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Three—dimensional Vibration Analysis of Circular Rings
with an Elliptical or Circular Cross—section
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ABSTRACT

A three—dimensional(3—D) method of analysis is presented for determining the free vibration
frequencies and mode shapes of thick, complete (circumferentially closed), circular rings with an
elliptical or circular cross—section. Displacement components %, #; and %, in the radial,
circumferential, and axial directions, respectively, are taken to be periodic in § and in time, and
algebraic polynomials in the » and z directions. Potential (strain) and kinetic energies of the
circular rings are formulated, and upper bound values of the frequencies are obtained by
minimizing the frequencies. As the degree of the polynomials is increased, frequencies converge to
the exact wvalues. Convergence to four—digit exactitude is demonstrated for the first five
frequencies of the rings. Novel numerical results are presented for the circular rings having an
elliptical” cross—section based upon 3—D theory. Comparisons are also made between the
frequencies from the present 3—D Ritz method and ones obtained from thin and thick ring theories,
experiments, and another 3—D method.
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7z | 1R |DET] 1 2 1 3 P = gHs 7 43 Y FAY JFF oR{p/GE
2 | 12 [005982]0.1138] 1.795 | 5599 | 4026 2o FL Slth AZ9 22L& N9 ¥ 34
3 | 18 {0.05715]0.1083| 1.775 | 3.598 | 40.24 (R/a=2, 5, 10, 20)° dgt A5+E 2o F1
2 | 4 | 24 |0.05715]0.1083] 1.775 | 3.598 | 37.97
5 | 30 |0.05715]0.1083| 1.775 | 3.598 | 37.97 Table 3 Frequencies in oRp/G  of completely
6 | 36 ]0.05715/0.1083) 1.775 | 3.598 | 37.96 "free, circular rings having elliptical cross
2 | 18 ]0.05626] 0.113 | 1.769 | 3.599 | 40.05 -seétions with b/a=2 for v =0.3
o |3 ] 27 10.05467]0.1079] 1.760 | 3.598 | 40.04 '
4 | 36 |0.05497/0.1078] 1.760 | 3.598 | 37.71 - R/a ‘ 1
5 | 45 [0.05497]0.1078] 1.760 | 3.598 | 37.71 ‘nls 2 5 10 20
2 | 24 10.05626 0.113 | 1.769 | 3.599 | 40.05 1| 1933 4710 9.383 18.75
3 | 37 10.05497{0.1079] 1.760 | 3.598 | 40.04 2 | 3.406 8.500 17.08 35.45
* 74 48 [0.05497(0.1078| 1.760 | 3.698 | 37.71 0" 3| 4158 9.148 17.86 39.09
5 | 60 ]0.05497/0.1078| 1.760 | 3.598 | 37.71 41 4762 | 1167 23.38 46.68
5 { 5.308 12.53 29.53 59.06
1| 1.487(4) | 1.450(5) | 1.444 1.443
2 1 16776) | 1627 1.616 1.613
0 3 2.544 5.638 11.06 23.26
4| 3.163 7.469 14.87 29.71
5| 3559 8.545 17.59 35.20
1| 1.485(3) | 1.612 1.639 1.647
2 | 1920 2.229 2.268 2.277
1|3 2599 5.051 9.557 18.83
41 2652 5.698. 11.10 23.28
51 2940 7.327 14.79 29.68
1 |0.8689(1) | 0.4135(1) | 0.2138(1) | 0.1078(1)
2 | 0.8727(2) | 0.5678(2) | 0.3343(2) | 0.1762(2)
213 2183 2.182 2.162 2.156
4| 2435 3.448 3.569 3.597
5| 3038 | 5863 10.04 19.09
1| 1.871 | 1.086(3) |0.5916(3) | 0.3033(3)
2| 1927 | 1.421(4) | 0.9447(4) | 0.5286(4)
303 ] 2899 2.955 2.852 2.814
4| 2944 4.757 5.026 5.081
5| 3844 6.177 10.77 19.51
R/a=10 1| 2859 1909 | 1.102(5) | 0.5769(5)
gy 2 | 2931 2.362 1.719 1.022
R/a=20 41 3 3.547 3.801 3.615 3.539
Fig. 2 Cross—sections of complete, circular rings 4 3.698 5.876 6.518 6.618
having elliptical cross—sections with b/a=2 > 4502 6.656 11.59 20.06
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Fig.4 Cross—sections of complete, circular rings
having elliptical cross—sections with b/a=1/2

Fig. 3 Cross—sections of complete, circular rings Table 5 Frequencies in wR\p/G of completely

having circular cross—sections with b/a=1 free, circular ringshaving elliptical cross-
sections with b/a=1/2 for v =0.3
Table 4 Frequencies in oRyp/G of completely : ) Rla
free, circular rings having circular cross- -
sections with b/a=1 for v =0.3 nls 2 ° 10 20
Ra 1 4.255 9.575 18.84 37.53
S 2| 7141 17.26 34.33 68.59
‘nis 2 5 10 20 of | 3| 7.202 17.70 35.38 70.73
1 3.768 0.242 18.43 36.84 4 9.401 23.25 46.45 93.31
2| 4175 9.408 18,51 36.88 5| 1022 24.93 49:71 118.0
T
0 z 2:3@2 iggg gg:gé géz}g 1 |07600(2) | 0.7272(4) | 0.7226 0.7215
5| 7860 | 1932 | 3855 | 8567 p g iggé 1'16(3)2 ;-26(1)1 if;g
L[ 1178 | 11466) | 1142 | 1141 R I v Il Bl I
2 1.713 1.629 1.617 1.614 5 | 6940 17.02 23,05 70.31
of| 3| 4887 11.81 23.53 47.07 ' : :
41 4938 11.82 23.55 47.15 1 { 1.295(5) 1111 1.085 1.079
5| 5695 14.11 28.20 56.59 2| 1.987 2.238 2.270 2.278
1| 1.643(5) 1.537 1.522 1.518 13| 4658 9.764 18.93 37.58
2 1.978 2.236 2.270 2.278 4| 4.827 11.07 22.02 43.99
1|31 4077 9.400 18.52 36.88 5| 6.016 14.85 29.67 59.38
4| 4497 9.583 18.60 36.92
5| 4844 11.79 93,51 47.06 1 {0.4337(1) | 0.2110(1) | 0.1090(1) {0.05497(1)
1 {0.7051(1) | 0.3842(1) | 0.2051(1) | 0.1044(1) 9 g O'z7§fé3) 0'411:%2) Q??Zg) 0'110772(52)
2 1 0.8773(2) | 0.4130(2) | 0.2137(2) | 0.1078(2) : ‘ ‘ :
21 3| 2642 | 2372 | 2320 | 2307 4| 2894 4 3485 | 3577 | 3.508
4| 2865 3478 4 E75 3508 5] 5035 10.29 19.19 37.71
5 | 4597 9.838 18.75 37.00 1| 1.053(4) | 0.5743(3) | 0.3031(3) | 0.1537(3)
1| 1.581(4) | 1.018(3) | 0.5745(3) | 0.2977(3) 2 1.965 1.088 | 0.5916(5) | 0.3033(5)
2 1.956 1.087(4) | 0.5915(4) | 0.3033(4) 313 3.239 2.645 2.541 2.515
33| 3654 3.333 3.242 3.218 4| 3.956 4.887 5.050 5.087
4 3.874 4.869 5.045 5.086 5 5.626 11.08 19.61 37.92
51 4912 10.47 19.14 37.21
2| 2981 1.916 1.102 0.5769 21 3002 1.917 1.102 0.5769
4l 3] 4532 4.336 4.906 4171 43| 4211 3.478 3.329 3.292
4| 4805 6.978 6.564 6.628 4| 5012 | 6317 6.574 6.630
5| 5.409 11.16 19.65 37.49 5| 6371 11.61 20.18 38.22
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2 A e o] d+9 3-D Ritz] DR #H A
126*(L+ V)GK” +1) gy A7 9 R R 3 o2 A% £ A%

s = p) 2
(40+37V)k* + (16 +10V)A% +v & oR(p/GE WTEUT o A R/a=100,

Table 6 Comparisons of the nondimensional frequencies in oR,p/G for completely free, circular rings
with an elliptical cross—section (b/a=2) from the present 3-D Ritz (3DR) method, the thick

ring theories“z'w), and the classical thin ring theories @ (V O 3)

s L R R * “Thick ring theory’ < Thin fing thebry

Rla [ Mf’de N n e B i (% difference) ~ (% difference). """
Out—of 2 0.03590 0.03921 (=9. 22 %) 0. 03924 (=9. 30 %)
100 —plane 3 0.1104 0.1161 - (=5.16 %) 0.1163 (~5.34 %)

In 2 0.02163 0.02163 0% 0.02163 0 %)
—plane 3 0.06117 0.06115 (0.03 %) 0.06119 (—0.03 %)
QOut—of 2 10.07164 0.07826 (-9.24 %) 0.07847 (-9.53 %)
50 —plane 3 0.2195 0.2310 " (=5.24 %) 0.2325 (=5.92 %)
In 2 0.04325 0.04324 (0.02 %) 0.04327 (—0.05 %)
—plane 3 0.1222 0.1221 (0.08 %) 0.1224 (-0.13%)
Out—of 2 0.1762 0.1930 (-9.53 %) 0.1962 (-11.4 %)
20 —plane 3 0.5286 0.5587 (=5.69 %) 0.5813 (~9.97 %)
’ In 2 0.1078 . 0.1078 0% 0.1082 (-0.37 %)
—plane 3 0.3033 0.3019 (0.46 %) 0.3059 (—=0.86 %)
Qut—of 2 0.3343 0.3689 (-10.2 %) 0.3924 (-17.4 %)
10 —plane 3 0.9447- 1.012 (=7.12 %) 1.163 (-23.1%)
In 2 0.2138 0.2132 (0.28 %) 0.2163 (-1.17 %)
—plane 3 0.5916 0.5822 (1.59 %) 0.6119 " (=343
Out—of 2 " 0.5678 0.6392 (~12.6 %) 0.7847 (-38.2 %)
5 —plane 3 1.421 1.570 (=10.5 %) 2.325 (—63.6 %)
In 2 0.4135 0.4101 (0.82 %) 0.4327 (—4.64 %)
—plane 3 1.086 1.041 (4.14 %) 1.224 (=12.7 %)

Table 7 Comparisons of the nondimensional frequencies in oR/p/G for completely free, circular rings
with a circular cross—section (b/a=1) from the present 3-D Ritz (3DR) method, the thick

(12.13)

ring theories ', and the classical thin ring theories a1 (v=0.3)
‘ 5 R SR o Thick ring theory Thin ring theory

Rla Mode LS e V3DR/ ’ (% difference) (% difference) .
Out—of 2 0.02094 0.02101 (—0.33 %) 0.02101 (-0.33 %)
100 —plane 3 0.06012 0.06026 (~0.23 %) 0.06029 (=0.28 %)

In 2 0.02163 0.02163 0 %) 0.02163 (0 %)
—plane 3 0.06117 0.06117 0% 0.06119 (=0.03 %)
Out—of 2 0.04198 0.04199 (-0.02 %) 0.04202 (-0.1%)
50 —plane 3 0.1203 0.1204 (—0.08 %) 0.1206 (=0.25 %)
In 2 0.04324 0.04324 0% 0.04327 (—=0.07 %)
—plane 3 0.1222 0.1222 0% 0.1224 (=0.16 %)
Out—of 2 0.1044 0.1046 (~0.19 %) 0.1051 (=0.67 %)
20 —plane 3 0.2977 0.2982 (=0.17 %) 0.3015 (—1.28 %)
In 2 0.1078 0.1078 0 %) 0.1082 (-0.37 %)
—plane 3 0.3033 0.3031 (=0.07 %) 0.3059 (=0.86 %)
Out—of 2 0.2051 0.2063 (-0.59 %) 0.2101 (=2.44 %)
10 —plane 3 0.5745 0.5782 (—0.64 %) 0.6029 (—-4.94 %)
In 2 0.2137 0.2135 (0.09 %) 0.2163 (—-1.22 %)
—plane 3 0.5915 0.5906 (0.15 %) 0.6119 (—=3.45 %)
Qut—of 2 0.3842 0.3923 (=211 %) 0.4202 (=9.37 %)
5 —plane 3 1.018 1.042 (=2.36 %) 1.206 (-18.5 %)
In 2 0.4130 0.4117 (0.31 %) 0.4327 (—-4.77 %)
—plane 3 1.087 1.080 (0.64 %) 1.224 (-12.6 %)
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50, 20, 10, 5 $F n=2, 3°) AMEEQCE 2t 0] 24
g AFTY HAE Aol

3DR - Other Methods
3DR

Difference (%)= x100  (32)

o2 At

bla=1 (Table?) °li bla=1/2 (& 8) & w= 7zt
n (=2, 3)°l disiA DR 23t R WA (=1) AF
T 7R B ol29 FAL ¥ 0|82 werte 3
3 F WA (=2) AFFE Ad B2 gsit
3Rk bla=2 (Table 6)Y W= Ltﬂom 7he ¥ o]
7 FARX 7 ol 3 #e] Fel= 379
HEL Qe & WuilE, & 94 , Al
wel A% 7ol glrt. wHol EH%J 2k ZJ%S— &
F AuEy o oo FAH

Table 6~8%14 3DR3} 7h= 3 o] &l % A
£ vlasl BE R/a, bla, n2) ol BAY] 3-D
Ritz H& 7= ¥ o239 AU 255§ Foh.
T3 WX FEg Ay SAE xjo|rt Hom,
2 7Y IS AYstuE A9 F FEFm
gald 2 HAE 2ol Tk "ok 2 8 o
fE HA Tk g o]BoHE FAlE Ay
3 AP B} Rleo) A HdE WS F7)

AE A

at7] wizelch B FA7 7] Aol wet sAE
zjol= ZobAr}, T Table 6~8°A= 3DRe] 9
& 2 dudsert FAL ¥ ol g%t JETR
o} Aths ARE & F itk 28y Table 6~7°014
b/a=2, 14 w, 3DRe] 2§t AUNRFFI AL
ojgd] %t AFrRY Atk As & F %lv} o}
7 4L Ay a9g s iH A
+ ¥ oA FF BA EPE%I(%E_%L (16)9)
E VI VI, IX), 1 olf Iedh Awhidgg ¥
Edo] 3g3t7] wEolrt.

Table 6~84X& AdtE FAL 3 o8 7}
= B olg 2o Y HAE Ao)7} Hoy, 1 A
53] o FAE #HelA Teg die] FEF
1.

Table 9% o} 949 3-D Ritzy (3DR) 3 A&
U186 gt woz 73 98 99 (b/a=1)2
M AL R/G=5) €F ¥ T AFF
oRJp/G o] T3t HILE Bo] F1 glck AYeA A}
$8 P& v=029, G=207%x10° Pa, p=7833
ke/m®, R=0.127mQ H& wEol&ch 3DRe) 2
AFF7E Aoz 38 AFFR noll FACl A
on, 1.3% olilg HolZ 7z A2 ATk

Zhou® ¥ 3-D Ritz H& o] 43l 98 dae 7}

Table 8 Comparisons of the nondimensional frequencies in oR.p/G for completely free, circular rings
with an elliptical cross—section (b/a=1/2) from the present 3-D Ritz (3DR) method, the thick

(12.13)

ring theories , and the classical thin ring theories (L1 (v=0.3)
) Thick ring theory Thin ring theory

Rla Mode n 3DR (% difference) (% difference)
Out—of 2 0.01102 0.01138 (—3.27%) 0.01138 (—3.27%)
100 —plane 3 0.03088 0.03135 (-1.52%) 0.03136 (=1.55%)

In 2 0.02163 0.02163 0% 0.02163 0%)
—plane 3 0.06117 0.06117 0% 0.06119 (-0.03%)
Out—of 2 0.02204 0.02275 (—3.22%) 0.02275 (=3.22%)
50 —plane 3 0.06172 0.06268 (-1.56%) 0.06271 (-1.6%)
In 2 0.04324 0.04324 0% 0.04327 (~0.07%)
—plane 3 0.1222 0.1222 0% 0.1224 (=0.16%)
Out—of 2 0.05497 0.05680 (-3.33%) 0.05688 (-3.47%)
20 —plane 3 0.1537 0.1563 (—1.69%) 0.1568 (=2.02%)
In 2 0.1078 0.1078 0% 0.1082 (—0.37%)
—plane 3 0.3033 0.3033 0% 0.3059 (=0.86%)
Out—of 2 0.1090 0.1131 (—=3.76%) 0.1138 (—4.4%)
10 —plane 3 0.3031 0.3097 (=2.18%) 0.3136 (=3.46%)
In 2 0.2137 0.2134 (0.14%) 0.2163 (-1.22%)
—plane 3 0.5916 0.5915 (0.02%) 0.6119 (—3.43%)
Qut—of 2 0.2110 0.2223 (=5.36%) 0.2275 (—=7.82%)
5 —plane 3 0.5743 0.5980 (=4.13%) 0.6271 (=9.19%)
In 2 0.4130 0.4107 (0.56%) 0.4327 (—4.77%)
—plane 3 1.088 1.083 (0.46%) 1.224 (=12.5%)
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Table 9 Comparisons of the nondimensional frequencies in oRyjp/G of a completely free, thick (
R/a=5), circular ring with a circular cross—section (b/a=1) from the present 3—D Ritz (3DR)

(18.19

method and experimental methods ' (v=0.29)
| Mode | Methods | m=d =3 baTp=4c ol op=h . L =6 n=7 .| #=§
QOut 3DR 0.3832 1.015 1.797 2.668 3.593 4547 5.516
of Exp. ™ 0.3882 1.028 1.818 2.699 3.634 4597 5.578
plane . % Diff. -1.30% ~-1.30% -1.20% -1.20% -1.10% -1.10% ~1.10%
In 3DR 0.4114 1.083 1.910 2.828 3.800 4.801 5.816
| Exp."”? 0.4156 1.094 1.931 2.859 - | 3.842 4.855 5.882
plane % Diff. ~1.00% ~1.00% | -110% | -1.10% | -1.10% | -1.10% | -1.10%
Table 10 Comparisons of the nondimensional 6. 44 =
frequencies in wayp/G of a completely
free, thick (R/a=1.5), circular ring with ol = . ,
] ', 1E = 9y dds 1A FAL 948 e
a circular cross—section (b/a=1) from erdd i T‘? = }_‘ e T .
AFTFE 3344 RitzlS AMEEhe, At o]

the 'preﬁsent method and another 3-D
method® (v =0.3)

n Methods |- 1 |7 2. 3

- | Present 1.914 | 2.261 { 3.266

0 Other 3-D| 1.914 | 2.261 | 3.266 | 3.293 | 4.014

. | Present (0.8027 1.177 | 2.521 | 2.614 | 2.879

" lother 3-D]08027| 1.177 | 2.521 | 2.614 | 2879
Present | 1.155 | 1.186 | 2.143 | 2.334 | 2.492

! Other 3-D| 1.155 | 1.186 | 2.143 | 2.334 | 2.492

5 Present | 2.163 | 2.461 | 3.156 | 3.190 | 3.709
Other 3-D| 2.163 | 2.461 | 3.156 | 3.190 | 3.710

A FAE 98 ¥ A5S dAsiGith 4 94 94
oM SRR (,7,0)9 B U IFHE(0)E T
AgE 3-D 98 27 (toroidal coordinate) 7} AHE
Holom, 3702 HAYEE o o} eEoREE FV)
AHog L, Heko 2 Chebyshev thA §o7 &
e}, whdo]] o] dAeME g5 HEA G, -z
0)7F AMEESleH, 370 HANES g HFoRE
FNHoZ v} MAFoRE U Ui oR Rdst
%le}.  Table 10004 a7 Ay (3DR)Y#FH
Zhou® ¢) Whilel] ol& 98 B Ba=1)S 7R F

€ (Ra=15) 93 99 a9 5/ x4 A5
0ayp/G & 7t n (=07, 0, 1, 5)°l thalA] nlzats
o} n=54 4 5¥A AFTE ALslaE: FaAt 4
AR 7pA] F el Qg HEsrh dAjeilch A%
HEAE 48 I e AP eHed o

o]

o= 287 239 o] wmE I8 (1Z, P) = @8,

8)ol ARZE S

SOy A Agagen,
2 714 olsje] 1 ofm W] B TE 7S
52 gskeh vk o] el o} T
Ao Be e ARY AHRE S
49 144 o &% /b3 2 AolZ ol Tuh
o] @79 AL BlLd DAY P
£49 mEdde AT & W AF7) ol
Table 3~5% fraeaMolt feaM% 22 &
Aoz o 33 AR HFES BFeb|
g% 452 A48 & Aok 349 fEasygos

iy
1o
[
of

= 344 Ritzflez 78 AFFe] FoEo] 48
she AFAE 78 £ AW, o Fy

o 22 AR50 27 (5, 9 & 14X ¥
Aol 27t QTFE ), Ritz]2 FAAAMY AAA
4 Z8A4E Adrhe AL o] McGee$t
Leissa®’¢] 9472 whazrh

o] AFolA AA3tE AYFA oyr] WS
FEoAY, FIEH, Galerkin®, MUY
& o]gsl A{fRF R} o} ZAAE, T
59 AY, AF . 5& wHYsl $HE AAdse
AHgE 4 Qo T3 o] AFA AAskE oA
ke 443 Aue g F #gko] ohg} oA
ARZ ® FoM% Fgo] 7hs3icth

o] ML dFto T3l (0<o<2rn) 93
gglo] ofz} d (0<0<6,) 93 Fo= 2§
o] 7bestth AT ©] ZAY 0wWFoRe] FIYL
ZA8A <A =9, A (19) 9] digtata o] ojEdhs
0 2] thgho] 23 Egor diAsieior st

ot rlr
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