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Non-Planar Non-Linear Vibration Phenomenon on the One to One Resonance of

the Circular Cantilever Beam

Myoung-Gu Kim, Chul-Hui Pak and Chongdu Cho

Key Words :  Non-Planar(¥] ), One-to-One Resonance(Q ™Y & 3), Primary Resonance(F 3 31),
Base Harmonic Excitation(7] &2 2 3} 7}3), Non-Linear Inertia(8] 13 &4))

Abstract

Experimental and theoretical study of the non-planar response motions of a circular cantilever beam
subject to base harmonic excitation has been presented in this paper work. Theoretical research is conducted
using two non-linear coupled integral-differential equations of motion. These equations contain cubic
linearities due do curvature term and inertial term. A combination of the Galerkin procedure and the method
of multiple scales are used to construct a first-order uniform expansion for the case of one-to-one resonance.

The results show that the non-linear geometric terms are very important for the low-frequency modes of the
first and second mode. The non-linear inertia terms are also important for the high-frequency modes. We
present the quantitative and qualitative results for non-planar motions of the dynamic behavior.
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Fig. 1 Frequency resonance curves of the first mode,
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Fig. 4 Accelerometer position on the circular cantilever
beam

Fig. 5 One to one resonance of the circular cantilever
beam on the first mode
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Table 1 Measured natural frequency and damping
coefficient of the circular beam

Mode A Theory(Hz) | Meas.(Hz) | Damping

1.8751 7.94 8.00 0.0415

4.6941 49.78 49.63 0.0625

7.8548 139.40 135.13 0.2500

dolgz
ik okl 3]

2
= T o

oft X
o]
ox S Mo

ot o % fo rE
22
>
O::J
)

s

O rd Mo ot XN

Y do
B o

Z

TquTﬂ 9.50Hz 4} 6.50Hz
L AEte A folA T e e
—m :LeHT—TOlE}. 4R F k=7t
T SHEHEA FUtete 4
*éOﬂ HIGM HEHEFo] &

3
R e

=
a2
<
2 oo
=2
X

olo
o ol

o
rlr

¥ o n rSL'
o 032

_‘f_l,
fo
ot
it

w2 o i o jo
I

L2 P L

L
R
o0

I
e o
tlo



177

= Hl
.Llo_ano .C
urmﬂro.VMoﬂ._%aﬂ
L;o_a,m.hdl.mE@_EE:.um.o_a\m\_
.m;‘__/,.ro‘_MO _L u.ﬂuHMJ\
\li‘:‘oﬂAl.A MM1__/|.\_ ﬂwo_o;o =X
o 7l B _u.J:_dL,mu_ ]ﬂ__.%% m.,.ina.l
G .o_E,WL W AR lo = g
M\.M_l .uAIL‘.w,Dllru .‘w,__‘_._o 1U|c._ Mﬂdﬂ‘wl_ﬁ
— K 0 —_ — ~o
5 mnﬁ1ﬁ%ﬂw%ﬂo%7ﬂﬂﬁ
g MEMQ%ﬂmﬂa%%gﬁgga%iw
By o T = —_ T E
3 gmgcq¢@%qooazﬂﬁgMLt
: 32 E;QE%QQ@%E%eﬂMH%mei
fe d..m OT_O 0 oo_vLO*oILlEoﬁ‘l pe ~
s 5 S mao_aoﬂ i ) 37 _.LmdloﬂooTﬂ
g & : 3 m,..mﬁ% mumﬁ? momu,moiw_ iﬂinunc_
5 [z < - : ‘m:‘_..u._.ﬂ_» =
g IR o WWﬂ.% WM_/%MQQD_IE
mf 8 £ g JAi:‘D: I % = __om‘*]ﬂu»omr
[ 2 5 o o < s N it 3 _— | ~ GE_Z
T3 ymnmm W c@ﬂm_w.w. %%WiWﬂFﬂ@iz@
b = lsm. O = L __ O]_ o J.’.A.I . ~
4 MO wmmm. T inu‘._._.‘.m_.o_u_‘%ﬁﬂmoowo]wro,W”.wmMM‘wu ,
S B3 -mm,cﬁ\ 7‘o|‘wu_ﬂ.mudoa.mﬂo_w.b .M:_ .m._v %dw]oﬂdn
: &5 .n.mce o i ﬂ.dvo B - mﬂl
& 58 g g I B o = G ~
Ty 1§ B GEinET H{$%{}{%AEL¢
3 -} v gk E__.Jﬂ.o_uﬁﬂumﬂdhi T K o ﬂoﬂxﬂ
5Mem re mm ﬂha%zt&dz H.__ni #mz_ﬂioZ‘le%T
mwm.{l\ & 9 oEo]‘IJ.o . © N 3
5 O -3 Q0 ﬂxl,_07x Ot o T OT_
R o = R Ir ) ﬂuilei v
we,m i ERgY 5 "y T %o o 3 ok 4
mmmm : 52 i rEOE o T
2 g mn =B Q| ESa WO,.&]EEE
PR ..mano R P Y X
s mm IE e =) om__o T AT @.Eomr_.*loﬂ\kl
g8 _ NN = T ﬂmw_t% Mg X
m Q2 =) ey g B nyduy o0 3 X HL p ﬂr.‘_ _,_ ﬁ
e mMm £ 8 2 farlop = Lm&lmﬂ%_ﬂ ﬂouAl,m_.Lme_AloJ_E
: ut.t E 8 K- .mw. o B 1_I,61|4_.o7 ‘m.w
¥ o ] — |2 ™
m mwm Lﬂ.vamldﬂ ﬂﬂ‘wu‘ulowrﬂu‘klwwwmalwmgeﬂdol
T g 8 o ZFUO_E“%O .W.HEM«%H.W.‘_ij,ﬁdoo‘mlﬂalmompﬁoamoa
.m a =] o~ 11 O] 1’310 K B
BN o ; 3 dm.@ﬂwrmwawmn 0_5 ﬂ%z_%zm,rm_u
L } apry) 2P 3 ol o5 Y R o W P o o S Lo
R & Es < ,og%zé}%m%%oo : 4
g dm dLATEﬂATM_m.ﬁm.LﬂBLZOI ..}u‘_‘m..vlc.ﬂdlﬂl,.._/l
-8 m.m. ™ o oLao on_u.m.z 1™ _o,.:A MMqu
=} @ Wf EO.RE \_ﬁo‘.«l\wﬂq—‘ ;OO‘M..,O .mro‘._ﬁ_Ammﬂn 7,‘mﬂ_.n*0v]ﬁ_Al
e -8 © ~ "o AT foas ]1r._ 0 ;
o & %_Jl_e 509 Zﬁq_u Z._o [ g
=) Q b= ol X 9 = Mﬂ,.r,._ |_ — o _zT
RS e 8 2 o_a#ﬁlv op b1 D ur}o_aLEén T
- < =] ojp dlo Em &b _ N = T
: 5 Bzt ﬁﬂﬁcmgﬁFEgm%ﬂwquwmmw
e .‘mm ,mw‘ﬂe ™ ! ﬁil T‘OIJIH._JIO _jea\l._lm.v.__-ro X o
-y Y R T ELE ®
‘g mm. mmmm. wﬁ_nlzr]_wztnwﬂ,mhﬂgmm«o_o%a.i oﬁo%ﬂm
= -suC_ 0 . \#.A .
L 2E g 2 __L@;M_ﬂlw woroeuc__]_w&%% b mnw_ue_ﬂ%m.ﬂu.
R " 28 B o mﬂuamﬂxa u,_mox ) oo 9 meaox%,m\__ =
-mlmm -8 mm ilzriﬂi%o_oﬂma_:mo _él%o_an_woo_omoz_.
-mmwm e S owwee_e%no%umozldmmomﬂﬁo_ﬁ;.o
g g mm 3 ym ,_,Aloooﬂ‘_w‘hq_ﬂum‘_ ‘ouﬂo \_ul,.z/llo
..mwwm Lo m,m __L.,WL gao@ﬁoﬂmqmomﬁﬁu
i g & =5 52 W%F%E%l%%
2 £S g PHaPueT
g Wm ® P~
; : -m m m tap] spnuidury m
e 2 &
© ee
& = 2
u.{muwu &2
¢ 8 ~
¥ 3 v b
g apnyrdus =
&g 8 lepl =



go) mok@aol UehtAw syl AE F5s
Z3ye mef@yel Yoltm gk 1A B4
S HAY 2ZYge] g woE WAy BAY
o 9ol § @ ven 9gg 484, oled
oz o %

o127

= Agol HojA nPAL T AZo] AW 7
A3&t1n ¢}
D2

(1) Haight, E. C. and King, W. W, 1972, “Stability of
Non-Linear Oscillations of an Elastic Rod,” J.
Acoustic. Soc. Am. Vol. 52, pp. 899~911.

(2) Ho, C. H,, Scott, R. A. and Eisley, J. G, 1975, “Non-
Planar, Non-Linear Oscillations of a Beam-1. Forced
Motions,” Int. J. Non-linear Mech.10, pp. 113~127.

(3) Moody, M. L., 1967, “The Parametric Response of
Imperfect Columns, in Developments in Mechanics,”
Proc. Tenth Midwestern Mechanics Conference, Vol.
4, pp. 329~346.

(4) Crespo da Silva, M. R. M. and Glynn, C. C., 1978,
“Nonlinear Flexural-Flexural-Tensional Dynamics of
Inextensional Beams-II. Forced Motions,” J. Struct.
Mech. Vol. 6, pp. 449~461.

(5) Crespo da Silva, M. R. M. and Glynn, C. C., 1979,
“Non-Linear Non-Planar Resonant Oscillations in
Fixed-Free Beams with Support Asymmetry,” Int. J.
Solids. Struct. Vol. 15, pp. 209~219.

(6) Pai, Perngjin F. and Nayfeh, Ali H., 1990, “Non-
Linear Non-Planar Oscillations of a Cantilever beam
under Lateral Base Excitations,” Int. J. Non-Linear
Mechanics, Vol. 25, No. 5, pp. 455~474

(7) Crespo da silva, M. R. M. and Glynn, C. C,, 1978,
“Nonlinear Flexural-Flexural-Torsional Dynamics of
Inextensional Beams-I. Equations of Motion,” J.
Struct. Mech. Vol. 6, pp. 437~448.

Yot

L=y
- E2FF

(8) Nayfeh, A. H., 1973, “Nonlinear Transverse
Vibrations of Beams with Properties that Vary Along
the Length,” J Acoust. Soc .Am. Vol. 53, pp.
766~770.

(9) Tezak, E. G, Mook, D. T. and Sridhar, S., 1978,
“Nonlinear Analysis of the Lateral Response of
Columns to Periodic Loads,” J. Mech. Des. Vol.100,
pp. 651~659.

(10) Choi, Y. S., Seo, K. S. and Woo, Y. J,, 2003,
“Nonlinear Vibration of a Cantilever Beam Subjected
to Electromagnetic Forces,” KSME A, Vol. 27, No. 1,
pp. 48~57.

(11) Dowell, E. H., Traybar, J. and Hodges, D. H., 1977,
“An Experimental-Theoretical Correlation Study of
Nonlinear Bending and Torsion Deformations of a
Cantilever Beam,” J. Sound Vib. Vol. 50, pp.
533~544.

(12) Rosen, A. and Friedmann, P.; 1979, “The Nonlinear
Behavior of Elastic Slender Straight Beams
Undergoing Small Strains and Moderate Rotations,”
J. appl. Mech. Vol. 46, pp. 161~168.

(13) Crespo da silva, M. R. M. and Glynn, C. C., 197§,
“Nonlinear Flexural-Flexural-Torsional Dynamics of
Inextensional Beams-1. Equations of Motion,” J.
Struct. Mech. 6, pp. 437~448.

(14) Evan-Iwanowski, R. M., Sanford, W. F. and
Kehagioglou, T., 1970, “Nonstationary Parametric
Response of a Nonlinear Columm,” Dev. theor. appl.
Mech. 5, pp. 715~743.

(15) Crespo da Silva, M. R. M. and Hodges, D. H., 1986,
“Nonlinear Flexure and Torsion of Rotating Beams,
with Application to Helicopter Rotor Blades-II.
Response and Stability Results,” Vertica 10, pp.
171~186.

(16) NAYFEH, ALI H., 2000, “NONLINEAR
INTERACTIONS Analytical, Computational and
Experimental Methods,” JOHN WILEY & SONS,
INC., pp. 181~304.

(17) Kim, M. G, Lee, H. S. and Cho, C. D., 2005,
“Non-linear Phenomenon in the Response of Circle
Cantilever Beam,” KSNVE, Vol. 15, No. 4, pp.
445~451.

(18) Kim, M. G, 1995, “The Experiment for Chaos of
Cantilever Beam,” Proceedings of the KSME Fall
Annual Meeting (1), pp. 504~510.

(19) Lim Jae-Hoon, Jung Goo-Choong and Choi Yeon-
Sun, 2003, “Nonlinear Dynamic Analysis of
Cantilever Tube Conveying Fluid with System
Identification,” KSME International Journal, Vol. 17,
No. 12, pp.1994~2003.



