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pa(z1) > pp(z1),valzr) <vp(zr),
and
pa(z2) < pp(z2),va(z2) > vB(T2).
Since C = AU B,
po(zr) = palzr) V ps(z1) = pa(z1)
> puplz) >0,
ve(z1) = va(z1) Avp(z:) = va(z1) <vp(zi) < 1.
and
pe(@2) = pa(z2) V pa(z2) = pp(ze)
> pa(ze) >0,
Vc(rz) = I/A(CCQ) /\I/B(:L'g) = I/B(xg) < I/B(dtz) <1.
Since ImC' = {(0,1), (¢, s)},
C(z1) = A(z1) = (¢, 5)
= B(z3) = C(x2) = C(z122).
By Lemma 4.2 and the fact that
pa(ze) <t=pa(z1),valze) > s =va(z1)
and
pe(z1) <t=pa(re),ve(z1) > s = va(r2),
We obtain that A(z1z2) = A(z2) and B(z122) = B(zy).
So '
po(T122) = pa(ziz2) V pp(zi22)
= pa(z2) Vpp(z:) <t
and
ve{x1xe) = va(z122) Ave(z122)
=va(ze) Avp(z1) > s.
This is a contradiction. Hence either A C Bor B C A.

Proposition 2.7. Let C be a proper IFG of a group G with
3 < |ImC| < oo. Then C can always be realized as a
union of two proper IFGs A of G with A # C, B # C and
A# B.

Proof. Let ImC = {(io, 50), (t1,81), -+, (tn, 5n)} With
to >t > >th,50<81 < - <spand2 < n < .
Let

Cto:s0) « 0t1s1) - ... Cltnssn) — 3
be the chain of level subgroups of C' in G. Let
(A1s 1), (A2, p2) € (0,1) x (0,1) such that A\; + p; <
1(i=1,2) and

12> >t > A >t> - >ty

0<sg< 1 <81 < g <83< -+ < 8p.
We define two complex mappings A, B : G — I x I as
follows, respectively : for each z € G,

(tl, 81) if e Ctos)
_ (i.e., C((L‘) = (t(), 80)),
A= 0w it o ¢ Clios
(e, po(x) < to and vo(z) > so),
and .
_ (tg, 82) if C(IE) = (tl, 81),
Ble) = {C(z) if O(z) # (t, 1) -
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Then we can easily see that A and B are proper IFGs of G
suchthat A # C,B # C,A # Band C = AU B. This
completes the proof.

Now we state without proof the following result.

Corollary 28. If C is an IFG of a group G with
ImC = {(1,0),(t,s)}, where (t,s) € (0,1) x (0,1)
with £ + s < 1, then C can always be realized as a union
of two proper intuitionistic fuzzy subgroups A and B of G
suchthat A # C, B % C and A # B.

Definition 2.9. Let A and B be IFGs of a group G. Then
A and B are said to be equivalent if they have the same
family of level subgroups. Otherwise A and B are said to
be non-equivalent.

It follows that the union of two pfoper intuitionistic
fuzzy subgroups is an IFG.

Example 2.10. Let GG be a cyclic group of Vprime power
order p”, where p is a prime and n is an integer such that
n > 1. Then G has a sequence of subgroups G’s of order

p',i=0,1,---,n. We define two complex mappings
A:G—-TIx1,
and
B:G—-IxL
as follows, respectively : foreach z € G,
Ale) = (1,0),

A(m) = (-2%, 1 — %n_) lfCC € GQm \ GQm—?a
and

B(e) = (1,0),
(4,%)
ifx € G1 \ G,
B(z) = S 11\ 0
(g1~ o57)

ifx € G2m+1 \sz—l-

Let € Gg such that z ¢ Gy. Then z ¢ Gy and
x € G;. Thus A(z) = (},4) and B(z) = (3,2). So
pa(z) > pp(z) and va(z) < vp(z). Nowlety € Gy
such that y ¢ Go. Theny € Ga. Thus A(y) = (3, 3) and
B(y) = (3,35)- So pa(y) < pa(y) and va(y) > va(y).
Hence neither A ¢ B nor B ¢ A. Moreover, it is easily
seen that A, B € IFG(G) and A and B are non-equivalent.
Consider the union A U B. Then A U B is given by : for
eachz € G,

(4UB)(e) = (1,0),

(AUB)(z) = (%,))ifz € G; \ G,
(AUB)(z) = (L. Difz c G\ G,
(AUB)(@) = (L, )itz € G3\ G,
(AUB)(z) = (11— 1)ifz € Gy \ G_r.

It is clear that A U B € IFG(G). Hence we have two non-
equivalent intuitionistic fuzzy subgroups such that their



union is an IFG.

Definition 2.112]. Let X and Y be sets, let f : X — Y
be a mapping and let A € IFS(X). Then A is said to be
{F-invariant if f(x) = f(y) implies A(x) = A(y) for any
z,y € X.

Result 2.B [2,Proposition 6.6]. Let X and Y be sets, let
f : X — Y be a mapping and let A € IFS(X). If A is
f-invariant, then f~1(f(A)) = A.

Proposition 2.12. Let f : G — G’ be a group homomor-
phism.and let { A, }oer C IFG(G).
(DI Uyer Aa € IFG(G),
then |, f(As) € IFG(G").
(2) ¥ Uyer f(Aa) € IFG(GY and each A, is IF-
invariant, then . Ao € IFG(G).

Proof. (1) Suppose (J . Ao € IFG(G). Then, by Re-
sult 1.C, f(U,cp Ao) € IFG(G'). By Result 1.A(7),
FUner An) = Uner /(Aa). Hence Uyey f(4a) €
IFG(G").

(2) Suppose {J, o f(Aa) € IFG(G’). Then, by Re-
sult 1B, (U,er f(4a)) € IFG(G). By Result 1.A(5),
S Uaer 4a) = Uger f71(F(44)). Since each 4,
is IF-invariant, by Result 2.B, f~}(F(4,)) = A,. So

f_l(Uael" f(Aa) = UaGF Aa' Hence UQGF Ao‘ €
FG(Q).

Proposition 2.13. Let f : G — G’ be a group epimor-
phism and let {Ba}aer C WFG(G'). Then |J . B. €
IFG(G") it and only if | J . f~1(B.) € TEG(G).

Proof. (=): Suppose J,cr Ba € IFG(G'). Then,
by Result 1.B, f~'(U,cr Ba) € IFG(G). By Re-
sult 1LAGS), /™ (Uger Ba) = Uger f71(Ba). Hence
Uer - 1(Ba) € FG(G).

(«): Suppose . f7(Ba) € IFG(G). Then, by
Result 1.C, f(U,er f 1 (Ba)) € IFG(G’). Since f is sur-
jective by Results 1.A(7) and 1.A(4),

f(UaEF f_l(BOt)) = Uaél" f(f‘l(Ba))

= UaéF Ba'
Hence | J, . Bo € IFG(G'). This completes the proof.

3. Intuitionistic fuzzy subgroup generated by
an intuitionistic fuzzy set

Result 3.A[17, Proposition 2.4]. Let GG be a group and let
the following be any chain of subgroups

CocCic---CcC,=G.

Union of Intuitionistic Fuzzy Subgroups

Then there exists an intuitionistic fuzzy subgroup of G
whose level subgroups are precisely the members of this
chain.

Proposition 3.1. Let A be an IFS in a group G with
ImA| < oo. Define subgroups G; of G inductively as
follows :
Go={{z e G: A(z)
= (VzeG palz), /\zeG VA(z))}>’
G; = (Glgl U {(Il G A(m)
= (\/zeG\Gi_l pal(z), /\zea\ci,1 va(2))})
foreachi = 1,--- k, where £ < |ImA|,Gx = G and
(H) denotes the subgroup generated by a subset H of G.
Then A* € IFG(S), where A* : G — I x I is a complex
mapping defined as follows : for each z € G,

(vzeG Ha (Z)a /\zeG Va (Z))

if z € Gy,

(VZEG\G';;_l N’A(z)’ /\ZEG\GFI VA(z))

A (z) =

In this case, A is called the IFG generated by A in G.

Proof. By the definition of A*, it is clear that A C A*.
Moreover, the G s form a chain of subgroups ending at G :
GoCcGiC---CGp=0G. (*)
By Result 3.A, it follows that A* is an IFG of G whose
level subgroups are precisely the members of the chain ().
Now we shall prove that A* is the IFG generated by A. Let
B € IFG(G) such that A C B. Then, by definition of A*,
pa-(€) =V cgra(z) £V, equp(z) < pple)
and
va-(e) = N,eqva(?) 2 A.eqva(z) 2 va(e).
Thus p14+(e) < pp(e) and va<(e) > vp(e).

Let Ko = {z € G : Alx) = (V,eqnalz),
Niearva(z)}, let {B(4)} be the chain of level
subgroups of B and let ¢ # z € Kp. Then
Viegra(z) = pa(z) < pplz) and A,ovalz) =
va(z) =z vp(x). Thus V,cqpa(z) < Agek, #B(®)
and A, cqva(z) > Vg, vB(x). Let (ti,s) =
(Nwercy 1#5(2) Vs, v5(@). Then pp(x) > 4 and
vp(z) < s; for each x € Ky. Thus K, ¢ B{tosi),
Since Gy = (Ko),Go C B ). So up(x) > t; and
vp(z) < s, for each x € Gy. Let x € Gy. Then

pa(w) = V,eq ra(?)

< Nuery () = t; < i (z)
and

var(2) = Nuegval2)

> VwEKO vp(z) = s; 2 vplz).

Letz € G\ Go. Then pa«(z) = (VZGG\GO pal(z),
/\zeG\Go l/A(z)) and Gl = (K1>, where K] = Go U
{e € G: pal2) = (VzGG\GO :U’A(z)v/\zeG\Go va(e)}-
We claim that G; C BUu%u), where (t;,,s;,) =

89



International Journal of Fuzzy Logic and Intelligent Systems, vol. 8, no. 1, March 2006

(/\zeKl\Go uB(:E)v\/aceKl\Gg ve(z)). Letz € Ki\
Go. Then pa(z) = V.eq\g, #a(?) and va(z) =
N.ca\g, va(z)- Since A C B,

Vieargo H4(2) < Aaecirco #8(®) = tiy < in(@)
and

Niecrco YA(2) 2 Voeki\a, vB(T) = 51, 2 vB(2).
Thus z € BGi:%i). So Ky \ Go € Bli-%1). Also Go C
Bti:s) < Bltisa), Hence G = (K;) € Bltisi),
Thus pp(z) > t;, and vg(z) < s;, foreach z € G;. Let
z € Gy \Go Then

Hnax ("E) = VzEG\Go HA(Z) < ti1 < //LB(JJ)
and

va-(2) = Nseargo Ya(2) = siy 2 vB(T).
Proceeding as above, we can also see that

pa-(z) < pp(z) and va-(z) > vp(z) for each
z€G\Gi—1,2<i<k.
Consequentely, A* C B. Hence A* is the IFG generated
by A. This completes the proof.

The following is an example showing that the cardi-
nality of the intuitionistic fuzzy set A may not be equal
to the cardinality of the image of the intuitionistic fuzzy
subgroup A* generated by A.

Example 3.2. Let G = {e, a,a?,a®, b, ab, a%b, a®b} be the
octic group, where a* = e = b? and ba = a~'b. Let
(ti,s5) € IxI,0<i<6,besuchthatt; +s; < 1,8 >
tp > - > tgand 59 < 81 < -+ < sg. We define a
complex mapping A : G — [ x [ as follows :

A(e) = (to, s0), A(a?) = (t1,51), A(a) = (t2, 52),

A(a®) = (t3, 53), A(b) = (ta,54),

A(ab) = A(a?b) = (ts, s5), A(a3b) = (ts, S6).
Then clearly A € IFS(G) but A ¢ IFG(G). Moreover,

Go = (e) = {e}, G1 = (Go,0®) = {e,a?},

G2 = (G1,a) = {e,a,a?,a®} and

G3 = (G2,b) =G.
By definition of A*, we have that

A*(e) = (to, 50), A*(a?) = (t1, 1),

A*(a) = A*(a®) = (t2, 52),
and

A*(b) = A*(ab) = A*(a?b) = A*(a?®b) = (t4,54)
It is clear that A* is the IFG generated by A and |ImA| >
[TmA*|.

Definition 3.3. Let G be a group, let A;, A2, A € IFG(G)
andletg € G.

(1) A; is said to be conjugate to A, if there exists an
a € G such that A, (z) = As(a™tza) foreach z € G.

(2) We define a complex mapping A7 : G — I x I as
follows :

Aj(z) = A(g'zg) foreachz € G.
Then A} is called the intuitionistic fuzzy conjugate sub-
group of G determined by A and g € G.
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It is clear that A} € IFG(G).

Proposition 3.4. Let G be any group and let A € IFG(G)
such that ImA = {(to, s0), (t1,81), -« , (tn,Sn)}s to >
ty > - >thand sg < 81 < --- < 8p. If the chain of
level subgroup of A is given by :

Altosso) — ACGus1) - ... Altnisn) = G,
then the chain of level subgroups of A} is given by :

2 A0:80) =1 — A1) =1 — .. 2 A(EniSn) p—1

=G,

where A7 is the intuitionistic fuzzy conjugate subgroup of
G determined by A and z € G.

Proof. Let x € G. We define a mapping ¢, : G — G as
follows :

¢z(a) = z7tax foreach a € G.
Then clearly ¢,, € AutG, where AutG denotes the set of ail
automorphisms on G. Moreover, A% = Ao, = ¢, (A).
Then ImA}, = ImA. On the other hand,

a€ At o pax{a) > t;andva:(a) < s;
pa(z™laz) > t;andva(ztaz) < s
z"taz € Al

po(a) € Al

a € g7 (A)

a € pg-1(Als0)

a € zAlosiigTl

K

Hence A3""*") = g A(t:5)2~1  This completes the proof.

Remark 3.5. The proof of Proposition 3.4 is similar as the
proof of Theorem 4.2 in [8]. The following is the converse
of Proposition 3.4.

Proposition 3.6. Let G be a group and let A € IFG(G)
such that ImA = {(to, 80), (t1,t1), -+ s (nySn) b to >
ty > - >t,and sp < 57 < -+ < 8,. If the chain
of level subgroups of A in G is

Altoso) = A(tLs1) ... Alnisn) = @G,
then there exists a B € IFG(G) such that the chain of level
subgroups of B is given by :

Aozl C gAtisg=l C ... C g Alnsn)gl

=@,

where z € G and B = A}.

Proof. We define a complex mapping B : G — I x [ as
follows : for each g € G,

(th 30) ifge ;I;A(to,so)x—l,
(ti’si) lfg € xA(ti’si).fE—l \xA(ti—l,si,l)x_l,

i=1,-,n.

B(g) =



Then clearly B € IFS(G). Leti € {1,2,--- ,n} and let
g € G. Then

B(g) = (t;,51) & gezAtosdgm\ gAti-nsi-1)g=l
& z7lgz e Altos)\ Altli-18i1)

& A(zT'gr) = (ti,8:)

& Ai(g) = (4, s).

On the other hood,

B(g) = (to, s0) g € gAlto:s0) g1

&

e zlgr e Ao
o A(z7'gz) = (to,50)
& A(g) = (to, s0)-

So B = AL.
Now we define a mapping ¢, : G — G as follows:
¢z(g) =z gz and foreach g € G.
Then clearly ¢, € AutG. Since A € IFG(G), by Result
LB, A% = ¢, 1(A) € IFG(G). So B = A% € IFG(G).
Moreover, it is clear that
ImA? = ImA and A5 — g At g1,
Hence the chain of level subgroup of B is given by :
zAltoso)g=l c g At gl ... C g AltnSn) T
=G.
This completes the proof.

A subgroup H of a group G is called a characteristic
subgroup of G if f(H) = H for each f € Aut(G).

Definition 3.7. Levt A be an IFG of a group G. Then A is
called an intuitionistic fuzzy characteristic subgroup of G
if p~1(A) = A for each ¢ € AutG.

Proposition 3.8. Let G be a finite group and let A be an in-
tuitionistic fuzzy characteristic subgroup of G. Then each
level subgroup of A is a characteristic subgroup of G.

Proof. Since G is a finite group, |ImA| < oo. Let
(A, 1) € ImA and let ¢ € AutG. Since A is an intuitionis-
tic fuzzy characteristic subgroup of G, ¢ 1(A) = A. Let
z € A, Then

pA@()) = g (a)(®) = pale) 2 A
and

VA(P(2)) = Vg (a)(2) = va(2) < .
Thus p(z) € AMH. So p(AMH) c AXN#), Hence
A1) is a characteristic subgroup of G.

The following is the converse of Proposition 3.8.

Proposition 3.9. Let G be a finite group and let A €
IFG(G). If each level subgroup of A is a characteristic
subgroup of G, then A is an intuitionistic fuzzy character-
istic subgroup of G.

Union of Intuitionistic Fuzzy Subgroups

Proof. Since G is a finite, ImA| < oco. Let ImA =
{(to, 80), (tl, .5‘1), e (tn, Sn)} such thatty > £, > .- >
t, and sg < 81 < -+ < $,. Then, by the hypothe-
sis, A(*:3) is a characteristic subgroup of G for each i =
0,---,n. Let ¢ € AutG. Then clearly, Imp~'(A) =ImA.
On the other hood, foreach¢ =0, ,n,

ze (pl(A)toso) .
s to-1(4)(Z) = pale(z)) 2 t;

and‘I/(P—l(A)(CE) = VA(‘P(J:)) <8

PES (,0(37) c A(ti,si)
& z € (Al%))
& z € Altisd),

Thus »~'(A) = A. Hence A is an intuitionistic fuzzy
characteristic subgroup of G.

Result 3.B[16, Proposition 2.17]. Let A be an IFG of a
group G and let z € G. Then A(x) = (A, p) if and only if
z € AP# and z ¢ A®*) for each (t,s) € T x I such that
t+s<1,t>Xands < p.

The following is the generalization of Proposition 3.8
and 3.9.

Theorem 3.10. Let G be a group and let A € IFG(G).
Then A is an intuitionistic fuzzy characteristic subgroup of
G if and only if each level subgroup of A is a characteristic
subgroup of G.

Proof. (=) : Suppose A is an intuitionistic fuzzy charac-
teristic subgroup of G. Let (A, 1) € ImA, let ¢ € Aut@
and let z € A#). Then, by the hypothesis, 14 ((z)) =
pa(z) = Xand va(p(z)) = va(z) < p. Thus o(z) €
ANK) S0 p(AMK)) ¢ AP, Now let z € AC#) and
let g € G such that p(g) = . Then pa(g) = pa(e(9)) =
pa(z) > Aand va(g) = va(p(g)) = va(z) < p. Thus
ge AXH Sox € p(AMM), Then AMH) C p(ANMH),
Thus (AX#)) = AM#) Hence AM#) is a characteristic
subgroup of G for each (A, 1) € ImA.

(<) : Suppose the necessary condition holds. Let
x € G, let ¢ € AutG and let A(x) = (A, ). Then, by Re-
sult 3.B,z € AM®) butz ¢ A% forallt > Aand s < p
such that t+s < 1. By the hypothesis, p(A#) = AC#),
Thus p(z) € AAH). So pa(p(z)) > Aand va(p(z)) <
u. Let A(p(z)) = [~ (A)](z) = (t,s). If possible,
lett > Aand s < p. Then p(z) € A®®) = (A®),
Since ¢ is injective, z € A®*). This contradicts the fact
that z ¢ A®9. So A(p(z)) = (\u) = A(z), ie,
¢~ 1(A) = A. Hence A is an intuitionistic fuzzy character-
istic fuzzy subgroup of G. This completes the proof.
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Theorem 3.11. Let G be a finite group and let f : G — G’
be a group epimorphism. Let A € IFG(G) such that
ImA = {(to, 80), (tl, 81), s ,tn,sn)},to >t > >
tn and sg < 81 < - -+ < s,. If the chain of level subgroups
of Ais

Atosso) — Alt1s1) - ... Altaise) = @3,
then the chain of level subgroups of f(A) is

f(A(i(hSo)) C f(A(thSl)) c---C f(A(tn,Sn)) =G

Proof. By Result 1.C,f(A) € IFG(G’). It is clear that
Imf(A) C ImA. Let (¢,s;) € Imf(A) and let y €
(f(A)){*). Then

,Uf(A)(y) = Vzeffl(y) pa(z) >t
and ,

viay(W) = N,ep-1¢y) valz) < si
Since G is a finite group, it is clear that A has sup prop-
erty. Then there exists a zp € G such that f(2) = y
and Vzef—l(y) pa(z) = palzo) 2 ti, /\zef—l(y) va(z) =
va(zo) < s;. Then zg € A5, Thus y = f(z) €
f(A(t“sl)) So (f(A)ts) < f(AF-%)). Now let

f(z) € f(A®s)), Then z € A%, Thus pa(z) > t;

and v4(z) < s;. So '

sy (f(A)) = Vzef—l(y) na(z) 2 ti
and

via)(F(A)) = Noep-r(y va(2) < si.
Hence f(z) € (f(A)®59), e, f(AWs)) C
(f(A))®5), Therefore f(A(%)) = (f(A))*>%). This
completes the proof.

Lastly, in view of the study of notion of level subgroups
of an intuitionistic fuzzy subgroup, we recast Proposition
2.14in [11] as follows.

Proposition 3.12. Let G be a finite cyclic group of prime
order. Then A € IFG(G) if and only if the chain of level
subgroups of A consists of only trivial subgroups of G.
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