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Abstract

In this paper, we introduce the notions of the convergence in the sense of a-level and the fuzzy completeness on a
fuzzy normed linear space. And we investigate related properties
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1. Introduction

Katsaras and Liu [3] introduced the notions of fuzzy
vector spaces and fuzzy topological vector spaces. These
ideas were modified by Katsaras [1] and in [2] Katsaras
defined the fuzzy norm on a vector space. In [4] Krishna
and Sarma discussed the generation of a fuzzy vector
topology from an ordinary vector topology on a vector
space. Also Krishna and Sarma [5] observed the con-
vergence of sequence of fuzzy points. Rhie et. all8] in-
troduced the notion of fuzzy a-Cauchy sequence of fuz-
zy points and fuzzy completeness.

Since the concept of the completeness is essential to
discribe the aspects of normed linear space relative to
the closedness of a space, there may be rich applications
for fuzzyfying Banach spaces if the concept of a new
type of the fuzzy completeness is introduced in a fuzzy
normed linear space. In this paper, we introduce the no—
tions of the convergence of sequence in the sense of «
-level and Cauchy sequence in the sense of a-level on a
fuzzy normed space and fuzzy completeness, as a gen-
eralization of those in ordinary normed linear spaces.
And we investigate related properties.

2. Preliminaries.

Throughout this paper, X is a vector space over the
field K( R orC).

Fuzzy subsets of X are denoted by Greek letters in
general. x zdenotes the characteristic function of the set

A

Definition 2.1[3]. For two fuzzy subsets x; and g, of
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X, the fuzzy subset #,+x, is defined by
(p+u ) =sup , 1= min g (x ), ¢ (x3)
And for a scalar ¢ of K and a fuzzy subset g of X,

the fuzzy subset
tu 1s defined by

#() if "0
(t)(x)= . 0 if

sup yeX /l(y) if

t=0 and x+0

t=0 and x=0

Definition 2.2 [1]. #=F is said to be

1) convex if tu+(1—Hp<py for each t=[0,1],
i) balanced if #fu<py for each t=K with |¢| <1,
iii) absorbing is sup; s tu(z) =1 for all xeX.

Definition2.3[1]. Let (X, ) be a topological space and
o(D) ={f(X,0—[0,11] f is lower semicontinuous }.
Then «(r) is a fuzzy topology on X. This- topology is
called the fuzzy topology generated by 7 on X. The
fuzzy usual topology on K means the fuzzy topology
generated by the usual topology of K

Definition 2.4 [1]. A fuzzy linear topology on a vector
space X over K is a fuzzy topology on X such that the
two mappings .

+:XxX— X, (x,y») = x+y

i KxX — X, (Lx) — Ix
are continuous when K has the fuzzy usual topology. A
linear space with a fuzzy linear topology is called a fuz-
zy topological linear space or a fuzzy topological vector
space.

Definition 2.5[1]. Let now X be a fuzzy topological
space and x€X. A fuzzy set ¢ in X is called a neigh-
borhood of x if there exists an open fuzzy set p with
p<p and p(x)=u(x)>0. Warren has proved in [9] that a
fuzzy set # in X is open iff u is a neighborhood of x
for each x=X with u(x)>0.
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Theorem 26[1]. Let x be a neighborhood of
zy=x¢ty, in a fuzzy topological vector space X. Then,
for each real number 6 with 0< 6<p(z,) there exist
open neighborhoods #,;, u, of the points x,, v, re-
spectively, that - syt u,<u
min g (x¢), #(y)> 8. In case x,=y,=0 , there exists
of zero with p4(0)>6,

such and
an open neighborhood 1,
syt pa<p

Definition 2.7[1]. Let x be a point in a fuzzy topological
space X. A family F of neighborhoods of x is called a
base for the system of all neighborhoods of x if for each
neighborhood g of x and each 0<6<u(x) there exists
p,€ F with g <g and #,(x)> 6.

Definition 2.8[2]. A fuzzy seminorm on X is a fuzzy
set o in X which is convex,balanced and absorbing. If
in addition #nf, - otp{x) = 0 for every nonzero x then
o is called a fuzzy norm.

Theorem 29[2]. If p is a fuzzy seminorm on X, then
the family B, = {0Atp |0 < 0<1,t>0} is a base

for a fuzzy linear topology t, where 0/\tp is the func-

tion X—[0,1] such that 0/\tp(x)=min.{9,p(%)}

Definition 2.10[2]. Let p be a seminorm on a linear
space. The fuzzy topology r, in Theorem29 is called

the fuzzy topology induced by the fuzzy seminorm o.
And a linear space equipped with a fuzzy semi-
norm(resp.fuzzy norm) is called a fuzzy semi—
normed(resp.fuzzy normed) linear space.

3. Fuzzy convergence and fuzzy
completeness

In this section, we introduce the notions of the con-—
vergence of sequence in the sense of ae-level and fuzzy
completeness on a fuzzy normed linear space. And we
investigate related properties.

Definition 3.1. Let (X, p) be a fuzzy normed linear
space and @=(0,1). A sequence {z,} < X is said to
converge to a point x€X in the sense of a-level if and
only if for every neighborhood N of zero with N(0)>a,
there exists a positive integer M such that »>M implies

N(x ,—x)>a (denoted by x, —%=x) and x is said to be

a limit of {z,} in the sense of ea-level

Theorem 3.2. Let (X, o) be a fuzzy normed linear space
and a=(0,1). Then

@If v, % xand vy, % 3y, then
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x,ty, -4, x+ .

M If teK and x, % x then tx, % tx

Proof. (a) Let N be a neighborhood of zero with MO0)a.

Then there exists an open neighborhood N, such that
N,+N,<N and N(0)>a by Theorem 26. Since «x,

-2, % and Vo -2, y, there exist two positive integers

M, M, such that
n=M,, implies N (x ,—x)>e and
n=M, -implies N,(y ,—y>a.
Let M=max M,, M,and n=M Then
N((x ,+y,) —(x+)

= (N, +N)(x,+y,)—(x+y)

=(N+N)(x,—0)+ (y,—¥))

> min N(x,~-x), N(y,—yPDa
Therefore {x,+v,} converges to x+y in the sense

of a-level.

(b) If ¢#=0, then it is clear. Let ##0. Since for every
neighborhood of zero N with M0)>e, —lt N is also a

neighborhood of zero with —lt- MO)=N0)>a, and {x,}

converges to x in the sense of a-level, there exists a
positive integer M such that »>=M implies N

(tx,,—tx)=—§N(x,,—x) >a. Therefore {&,} con-

verges to fr in the sense of a-level. This completes the
proof.

Now, we will prove that the limit in the sense of «
-level is unique. For the proof, we begin with following
two lemmas.

Lemma 3.3. Let (X, p) be a fuzzy normed linear space,
xeX and a=(0,1). If for every ©0, to(x)>a, then x is
the zero vector of the space X.

Proof. Suppose that x is not zero vector. Since for every
£50, to(2)> ainf, 5 otp(xz) = o > 0 . This contradicts to
the fact that p is a fuzzy norm on X. Hence x is the
zero vector of X

Lemma 34. Let (X, o)be a fuzzy normed linear space
and x=X. If for each neighborhood of zero N with
N(0)>a, Mx)>a, then x is the zero vector of X.

Proof. Fix a 6> a. Since for every 0, 8/\fo is a neigh—
borhood of zero and 6A#(0)=0Ap(0)=6A1>a

ONto(x)>a for all £0. This implies that for every
0, to(x)>a By the above lemma, x is the zero vector
of X.
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Theorem 3.5. The limit in the sense of e-level of a se—
quence {x,} is unique.
Proof. Suppose that {x,} converges to x and x" in

the sense of a-level. If N is a neighborhood of zero with
MO0)>e, then there exist two positive integers M, and
M, such that
nz=M, implies M x ,—x)>e and
n=M, implies N(x ,—x)>a.
Since N is a neighborhood of zero and MN(0))a, there
exists a neighborhood of zero N, such that N,(0)>e,
N{+N ;<N by Theorem 2.6. Now, we have
N(x—x)=(N,+N) (x—x")
=(N+N)((x—x,)+x,—x))
zmin{MV, (x ,—x),N,(x,—x)} >a for all
n=>max M|, M,.
By the above lemma, we get x—x" =0 equivalently
x=1x". This completes the proof.

Definition 3.6. Let (X, o) be a fuzzy normed linear
space and a=(0,1). A sequence {x,} is said to be a
Cauchy sequence in the sense of a-level if and only if
for every neighborhood of zero N with MU0))>e, there
exists a positive integer M such that =, m>M implies N
(x,—x)a

Theorem 3.7. Let (X, p) be a fuzzy normed linear space
and 2=(0,1). Then every convergent sequence in the
sense of a-level in (X, o) is a Cauchy sequence in the
sense of a-level.

Proof. Let a=(0,1) and
x€X in the sense of «-level. Then for every neighbor-
hood of zero N with N(0)>q, there exists a positive in—
teger M such that »=M implies N(x,—x)>a Let a

neighborhood of zero N be given and M0)>e. Then
there exists a neighborhood of zero N, such that

N,+N,;=Nand N(0)>e by Theoorem 2.6. Since N, is
a neighborhood of zero and N,(0)>a, there exists a pos—

{x, converge to a point

itive integer M, such that
nzM, implies N, (x ,—x)>a.

Now, we have
Nix,~x,) =2 (NJ7+N)(x,—x,)
=(N;+N)(x,— )+ (x—x,))
>min{N, (x ,—x), N,(x—=x,)}>e for all
n, m=M,.
Therefore {x,} is a Cauchy sequence in th sense of

a-level. This completes the proof.

Now , we consider some relations between the fuzzy
completeness and ordinary completeness on a linear
space.

Definition 3.8. A fuzzy normed linear space (X, p) is
said to be complete in the sense of ae-level if and only if
every Cauchy sequence in the sense of a-level {x,}
converges to a point xsX.

(X, p) is said to be fuzzy complete if it is complete in
the sense of a-level for all e=(0,1).

Lemma 39. Let (X, || - ) be a normed linear space
and B is the closed unit ball of X. Then every Cauchy
sequence in the sense of e-level on the fuzzy normed
linear space (X, x ) is a Cauchy sequence with respect
to the ordinary norm.

Proof. Let £>0 be given. Since 6/\'%){ s0a if &,

0/\—ng is a neighborhood of zero with 0/\—5 % 5(0)> e

Hence there exists a positive integer M such that
n, m=M implies

5/\76x3(xn—xm)>a

=>—§x3(x,,—x,,,)>a

@xB(—z(xn—x,,,))M

=xp(E (x,=x,)) =1

=hx,—x,1 S—§<a Therefore {x,} is a

Cauchy sequence in (X, | - |).

Theorem 3.10. Let (X, | - 1) be a Banach space.
Then the fuzzy normed linear space (X, xp is fuzzy

complete where B is the closed unit ball of X

Proof. Fix a=(0,1) and let
quence in the sense of e-level in (X, xp). Then it is a

{x,} be a Cauchy se-

Cauchy sequence with respect to the ordinary norm
| - Iby the above lemma. Since(X, | - |) is com-
plete, there exists an x=X such that | x,—x [ —0.
Now, we show that {x,} converges to this x in the
sense of a-level in (X, xp5). Let N be a neighborhood
of zero with N(0)>a. Then there exist a<#<1, £ 0 such
that OA#x z<N because that { At z£0,0<0<1}is a
base at zero. For this 0, there exists a positive integer
M such that

n=>M implies | x,—x | <t

= n= M implies A& g(x ,—x0)>a

= n=M implies N(x,~x)>a

That is

-level, therefore (X, x p)is complete in the sense of a

{x,} converges to x in the sense of «

-level. Since e« is arbitrary, (X, xpis fuzzy complete.
This completes the proof.

Corollary 3.11. The field K(R or C)with the fuzzy top-
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ology generated by the usual topology on K is a com-
plete fuzzy normed linear space.

Definition 3.12 [3]. Two fuzzy seminorms ¢, 05 on X
are said to be equivalent if 7, =7,

Proposition 3.13[8]. Let (X, | + | ) be a normed linear
space. If p is a lower semicontinuous fuzzy norm on X,
and have the bounded support {xeX | o(x)>0} is
bounded, then p is equivalent to the fuzzy norm xj

where B is the closed unit ball of X.

By Theoorem 3.10 and the above proposition, we get
the following theoorem.

Theorem 3.14. If X is a Banach space and p is a lower
semicontinuous fuzzy norm having the bounded support,
then the fuzzy normed linear space (X, 0) is fuzzy
complete.
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