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An MILP Approach to a Nonlinear Pattern Classification of Data

Kwangsoo Kim -

Hong Seo Ryoo

Department of Industrial Systems and Information Engineering, Korea University

In this paper, we deal with the separation of data by concurrently determined, piecewise nonlinear discriminant
functions. Toward the end, we develop a new l;-distance norm error metric and cast the problem as a mixed 0-1
integer and linear programming (MILP) model. Given a finite number of discriminant functions as an input, the
proposed model considers the synergy as well as the individual role of the functions involved and implements a
simplest nonlinear decision surface that best separates the data on hand. Hence, exploiting powerful MILP
solvers, the model efficiently analyzes any given data set for its piecewise nonlinear separability. The
classification of four sets of artificial data demonstrates the aforementioned strength of the proposed model.
Classification results on five machine learning benchmark databases prove that the data separation via the
proposed MILP model is an effective supervised learning methodology that compares quite favorably to

well-established learning methodologies.
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Aste JEe gl wet o] A EFHbinary cla55|f|cat|on)
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2t 9 o] Z(Mangasarian et al., 1995; Wolberg and Mangasarlan
1990), O*% 912](Osuna et al., 1997), Al-& ¥7KCarter and
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2] A & ¥ (mathematical programming)ol] 7]uHS
B ER 7IHME TolA 7P 7124 B2 g Y
S 9(linear surface)S o] &3] HolHY F AYS
(classification)3}= A o] T} o] uf, thF-H2-2] A 8f o tof A
37 €% (Linear Programming : LP)S] i< B3 F A2
Baste A8 39S 733 thBennett, 1993; Bennett
and Mangasarian, 1992; Mangasarian, 1993). 3FA] 9} Tj3-&o
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decision surface)S o] &3t & £/ v ALY 4549
gloh b By S o] &9 e £/ 7S 112t
Al ==, Mangasarian(1965)-> 11413 2 Fol|A 1 39

Programming : HAE e 27 7S AAE gebo) E(parameter) E0] A& o] F= B -dle A A
Aot} o] & U F-E9 el BF BA 0] o] BF Al o fHS Bl vid g A EA FuE 7= F )L A
&alH, o 257 TA1Y A% o) BRF9 A&HA A Asdh

| %% 200595 ARAYATEAALAE SFEATEAAYE) 02 SZe&H T To) l%% o} o175 21-(KRF-2005-003-D00445).

E-mail : hsryoo@korea.ac.kr

20053 129 A4 2005 129 AR A4y 20059 129 AA FA.

S | S5 e TS AEA A TS 57} il AR 5, T

: 02-3290-3394,



94

7 olgel g Fpe
MSME dlelElS] 5 ate] 2
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o] E](Mangasanan 1968).
2 W7 L Bdls
o= FHES A oE 3t
A ORES 23t Z27PE v g I H(piecewise nonlinear
surface) S A= W olth o]t MSME A3 #2171 E715
s HolHER AEAGEY signks
g UAEE Fhe HolA 71%91 W Sl vla) ”%‘j
o] AT FAHA 02 F A= B 3 JHsol &
A eK(greedy rule)= wket -84 %] 7] Lﬂlfoﬂ Jho}?ﬂ =543 4
AR S FEEF ARkl 5 E(generalization ability)©]
HolAt= W & 7}A 2L 9l t(Nakayama and Kagaku, 1998).
ool A g Al AFES **‘3‘37412‘?3 719k} e
F 71O ZA g W § 7l 2 gk o] st FHS o
£ gt fltkes SAIE AU ATk S F ) o] 59
A FHES FAI AREE %iﬁ}b TEHol Atk A
ATE0] oY FEHE 2= olfre F A oY IS
A ARE-3Ee] QAL FHE PS8k A7 HIEE A
Z3Hnonconvex optimization) 3 o] L% NP-H =& A
o £:3}7] wj& o] Atk(Falk and Lopez-Cardona, 1997; Megiddo,
1998). & ofulolx F Jje HE FHE FAo| o] &3t
Bennett and Mangasarian(1994)¢] A48 E-&(bilinear separa-
tion)= 7]&2 AFAIHS o] &3 &8 HZH(greedy ap-
proach) Y= &0 2 that} o] dAfo|r 2158 AA Y
B2 BAE A F79 74 8AEHBilinear Programming :
BP) 7I¥He] R R F=3k4la, IRFH F Y AE FHe
2 FAHE JAER FHS FeAh shA R HA A G
< 543 oy TAZ e #41 A Multiplicative
Programming : MP)dll <3}e] djRio] o] H 7] w] & ojRyoo and
Sahinidis, 2003), 152 A FAEH 2o vst EH‘:”OE

o] -85} 41100%
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7} obd 85 Z1AI7F /AR B (complexity) S
< <5 Wjo] I=d), Support Vector Maching(SVM)(Bradley
and Mangasarian, 2000; Mangasarian and Musicant, 2000;
Mangasarian, 2000)}, & =2](Boolean logic)ell 7]%s} Logical
Analysis of Data(LAD)(Boros et al., 2000; Ryoo and Jang, 2005)
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S3(374), 71718 dlo]EHl o] 2{Murphy and Aha, 1994) 1 A
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2. Model development
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A7 Qo) ANAR FH fwa) =y, @emer) S WS THIE FE ZUS LS
B BAIT, olul, AHSHE B4 17k o o] B AW B4
o)W 4 HH BF, WAF F5old wAE e BRe
B S, A BRolA Talol sk Ay 3
Tlow) =& ol AE 0A S 43 2R
A WAY A BF A AY HE 2R FAS H oF

g /e erﬂﬂ He AL ofUh 9 & 5 v F ¢
T MHow) =wz, +w,x, 9 f2(0r) =wr] +wrr, S YR
AL e A7 A e ula g ol AR zgko] Fof

A F 5 BF ol s J 8 42 flwed) =we +w,e 7}
doh A oAE T4 flwa) 7F 79 e woll gt
’Hdo]”q ol &t & o] &5 HE E7 LAl =zl tigt T

9 F ’Fglol ALY EA7F FtiMangasarian,
1965)
£ =rdXewt 43S o] Fe FHES AYY flu,.2) Figure 2. misclassified points with respect to one linear and
Z Uehfia o] gt FHES A k7)) o] &g vl b one quadratic discriminant functions.
B85 2dE AAE Zlolth 2 Ak obA k7)Y 3
s FA o] & }04 2 T e JAER FHEEY dE

=9 sl tigt o] 315 7] 930 <Figure 2>E AIAI 5
Tk <Figure 2> f(wy.2) TollM 718 e el A48 =9
frlwpz) 3 o123} 4 £ (w2) & AREShE 7ol thgt o2l
dl, o] ZdelM Faetn| o} kg e 242 Jot 49 J& Y
A4S Yehlin, 39 SRR E fw,.0) <y FES EAJSITL
g 4, B GG thgh g ol we}<Figure 2>914 3 B

PEEL flw,B) <73 folwy, )<me Aol BhEafjof
S, A A YAEL £, (w,4) >, T folwp4) >v,S
THEA| Aok St} SHA| Tk <Figure 2>o M= olgjst 21S v
AR Eohs 947t F ) EAske| o] e o2 g £
7] 1l 48] Ao tsteE y, 7 ygz Zojx 7t 00] &
3 e} P20l it 2, 3 2, 7F BF 00] HEE = A0
S HES B3 & 3tk

ol e g #&A-S HiR o R sl k7 HIAE T flw2)S
E Ao o] &k The-o (MP) BHl 2 Julsl & 4= glck

Figure 1. k-piecewise nonlinear classifiers.
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<Figure 1> M= k=1,2,3%0 5ol A% FATk o] §g W isdkek g mkek
AV SARE(<Figure 159 )T o)A FRR o] g o S Ao d) Tty =6 iSARER 1)
AAA FAE(<Figue 1> ofel)ol AN gtk o] AW G SilepB) T =me JEBRER @
BN A8 Fwntg ol gt A 4ol FEAE AR 7 v =0 iS4 kS )
Ago] o3 FAL AgSS] FHHE bR RS w0 JEBRER )
3 393 weS ARALL & 4 gdom el Mg
e 257 299 954 8 /M E )T 5 9k (715 39

B =R A E <Figure 1> £ F Qe AAF, wAY A4 p AL WA
598 AR Fwel daA floe) < @EE % 8 B A 12
W WEAE TEEY APFS WY 59 990z, Ll o 1A kA A A
flope) >y & BEE RESS FUTE AT 49 490
2 A 223 ol %A a9k 59 g FEE QL [MF R AHAHE B ]
2 119 50 oAl FHo Ry 2AY NAE 5 vy, [ min{7 (g 4) =50}
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T, A FE A5 o vl(y,) ol TATS Yebdtt o]
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& E =R RS o 24 A% AAeth

<Figure 2>% ThAl A HE P 49 Yht oY AEy,
7}y, % Rt 00] HH ZFetA EREe AYS ¢ F 3
o ol 2E kAf o] FHE Ao oTi Auks}al
J] 0144 Ax AE = 24510].71 _rﬂ_o}y] HOH 1{_
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min Z Tt E Z'ij
wnyZl iea jEBEEK (5)
st (1).(2), (), (4)
r, =0, €A

9]9) (kPNC-01) 2ele 0-1 FM4e] =3} Ryoo and
Sahinidis(2001)9] &= 3}(convexification) 7| o2 A3 &<
TS E 3tk t5-o] (PNC) BRI 2 W g d = gl

min_ > Yugt D Xz

oY, LUX jedke K JEBKEK

st. (1), @, Q) 4
Wy — Yy — M, +M=0,i€EALEK
E:Ulk, 1€A
kE K
u, >0, i€AkEK
7, €{0,1}, i€EAREK

Theorem 1. (kPNC) 22 (kPNC-01) 29 7} 5 3}tk
proof. T HAA (W', ¢ 25 W' 2) S (PNC) BE o] HH s} 7}

A3, o] ARA (,7,5'.#)2 Ol §H (74 w2
3} F LAY A2 HHE 78 5 v 2w o

53 2o FoIA (7 2N 2 A (1 i)
ZARLA g, <y, (kER\ (1) S T3 3, & 2L, 2, =1,
k—o (ker\ {ipele}t 45 oA A H (W, 7,¢.2 ")
(kPNC) Zdlof] H83Pd Hast A9 4oz s
=Y “1L_O(kEK\ {l})e ‘_—.0]'1_ w, 7 Y, f L2 **, **)%
S 4 3lom o] AL (kPNC) Zdl o] 287} H), FAld)
o, yhdh e ) A (1), 4 (2) 2 (3), A (4)E 53,
Z}A EHBHH D U T Uy T Yy = 2—’71: ]?]Ei(kPNC 01)
g o) HAs)7} e
$02 (.42, )
g3t o] HA 9
U3t WO (S 7T F e, o]

(W' 7'y 2) T 3 ’\1—%5101 (KPNC) Bl o] H#a)7} EJF}. J
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3. lustrative pattern classification

3 A KPNC E-& o] &3 717 s34 A& Hol7] 9
& " B72 g 717 g5 7] MSM, LAD, SVM 3} H]
W3k MSM-S (Nakayama and Kagaku, 1998)14] A A] =
LP 29 & 7]HS o] &3 _L1 LAD= (Ryoo and Jang, 2005)
I MILP 29 o] &3 g 27/ 7S 2831921, SVM
2 Mangasarian(2000)©] A A1 &FLP 29l AL8-3}93th

<Table 1> MSM, LAD, SVM, kPNCZ ¢19]5 o g wHE 2
A+ T':Zﬂl:éoﬂ 285t Aot} o] ATE B3l 7 7|HEC]
TEote YAMEA IS A Blud & Qv

<Table 1>¢] 4 KPNCE MSM, LAD 9} &) 31 2~3 7jwko.
2 A S BRAE FEet Fold A& ¢
B2k it o] of vk MSM-S Mangasarian(1968) o] A A| &+
)3} 2 x}(degenerate procedure) E 28514 ¥ A$, Fold
A9 5 AT 3 s Ralr(Ex:87.3% £,
Ex3:49.1% %g]), 21802 et Ay 3He doj &
FAE T B8 7S 2] 2o BEdh) B e
GAHEAY e A FTHEXL, Ex4) 53] Ex4% kPNCE ©]
43 7ASEY LS A HAFE 2, MSMol 284

= 25709 Y =9 E%Elﬂﬂ T KPNCol SJai A= o] A
o 7)o 2 Byl "ok

LADE Z7Zte] & (attribute)ol] thalAl A4 (cutpoint)S
AAslal ol AddS FFste] xZ AR hyper-rec-
tangular) FE o] HE =S A/ stA ==, o] & s Ext,

Ex2, Ex49} 2& E-A A kPNCT} th41 & Bal A 7

T A AT HE oY A E o] &3fof 27T F A= A
S 7HA7 Bk £3 LADE <5 (training) S S8 017 &
A& &3] EE gt FA etz kPNCH SVMAF A 3¢
S o)A 97 Wit A7le FAE AUA " E &
of =g dolE 9 TS AdslR] E3h= 7 Hindecisive
decision region)<t, A3 49 A3 B HEISo] M2 Aty
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Table 1. Comparison of 4 machine learning approaches with 4 examples

MSM LAD SVM PNC
. o
_.1' E
Exl - - - :
19 linear surfaces 4 positi(le pattefns polynomlal kernel, 3 linear surfaces
100% separation 7 negative patterns v=10, A=1, p=0,
--1 ,degree=3
Ex2 .
8 linear surfaces with 7 positive -patterns sinusoidal kernel, 1 linear surface and
indecisive region 8 negative patterns »=10% A=1,p=1, 1 quadratic surface
(87.3% separation) /£=-1,degree=3
Bl | s s e e e e e e e e
Ex3 | . . ) . ) / /
e - - - - Bl peeg - I .
8 linear surfaces with 4 positive patterns sinusoidal kernel
indecisive region 10 negative patterns v=10°, A=5031,p=2 1,
(49.1% separation) 1£=1,degree=6
Ex4
25 linear surfaces 8 posm_ve patterns polynomlal kernel, 2 quadratic surfaces
100% separation 8 negative patterns v=10*, A=1, p=0,
indecisive region --1 ,degree=2
conflicting region
L] conflicting regi
= A HE A 53k= 74-P{conflicting decision region)= T3 4. Numerical experiments & discussions
THEX4).

919 FA oA SVMe] 53 abA S-S KPNC] 1
A3} 74 frAketet apA =013 Hlo] Blof) R3(noise)©] E
§He] o] 9l& 7%, SVM H|o]E19] 100% 8] & 7] o2
°.2 st APAF TAE of7|sA ek o] H o F
ol A L dlo]E Alo] that SVMY] BEFAHS EA st A
a7 2 gk

=2 A e kPNC 2dS o] 88 7| A5 <5
Eﬂé 3}3L MSM, LAD, SVMZ}9] Bl E $J3] A 7]
Toll F&HE oA 9 A4 wlolEM el ~E

an dAha(1994)§‘$~E1 T2 E wopth 28 a gl
A dlo]Hulo] 25 A¥e] A&317] 95 7 violH
FE gojwd FEo] gle volEHe AHAs T
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<Table 2>= B4l 7§ 9] dlolgulo] 2o tig A RS A2jd  fele= g R H2ES 95k, 2} slo]Buo] 2ol &34
Aol ok A 2T NN Po(Pe (50.50) S FAIZ A 3le] g
TAE W= YA ElolHE A AL HIAE A1 E 7489
Table 2. Five databases studied At} o] ZA wEoRA < 2 g AE FA 9] MSM, LAD,
Datab number of number of observations SVM, kPNC 7S A &ato] s Fotglon, ol 23k 3%
AaDAE | attributes | total class A / class B 530 HHEste] 5w gt Wit 9 XFHAE T
Australian 296 approval / 28+ o] HAAA LP ¥ MILPY dHS Y3 ILOG
credit card 15 653 357 denied -
. CPLEX 9.0(2003)% ©] &3} T} kPNC<] 7%, MILP<] 3l o]l
Boston 13 506 | 260 income > $21K / . e e s %+
housing 246 else A A A7 = 5 10,0007 & A gstaL, 7H
Cleveland 13 ag7 | 137 disease / Z2 S 0] &34 PNC BHAE 73313t
*;f_a“ O:'Sg_ase ;gg o bd'feasle <Table 3> 57 ¢] £ % vlo]Ewlo] 22N E ¥HE 24 3
ima Indian iabetes ] N - -
diabetes 8 768 | 500 no disease &l kPNC E.& %88 dfelt. o] ol k= kPNC 2
Wisconsin 9 63 | 239 malignant / o AbE-E FHY A4 type AHEE THY FTFHE YERE
breast cancer 444 benign t}, o] <Table 3>2] AF}ol| A B 4= 9= AL kPNC e o] A

Table 3. PNC classifier results with five benchmark databases (L : linear surface, Q : quadratic surface)

PNC classifiers’ accuracy with
Database Class A k type 50% training 80% training 100% training
training testing training testing training

either 1 L 86.7+12 86.0+1.7 86.7 £ 0.6 85.8+25 86.5
2 LL 89.6+1.7 85.2+15 87.8+1.0 85.4+26 87.3
3 LLL 89.4+16 85.3+14 88.2+1.1 85.7+£2.6 88.2
. approved 1 Q 100.0 £ 0.0 71.8+£3.3 98.0+1.2 77.9+3.2 94.8
Australian 2 L 97448 72450 98.5+3.3 77540 95.1
Credit 2 Q 100.0 £ 0.0 67.1+45 100.0 £ 0.0 71.4+43 100.0
Card 2 LL 90.0+£1.9 844+14 876+1.1 85.4+27 87.7
] 3 LLL 89.5+19 845+2.0 88.0+15 85.2+25 86.8
denied 1 Q 100.0 £ 0.0 718+3.2 98.0+1.2 77.8+3.2 94.8
2 LQ 99.2+3.1 72.0£3.3 95.8+£6.9 78.1+£38 97.5
2 QQ 100.0 £ 0.0 70.0 £ 6.0 100.0 £ 0.0 71.2+4.4 100.0
either 1 L 87.2+£2.2 81.8+2.2 85.3+£0.9 83.4+3.3 84.2
2 LL 97.4+28 76.4£28 88.1£1.0 81.7+£39 87.9
Cleveland disease 3 LLL 98.7+£19 75.9+28 89.9+17 80.1£4.1 86.5
Heart 1 Q 100.0 £ 0.0 66.5+5.0 100.0 £ 0.0 68.4+5.6 100.0
Disease o 2 | LL 946+29 76932 88713 80944 88.2
disease 3 LLL 98.4+19 754 £35 90.1+£1.1 80.1£3.8 88.2
1 Q 100.0 £ 0.0 66.8 4.4 100.0 £ 0.0 69.1+£5.1 100.0
either 1 L 88.9+18 859+15 88.2+0.9 85.3+3.3 87.2
income 2 LL 93.2+1.8 849+19 89.9+1.1 86.2+2.8 89.3
Boston > $21K 3 | LLL 95.8£2.0 845120 91.2+1.2 86.0+3.9 89.1
Housing = 1 Q 100.0 £ 0.0 74.6 £3.5 100.0 £ 0.0 80.1+35 100.0
2 LL 953+138 86.1+£2.0 919+13 86.7£3.4 91.7
< $21K 3 LLL 97615 84927 926+14 86.6 £ 2.6 93.1
1 Q 100.0 £ 0.0 744 +38 100.0 £ 0.0 80.3+4.8 100.0
either 1 L 97.7+0.6 96.3+0.8 97.5+0.4 958+14 97.4
] ] ] 2 LL 99.2+0.5 953+14 98.7+0.4 96.0+15 98.2
Wisconsin disease 3 LLL 99.8+0.3 93914 99.3+0.3 95.3+2.0 98.8
Breast 1 Q 100.0 £ 0.0 91.7+18 100.0 £ 0.0 915+21 100.0
Cancer o 2 | LL 99.9+0.3 947+1.2 98.5+0.6 951+1.8 97.8
disease 3 | LLL 100.0+ 0.0 95.1+£13 98.9+0.7 949+17 97.5
1 Q 100.0 £ 0.0 916+1.8 100.0 £ 0.0 91.1+2.6 100.0
either 1 L 78.1+1.2 765+16 77.9+0.9 77.2+3.3 77.3
2 LL 79.2+14 76.3+16 78.3+1.0 76.8+£3.3 7.1
] 3 LLL 78222 74424 76.9+1.3 75332 77.3
) disease 1 Q 828+15 741118 80.6+0.7 75.7+23 80.5
Pima 2 L 83.6+18 73517 80.0+1.2 75.1+24 79.2
Indian 2 Q 88.7+2.0 72.0£25 84.2+1.1 746+28 85.5
Diabetes 2 | LL 79013 76.0£17 783408 76.8+3.1 78.3
o 3 | LLL 7891 2.0 749126 77.7+12 76.7+3.2 715
disease | L QQ 828+15 741+18 80.6+0.7 75.7+23 80.5
2 | L 859+ 16 726123 81.9+1.4 748+25 80.1
2 QQ 90.2+2.4 70.8£2.2 84.3+1.1 74.0 £ 2.6 82.4
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Table 4. Comparison of 4 machine learning approaches with 50% training

Database . MSM . LAD . SVM . PNC
train test train test train test train test
A. C. card 100.0+0.0 77.8+3.8 100.0£0.0 81.7+£2.3 93.1+1.3 81.3+2.5 87.2+2.2 86.0+1.7
C. H. disease 100.0+0.0 76.1+2.7 100.0£0.0 75.5%3.2 89.3+2.4 76.7+3.0 86.7+1.2 81.8+2.2
B. housing 100.0+0.0 83.0+2.9 100.0£0.0 81.1+19 91.6+1.3 81.9+2.0 95.3+1.8 86.1+2.0
W. B. cancer 100.0+0.0 94.9+1.1 100.0£0.0 94.6+1.3 97.9+0.6 97.0+0.8 97.7x0.6 96.3+0.8
P. I. diabetes 100.0+0.0 68.2+2.7 100.0+0.0 68.3+2.3 72.6+1.8 64.0+1.3 78.1+1.2 76.5+1.6
Table 5. Comparison of 4 machine learning approaches with 80% training
Database . MSM - LAD - - PNC
train test train test train test train test
A.C. card 99.8+0.9 77.6£4.5 100.0+0.0 82.1£3.2 89.8£0.7 84.5£3.2 86.7£0.6 85.8£2.5
C. H. disease 100.0+0.0 77.0£5.2 100.0+0.0 78.9£5.2 93.4+14 78.7£4.6 85.3£0.9 83.4£3.3
B. housing 100.0+0.0 83.1£3.7 100.0+0.0 83.4£3.5 90.0£1.1 84.2£3.3 91.9£1.3 86.7£3.4
W. B. cancer 100.0£0.0 94.2+2.1 100.0£0.0 94.2+1.2 97.9+0.3 96.7+1.3 98.7+0.4 96.0+1.5
P. I. diabetes 100.0£0.0 67.5+3.6 100.0£0.0 68.9+4.1 70.1+1.0 65.5+2.8 77.9+0.9 77.2+3.3




An MILP Approach to a Nonlinear Pattern Classification of Data 81

3} Aolth &AA) kPNC 229 s o g MILP Bd A 237
3} 7|0l BA) 3 7)WL A}k Qe LP ¢k do)
2 HIE AF8HA Zshe olgdwo] Aok mekA o] o
3 3 2S Qe Aud 7)Y, 28 7)o B3 AT E YT
AolH, tolE 9 A E 3 A&7 £33 71H 2 AA
e 32 719 Al digh A7 A E Aojtk
References

Al-Khayyal, F. A. and Falk, J. E. (1983), Jointly constrained biconvex
programming, Mathematics of Operations Research, 8(2), 273-286.

Bennett, K. P. (1993), Decision tree construction via linear pro-
gramming, In Proceedings of the 9th Conference on Artificial
Intelligence for Applications, Orlando, Florida, 212-218.

Bennett, K. P. and Mangasarian, O. L. (1992), Robust linear pro-
gramming discrimination of two linearly inseparable sets,
Optimization Methods and Software, 1, 23-34.

Bennett, K. P. and Mangasarian, O. L. (1994), Bilinear separation of
two sets in n-space, Computational Optimization and Applications,
2,207-227.

Boros, E., Hammer, P. L., Ibaraki, T., Kogan, A., Mayoraz, E., and
Muchnik, 1. (2000), An implementation of logical analysis of data,
IEEE Transactions on Knowledge and Data Engineering, 12(2),
292-306

Bradley, P. S. and Mangasarian, O. L. (2000), Massive data discrimi-
nation via linear support vector machines, Optimization Methods
and Software, 13, 1-10.

Carter, C. and Catlett, J. (1997), Assessing credit card applications
using machine learning, IEEE Expert, Fall, 71-79.

Falk, J. E. and Lopez-Cardona, E. (1997), The surgical separation of
sets, Journal of Global Optimization, 11, 433-462.

Frank, M. and Wolfe, P. (1956), An algorithm for quadratic pro-
gramming, Naval Research Logistics Quarterly, 3, 95-110.

ILOG CPLEX 9.0 User’s Manual, ILOG CPLEX Division, Incline,
Nevada, October 2003.

Mangasarian, O. L. (1965), Linear and nonlinear separation of patterns

by linear programming, Operations Research, 13, 444-452,

Mangasarian, O. L. (1968), Multisurface method of pattern separation,
IEEE Transactions on Information Theory, 14(6), 801-807.

Mangasarian, O. L. (1993), Mathematical programming in neural
networks, ORSA Journal on Computing, 5, 349-360.

Mangasarian, O. L. (2000), Generalized support vector machines, In A.
Smola, P. Bartlett, B. Schélkopf and D. Schuurmans, editors,
Advances in Large margin classifiers, MIT Press, 135-146.

Mangasarian, O. L. and Musicant, D. R. (2000), Data discrimination via
nonlinear generalized support vector machines, In M. C. Ferris, O. L.
Mangasarian, and J.-S. Pang, editors, Complementarity : Applications,
Algorithms and Extensions, chapter 1. Kluwer Academic Publishers.

Mangasarian, O. L., Setiono, R., and Wolberg, W. H. (1990), Pattern
recognition via linear programming : Theory and application to
medical diagnosis, Large-Scale Numerical Optimization, 22-31.

Mangasarian, O. L., Street, W. N., and Wolberg, W. H. (1995), Breast
cancer diagnosis and prognosis via linear programming, Operations
Research, 43(4), 570-577.

Megiddo, N. (1988), On the complexity of polyhedral separability,
Discrete and Computational Geometry, 3, 325-337.

Murphy, P. M. and Aha, D. W. (1994), UCI repository of machine
learning databases, Department of Computer Science, University of
California at Irvine, CA.

Nakayama, H. and Kagaku, N. (1998), Pattern classification by linear
goal programming and its extensions, Journal of Global Opti-
mization, 12, 111-126.

Osuna, E., Freund, R., and Girosi, F. (1997), Training support vector
machines : an application to face detection, In IEEE Conference on
Computer Vision and Pattern Recognition, Puerto Rico, 130-136.

Ryoo, H. S. and Jang, 1.-Y. (2005), MILP approach to pattern generation
in logical analysis of data, Machine Learning, submitted.

Ryoo, H. S. and Sahinidis, N. V. (2001), Analysis of bounds for multi-
linear functions, Journal of Global Optimization, 19(4), 403-424.
Ryoo, H. S. and Sahinidis, N. V. (2003), Global optimization of multi-
plicative programs, Journal of Global Optimization, 26, 387-418.

Ullman, J. R. (1973), Pattern recognition techniques, Crane, London.

Wolberg, W. H. and Mangasarian, O. L. (1990), Multisurface method of
pattern separation for medical diagnosis applied to breast cytology,
Proceedings of the National Academy of Sciences, 87, 9193-9196.



