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Vibration Analysis of Euler-Bemoulli Beam with Open Cracks on
Elastic Foundations Using Differential Transformation Method and
Generalized Differential Quadrature Method
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Abstract

The main purpose of this paper is to apply differential transformation method(DTM) and generalized
differential quadrature method(GDQM) to vibration analysis of Euler-Bernoulli beam with open cracks

on elastic foundation. In this paper the concepts of

DTM and GDQM were briefly introduced. The

governing equation of motion of the beam with open cracks on elastic foundation is derived. The
cracks are modeled by massless substitute spring. The effects of the crack location, size and the
foundation constants, on the natural frequencies of the beam, are investigated. Numerical calculations
are carried out and compared with previous published results.
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Fig. 1 Structural system of study
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2.1 Winkler X|2+4t2] Euler-Bernoulli 2
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32 7 E(moment of inertia), BX%, B9 @A 137
3 Winkler A¥A(modulus  of  Winkler
foundation)©] t}.
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2.2 Pasternak X|9H42[ Euler-Bernoulli £
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& 714 Gy Pasternak | ¥re] Z¥A] A 4> (shear
modulus of foundation)©] T},
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Y, () =Y, (1) (10)
W) =Y"0) (1)

") =Y, (1) (12)
Y () + e (L) =Y (1) (13)

714 ll:%Olﬂi,,c = 2z BYAS
24 Y7 Ed B¢ Uead g2 Hem ®
gy

c=5.346hf (¢) (14)

o714
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+ 66.56£° (15)
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g2 Y=0 , Y'=0 20,21)
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Table 1 Basic operations of the differential trans-

formation

Original function T-function

wiz)=ylz) £z(e) |Wk)=Y(k)x Z(k)

z(z) = Ay(z) Zk)=AY{k)
o) = 42(z) 206) = (k+ 1) Y(k+1)
() = L2l2) Z() = (k+1)(k+2) Y(k+2)

w(z)=y(z)z(z) rwm=ipwﬂw—w

Wk)=d(k—m) a1l k=m
0 k=m

m

wlr)=x

A7 PlpEBe A9 4 2T vrLNg
2 (23)0] digstey A 29 Q¥ y(@)E o
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MZ
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AA Z**‘-’~°ﬂ ﬁlowt ylz)e —:L*}Zigi &
e g

f_"l

@) = ;:x Y(k) @5)
A7 ne AASEA S FASe] o5 2
Aol

ENA FF z,t)9l el
#3 v)EL AY 4?_‘ integral quadrature®] 7§'d ol
w2}, Bellman S| 2 (26)9 #o] ZAlAA
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for 1=1,2,....,.V (26)
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T (a2 MV (z)) _
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272F e 13 vlREgSY 7t Age A (29)
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m} __ m—1 L
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4.2 Pasternak X| 22| Euler-Bernoulli 20i 0|2
Hetol Mg

Pasternak X ¥F4e] Euler-Bernoulli X0 thgh
2 F A @) v & dag
A4t O3 Zo] @ Hh
(k+1)(k+2)(k+3)(k+4)Y,(k+4)
—s7k+1)k+2)Y,(k+2)— (\'—

i=12

(34,35)

K)Y,(k)=0
(36)

43 Winkler X|2+Ao] Euler-Bernoulli 20| oO|&
THHO M2

Winkler X HHd39] Euler-Bernoulli H.oj gt F
A9 2% 934 G0 dug vlErAYe 3
g8 ohed Zo) ¥d "ok

Ec,] M-K)Y;=0 . (37)
j=1

B FAzA g us nErHEe g
&3 2ol W}

ViolA dwtg wRpawe 1
AN ZAAZZA A (16,17 u}%sﬂ, Zo)

+ Qe

N
Y, =0, Ecglj)Y; =0
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i=1
Veld Qes mlEeaye ndvs ndd
AXe AAZAY A 1617y thE} gol EF
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N
Yv=0, YWY =0

i=1

(39)

4.4 Pasternak X|2+4AHe{ Euler-Bernoulli £04 0|2
THH Mg
Pasternak X|¥F42] Euler-Bernoulli Ko thgh &
A £ A4 @yl dwg vjgrAEE A
|5t o3 Zo] £¥ Hul

T

o EFTHHE o] &3ld
Winkler Euler-Bernoulli X}
Pasternak 4| ‘?_Ve}oﬂ A2} Euler-Bernoulli X.°l| tjs}
of AAxZAC] 4o ARG B¢ #E9 I
Z7F sht o oo s XS £
¥ A7oA AHEE EAAE Zol L=10m, H9
Z 84 A4 (Young's modulus) E=206.8(Gpa), L=
p =7850(kg/m?), WG F b=025m, AT
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Differential transformation ¢} Generalized
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A& g8 szt o sl SEAQ o §
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5.1 Winkler X|2tAtef Euler-Bernoulliy

Winkler A|%WHAFoll 4] Euler-BernoulliH ol 33}
Hol 18, 1/4, 129 AT d<€9 0.02, 0.04, 0.2
o A FAsAH A %S Table 2, Table
3, Table 404 3 =& (259 A3} 3 v
gt Yveldlon, 1 Ade vE2dgyy duks

slETAYEe 25 2 2% gol & 9%
L2 ok 2= 0]
= = T M

5.2 Pasternak X|HtAte| Euler-BernoulliE

Pasternak A WFAtoll A Euler-BemoulliE o &}
wol 1/8, 14, 128 AR FL9 0.02, 0.04, 0.2
o XA x84 A gtE Table 5, Table
6, Table 7914 3 =& (259 A 3 vun
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Table 2 A comparison of natural frequencies for Euler-Bernoulli beam
on Winklér foundation(fixed-fixed) for X,= 1/8
/h 1st 2nd 3rd
4 Ref25) | DT | GDQ | Ref2» | DT | GDQ | Ref@® | DT | GDQ
0.02 {83.6699|83.6699(|83.6699(|228.745|228.745(228.745{447.938{447.938{447.938
0.04 183.5904|83.5904(83.5904(228.742|228.742|228.742|447.766|447.766(447.766
0.2 |81.7961{81.7961181.7961}228.676|228.676/228.676|443.708{443.708]443.708
Table 3 ‘A comparison of natural frequencies for Euler-Bernoulli beam
on Winkler foundation(fixed-fixed) for X;= 1/4
/h 1st 2nd 3rd
4 Ref2 | DT | GDQ | Ref@5 | DT | GDQ | Ref2s | DT | GDQ
0.02 [83.6964183.6964|83.6964|228.597(228.597{228.597{447.670|447.670|447.670
0.04 [83.6920]83.6920]83.6920]228.174|228.174|228.174|446.742|446.742{446.742
0.2 183.5809|83.5809|83.5809|218.004|218.004|218.004|427.287|427.287|427.287
Table 4 A comparison of natural frequencies for Euler-Bernoulli beam
on Winkler foundation(fixed-fixed) for X;= 1/2
a/h 1st 2nd 3rd
Ref.(25) DT GDQ | Ref.2s) DT GDQ | Ref.(25) DT GDQ
0.02 |83.6401|83.6401|83.6401|228.746|228.746|228.746|447.567|447.567|447.567
0.04 1[83.4755(83.4755|83.4755|228.746|228.7461228.746|446.346(|446.346(|446.346
0.2 |79.4647|79.4647(79.4647,228.746|228.746|228.746|419.413|419.413|419.413
Table 5 A comparison of natural frequencies for Euler-Bernoulli beam
on Pasternak foundation(fixed-fixed) for X;= 1/8
a/h 1st 2nd 3rd
Ref.(25) DT GDQ | Ref.25) DT GDQ | Ref.23) DT GDQ
0.02 |105.669(105.669[105.669(260.847|260.847|260.847|484.259(483.892{484.260
0.04 1105.641]|105.641|105.641|260.849|260.849|260.849|484.011(483.636|484.012
0.2 {105.001{105.001{105.001{260.911|260.911{260.911|478.022(477.4701478.022
Table 6 A comparison of natural frequencies for Euler-Bemoulli beam
on Pasternak foundation(fixed-fixed) for X;= 1/4
a/h 1st 2nd 3rd
Ref.25) | DT GDQ | Refe» | DT GDQ | Ref2®) | DT GDQ
0.02 [105.669]105.669105.669}260.650|260.650{260.650|483.983{483.997|483.983
0.04 1105.638]105.638]105.638/260.092!260.092|260.092]482.960(482.972(482.960
0.2 [104.843{104.843]104.843|246.551|246.551|246.551{461.673|461.667|461.673
Table 7 A comparison of natural frequencies for Euler-Bernoulli beam
on Pasternak foundation(fixed-fixed) for X;= 1/2
a/h 1st 2nd 3rd
Ref.(25) DT GDQ | Ref2s) | DT GDQ | Ref.2) DT GDQ
0.02 [105.578|105.578|105.578|260.846|260.846|260.846/483.874|483.874|483.874
0.04 [105.292{105.292(105.292(260.846|260.8461260.846|482.539{482.539|482.539
0.2 198.1936(98.193698.1936|260.846|260.846|260.846{453.034|453.034|453.034
st} VEhdon, 7 Ase pRusys Jus 6.4 2
MEFYEe BE 1 dd gl 2 4Xge 2
T % B oATE 9 Andd 798 s
Fuler-Bernoullitl o] tf&te] &5 WAXL FE8 9
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