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{Abstract] Hilbert's rational ambition to establish consistency in Number theory
and mathematics in general was frustrated by the fact that the statement itself
claiming consistency is undecidable within its formal system by Godel's second
theorem.

Hilbert's optimism that a mathematician should not say "lgnorabimus” ("We
don't know") in any mathematical problem also collapses, due to the presence of
a undecidable statement that is neither provable nor refutable. The failure of his
program receives more shock, because his system excludes any ambiguity and
is based on only mechanical operations conceming signs and strings of signs.

Above all, Godel's theoremn demonstrates the limits of formalization. Now, the
notion of provability in the dimension of syntax comes to have priority over that
of semantic truth in mathematics. In spite of his failure, the notion of
algorithm(mechanical processe) made a direct contribution to the emergence of
programming languages.

Consequently, we believe that his program is failure, but a great one.

[ZHol] s & [Ma|], 59 sHed, Y JHsd, £E o
[Keywords] Number theory, Formal system, True [truth], Provability, Decidablility,
Turing Machine.
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ol et FEES FHflol FE3e olfk FJAHoR
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gto] L) =(Leibniz, 1646~1716)0] StAjof H|2 4 83 FEE
T opuel e EE FEo| H@e] HaygozHE Hojd &3
QA AA, & A calculus)oletes B0l FAHN, 18 ol& 3
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AE A71F Aol

dHg Hatr] H FEA B g stgst FE3)
A7 Zlo|EF=R gEHE ii]'r«](loglclsm)“ i
theory)elgty HWAE WEded 2 o8 v HEZ13AT of
oltjol & ztdksltl. dAY acbed by aRt o "&‘f% Fro] =
ofof gl Flojth. o]FA HW ow Hgte] A €2 E IR
€ 42 A dd asiyg R¥EL a1 A% «H:‘ifﬂ—c d4F
2] (reduction axiom)®} F3+F 2l(axiom of infinity)& HS8 =2 It}
= A -l gt

t2ol= Brouwer(1831~1966)2 tiE s E FABAF ot %9
A AT A= Kronecker(1823~1891) 2 A 2+ Afgte] £48 4
AE Adoln a2 V(53 él'r)‘“ Qo] WHE Aow Az
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ZF&(law of excluded middle)& A¥3&-sith.
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od FAZFH Jdol YeA ¢y e FIES A
e oA AdFsor & ¥ oty 53 THYEH} FETHE X
st Aesol HFAoF gt Y EE 4L =24 sl= A
ol olyet =& Uehhr] A ALEE dojdl FANE v 9
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FeA 2 od d¥r e ddvdn FAFAREL 4G
o fugtE drkg AF2 FAHE AnA g9 Aot

2) YHEx “drlola ALEE fol:= H . M- dolXvwl aREe FYE
£ HEAZIGE HolE - oAl - WFRoz Eer Fo."dn 2378
Folgivtz AR,

3) Hilbert, “Sur l'infini", p.233.
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T3, (3 F8A 28z (4) F27F 3 (modus ponens) 2.2 FAH =
g, g7 e Fe A 288,
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(1) ~3dx ( 0=8Sx )

(2) VxVy (Sx=Sy — x=y)

(3) VxVy (x+Sy=S(x+y)

(4 VxVy (x+Sy = (x*y)+x)

B [BOAVx(Z(x) > Z(Sx)] &> Vx0(x)

S A AN
4 Fotel A M2e Pord Edg ATduA T W Fu4xE

& olv] @@ F3e ool a1 AUS Wk nAHY o
2A BasE A5 #oZ SMsE A7 agsith Yo
B3g RoplAd £8 PREYL BY Bad Fi9 FREA
o elEd. ol 1t f2els ssste) TREH T8
‘ PR LR ELE

)=
=1
[e] )=
=3 i
Exilagd

-
g
Hr
o%
e
oy
of
i
pa
o
o
L
£
W

b AAE RAolghe 3ol

i



8 m =2l XBE 2%

AYH o F Peano?l o] HAZEE ARG B ZE 54 F
o] eSS A9 F dofor gk
2 1900 FElol A AR A FEA di3 A 3‘\:‘1 EE
auj7kR] St A EER] ¥E 2379 EAE AAAE, K
A 1084 AV vz Ar)d TR dvFH o= Pr} 7§-’F—
Asg 7Hd dgdolztn & W P(xy,..x0=08e &AE B
r,.nZF A& W EE ¢ Jdvh
P(n,...r0) = 0

rr

AW, f(xyz)=fyz+3xy*-x-10& HEAFE AFE
£(5,3,0)=00] c}.
B dutx oz FWES FAE F33 A5 dE AF Xé—}r‘-

o] AsE 7 g9 HE Fee Az EAEETHY oAF
e &4 }1:].5)

AEH o2 ‘Goldbachy F&'c® Ey¥E T & EA Udh
o] EA= ??}‘é FZEQ HAgo T} A4, EE HFe F
Ao Folgts Aot o] F5& HFHA o 47 & H
Fol 2774 AZHES AEgoY vHE 2A RIA 2HY
3] & 71 Qlo] o] F&5 wEd= AHrE oA @& Aol
g olFx 2F ¥ 4 ¢d “0999..=1"9 FHED H9 B
ol o 2R A FHE Peanod AtFAAE H|A 7le Ro=
welvh, a#8A AMREL Peano-Hilbert A AI7}F Eg4A3ivhs AM
S ogFEo] ¢dx URm T £ YA

ol 8ul YWE Z 2ol 3 Ao i FAF FELH
FETHS E¥3E FAAAE gYstele A XA Z2a
A o] AAE E 7HA 2AEE USA Ak g ¢ FIF
9 (finitism)®& & F sle=d), old d3d FEeEy JFS 73

5) 19703 Yuri Matajasevics ¥vlEe] 1085 FAE AT ow
duEE EA4%% FevE AdE S,
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EEHNE e FHEY SHAE AAH

oy 89 Falg AFH BEEHE ZAEL U9 F M el

(1) ¥ 2% A (consistency)

AddE FHAAE Y Ae pd 2 ¥EY FF ~ pE FA
AEHE ¢tdd. old AAE BeFHAd AAS Hol ‘1 = 27¢
2 AgAr Ay 99, 48 €9 (p A ~ pY 2E FY
Aesis GAAAE BAEY FEHE AJlv BE HFH2(wif)
A7t g a8 EHEE FE3F] Yolzba 53 At
FREAdY $HS 9498 Aol
IHEE ‘314 gqiAde & 1 dids FA3se 21E9
BT FX0lth 8= Cantorel 4% tA 3 U9 438
Eede FHe OMI Zu)9) A 7F HYok 1900 Paris
sl AWETL AAE 23709 A F 28A LA vt
doll #E E&olth

(2) ¢4 A (completness)

sl 3y Ao AJAA AAJNAE HAA}E &Y A
ZHeffective procedure)’7} EAT o “4A 7hE stvtz dob “of
B 7bsdoler £48 AFLEY LB g ) 2 shEdd, ¢
ot ol & Y3 LdueE F AAEAE &) 9ot

FAANA HellA ojd Helrl Tl e o, YHEE o A
3 FHEE F 5 UL BE o] AAN FEI FHIE IYHh
o] & A H#A|(Entscheidungsproblem)@}t &=t 8kA= “Ignorabimus”
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6“0 p7t A48 pEel o £ 2571 ok EE JAed pRu &
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10 m =2|HT H8H H2Z

JeH2EA AT ARE ¢
As3 geo ¥Ag EFAY
T I go] ErsEE Bole 39 A48 uu gth"s
a8t /339 A4 operation)©lYt 3= (implication)& &3t
o pEE~pE F U I At & W 19 AA= &
A 3 (complete) A Aot}

3. A2 : F29 A<

M 2(1906~1978) A#A o|ZoA ALgHE e Add ¥
2 AA Hel X FHsAE AolE AFIAATG =dHE &
e AFsle Eolg WESs £E 24 F(metamathematics)©]
g sted, 4 FYrstsAelste 2484 £$4& & (number
theory)el &40 2 Wds=d HFaA e L= xd 18
dole] M2 ot FE-uddoist HEQN -9 FHE S8
A FES YT Aotk F82 1 49 HEEE Vs
g+ U= FYol e Aotk

FHAHoZ AdFo] o WAL 2484 J8E T8 go
Zog ¢ A dF ‘HdF xE e dd89 =gy 94
F z8 Ze =d49 Fyot e e x4t WA %A
Ae Atole AR FdE F JEA o)AREH LREF A

1) #Ad5e] o]

WA AE7EEY 222 449 ohdel Ae 1079 F5E
& 199 107449 &g Fowe.

~ 3 - ( ) = 0 S
1 2 3 4 5 6 7 8 9 10
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8) Hilbert, “Sur les problémes futurs des mathématiques”, p.11-12.
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= 9guEd gGAAde Ay AAgelth o A& AFHFA HAH
7 ALY & M
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0oz 5 Yelhdes Wdge 10 oAy A%, BAEEL 10
ol AFEL AL, WL 10014 AFEY AAFE B
o gk},

X y z p q T P Q R

11 13 17 1| 13 | 17 ) 1 13 P

ojAl &} HYPo) HALE RAsty] A ( Ix ) (x = S0)
£ o Soj1x,

( 3 X ) ( X 0 )
9 2 11 10 9 11 7 10
uAgto 2 dH HPAE HALE Rolz] Y& AL}
Zt2t m, ndl okl o8 EolrAl

[w >R}
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(dx)(x=5s0)
( dx) (x=sy)
ojmj o] F A& 2" x 3" ojgty HYAFE Fouet
oA ofjw YA A %1\’4 AANN ZRECIE, AEAs, 4d
o] J&)e) JyFAA BFe JFANE st FF % A8t o
e dAtolth F, Fold F A9 RIEL ¥zl A2 g2
Adsg Adoh 92 o & HAAE ol Avstd Hdg
TE AT s A4S 2AL Ay dEoith E
2 259 ALE AEFTOZA s AS7E AEFAA
obdAl & 4 glon, Hasitw HAFIRE AFse Y
#EE HEE 7R UG
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o] A& “="d 5 “0"ol 6olgte HALAFE FAF AAAAY
o]t}
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2) ALAe 9 AA : A (Substitution)

A (Substitution)] 71de] Qe FEde 713 AAHA A
dolrth, AFHE oo 3 dolrREF 3 3y 2 ¥4
o] it 1 #Hdg= mold: 7P EAL

m: (%) (x=Sy) — @

A7l A yoll A kE Eohz 33, o] A9 HAdxE j7 &
o, & FIE AL oFU FAS v k tiNe k) wHEe
SSS..SSS(0)€ WABE j§ 78 £ Jdt Aot 1¥d moe=
HE j& ke HRHE A od j& fEs md ZEAAA vy
(5 13)°l k& Wy 2@ sFste AdFrt 2 Aotk

sub (m, 13, k) — @

olAl @A y& o] A9 Hd49 moez hASFH sub (m, 13,
mZt Hed, A 48 me& Jd5rt m B siFee, F ¥
A me AdF T ZAA ot o] & 3t FF2A A2E Ad
F& A& Aol

2589 &4 Mg Aoz WYEy] 98 AL DemolEts
#ol& UEY. oA YA 3 ¢4 (primitive recursive function)$]
d, At 753 g A5 dolFd $ae =98 98 F
et Zde FEoA, ‘gd x¢ FELS Ad4 29 ¥EE
533 ."E Dem (x, )2 YepA}

oldf z& x4 AlF(divison)7t €& % ¢ F Y& Aol Iy
o] Rde dd9 dggAggAN o= HAjol7) dqFojct &3
#e R8E 2A.

(x) (~ Dem (x, z)) — @
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vrMW AT sub (m 13, m) ®°ﬂ sk kA" 2A7L
o gkt

(x) (~ Dem (x, sub (m, 13, m)) — @
o] Ao Hdf¢E pEta st oAl m thilel pE WYsHd
(x) (~ Dem (x, sub (p, 13, p)) — ®

71914 sub (p, 13, p)& nolL & W, no] st AL F
RA7F?

ne& AL57F pd AGAH m i pE YT 49 AL
Hed, 234L 9§ ohd ©49 44 do 1 7] & vtz 27)A
M (self-reference)®} F&ol HE Hojrthl

1) A7IAN ) PBe o2 FA BEEZ F1 o9 vHA)RIANE &
7“?’5}311} {q,
& 25 A 5 gln
& B2 98 + glon
o Axrws 2 S ga
&rtge e st2y 4 e
Ze AdE AE F glx
Age AAE @ 4 g
Ao ANL HlZo] B F g7
e $8 Qg 44 2@k
cagdEs0 8% ‘Y AL b ga] ‘U= U4E otgrm 9w
g 4 dEsP o] E AAFBIS Gav} olUsl? oA BIE DT}
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%, Sub (p, 13, P& z&} & 1 B+ BE UdS& v}
t G ~ dx Dem (x, z)
o] Ao] ntz A7|AA Egolth

G : “This statement is not provable.”

ANY FHbs Aol WetFy Y& WGsE FEY =Y
# 3

Hg 7% Aol vz AL AAHolth
P-A Al 2 5=
A x=@ (A1, -, Ag)
: z=3G

[Ay, -, A7} G9 $9E_ | Dem(x, z)=1

Ak(=G) old o Dem(x, z)=0

ojA FAHULY FFT skt

(1) GZ7F AAleln
(2) G7t FHola &

9 e
357} i el
FAAA Pt Egold {83 AATL ol =
Bgolgte A 5718 Z3 7] WEed AR A&s FHE
itk Fe AEe BeAARgsE @ U PIX SHE &
Y JAgo] EAFdYE A"g®olr). $e7t PAA G FH
7V5EE RYa G7F @ete uvr) vi2 2ol GE FoltH

o e
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oA 919 4 Z3e BRI HEE 4.

9857k nolehd Dem (n, 27 Bk e B3 F9l Hel
AFIANE AAFH ~Dem (n, 27} Ho] 2ol G %
s gk

w22 ~ G7F FW7bssa JHg kAl
H ~G
add Ge ~ |—}; G ol2Z o|Z ystd

E~(~ 1 G)—k G
AL AT FAY & vk
27 Ge ~ Gt 397b5® FW FYASREE FUE

3
SR ¢ e ZAEIS WAolth

HAdo] A 137 : A5 A3 F 5 Yx (E
38tE) F2ed RE JFAAA
g g u3d 5% Qe 434
3 A,

A Vx ~ Dem (x, 27t 9A% Jujols A& 1£dE #
et oEA HW BE EgE s3y W&ol 39l Hds}
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Zastol &elAtd, Feo BAHL Adeln 1 dx AHed F
3 AAL 5 B3] 2 #H(commutative)olth. T Y S|
E7bssitkn sjA wEE AL ohuvn wWrFo] Erbssitin siA
FHol 8 A& ot FEI} wFe FA i njuH
(non-commutative)©] t}.12)

Ade] F dA Fele AANA PY FRe&AC P oA F9
2 ¢ dve Aot PY FEEAHE P - Consgt 318 A 23
T #9384 F3dh

() P - Cons — G A 13 ANA
|
2 (P -Cons )G , 78 (p—>q) —
(=p—FHaq)
@~ G A 138 AA
4 ~ = (P~ Cons) 2, 3, modus tollens

A4 A 249 : P7t ABF AAY P FEE
S} BE FEL P YN ARARASE Aol

o
29)
(e

of tis} ARt o)Al

FE 3 o] EHEH %M 1EE7t Foh. P o] FoldA ZAE

7Hed Aol EATUE I UAL ot A&? AFo2ME

12) 284 $9E 390 gd P38 & = g4 FA A 2%
& Y 5 gon, £ FuYel ¥FE & Yk FAF A%E
F4e ¥ 7% Y Rolv
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et FZ(conjecture) FEY FFA WFE21 Y& BolARE of
Al sl 2 kA Fo2E A B 5 Ao

AA, AAe FHAA EFET Ayl FEA= 7EedA
B8 THE AAY Adrisiee 2gAsy. 2180w
FEAA w=EY Fle ol et o] FHES =l
A FAUA?

EA, oshe WY 44 FIA FEHUAE Ve
B gl A9d & Avhe APl ABE FRH
7 e w2 A Az FIH Aud PYYL
A9 B Hol Y

32
ol rffr n

AR, $82 $E7t e ARG o FRHA FEAN? F
2o Azte] Feoxe BEAAYL EAEAHY T4 1
atA AFEHol e Aoz HAT THENY EAY
NEge REEAY Adez gAY s EAE o
A3 Feh PAA BE # BAE Y 7 gl AL
Poll A EAEe] FA Agso) 7] HEe] obdrl? w2
of A¥H o ME £33 ol FHFH FE& HA
7be ol ofd7t? Hel bl o] EAIE AEE 7137t 3
< Aol

4. 79 : 729 A3

AdAL7 e R 2 d Fo (193749) FA7MsHY EA=
%% (Turing)el &3] ML 4AL 4 A&EE Jednt. 29 ¢
st ZAEAT FHANA old Z2aRS APL o 2 =2
a9 FRE AdFse 49 FEsdE Al 2R & AN
7V A (calculability) & ¢lm gttt HA $aE RE F83 £H4d

E---4
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AAY FrE AFAY F gloH, oz BE 5 dAY
g4 £48 2FANZ F At dE B9 #34 $4 Qaxr ¢
7 A7 { F AR Jez 7te FFolx, g BE ¥y =
fx)el o8 Fd 4 Q (x y)E A¥AE & o 2A:A &
el e Azt FAA ARAJA "d7eke 2A e EAE 47
o &4 o £ 4z =¥ xo W3 y = f(x)7} He y@E A
Aete ¢ndEe &% 5 Aol

AARA(E)MsE « A (EHsA
AT e d7strldl A FEVIAS 71RAA HEdE

& gart Yo afopd o] FAAA A A e FE
A7 wEelt.

>

1) #271419 F54%
9 o4de M9 3 < QT 5, 8,5, B, F>02 FolAr}

‘Q: HBIUES WY
‘TR A & ¢ A 297
‘X gEg

-5 2714

-Be ' Rzt
-52Qxf‘——>QxI“x{<—,—>}
-F c Q: A4y IAE

B el 43l S92 (blank)E dvlstz, St Y=g Aoz
A BE XA gon I'e REHFoldd b GERTSF
(next move function) 8], A7 8(qy, a) — (qo, b, )& H|Z
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JE=7F a8 bE ML eE8F0® @ 7 o|FsE AL :
E 8(qy, B) = (q, B, )& 3 A4 &4 wd 35 HolZ 9
EE @ dFoR ojFstuA HTAH qolM "HET EHAN
Tl GHAEE BAslE i1 R4 &

2) AAEA

R
1 #9d9 # JE AR TR 5 g%l FIUAY 5
= $53 go

FUE RURDIAT FHGAE o AL 5T 22§
FAAES AFANGE 5 SN T, Ty Ty - AW S &
ANz 928 B5 & gtk Fool @ 424y WAL g
3} 2o

999 xzade FuE 452 5 At
BHIZIRE FEAE AL B
te 2z A, st FYoAe F4Q Aol di o
A7b AEH ARE BAFE JAN FHL EARA Fev
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6. +%4 A9 : 24U IF
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7188k "ol ofyd, wE 9 g9 3 dA=AS
£ Holdh o FE LEY &£53W FzAHola EZHY 8
a7b EoldE Aol ohdrt & F&3 Bk vz 1zl 34
stoll A¥ste fdo) obd?

Hol gA FEAM 'FAEF Y109 oo BVE Wx 3
o} PutnamXT 2 ¢ 3hvolth
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16) Thomas Tymoczko, New Direction in the philosophy o
mathematics., Princeton University Press., 1998
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gzt i A A vE FE4 F29 41T 32
stle AT a7t A dndsCiAd A Mg
Uz Z2aH9 Aoje T AFH rodstd S8 A
AdE 7€ 4EE 7HAL7] dEolch g7y 19 Z2agdLe
Godel, Turing, Churchel ¢]o] Q.59 F9olE(proof theory)els}t
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ol#l9] o= Grenoble 2 & Alain Lecomte ®9] &3 79
“ANsA D 2R A70A 2L Ao, F A7 AT
HAA 2 TIAA A AdE Tebstr] & & desivha
HEH7] g o dAR e 5L gEst B2

dE@e] 0 TZ destd 49U A1 AYEE R
goh EAE {0, 1 182 TENZ B E BASE 7AE +A4E
€ Aojth. 1 AlelE X'E wo] ¥}

Lo 1] 1ol o] 1[0 sTofx[ o] 1] 1] o] of 1 o 1] o] |
—_—
o) A1A9 ABPHE ched Pk
(1) Bl ohd gdols) 2o X'§ A3
(qo,0) -—->(aq, 0D)

(aq,1)-—>(qy,1, D)
(qgo, #)-—>(q, X, G)



30 = =2lAT H8Y H2%

(2) N &o2 HEotQ )
(a, 0)-——>(aq,0,G)
(a, 1) —>{(a, 1, G)
(aq, #) ——> (q, 4 D)

(3) A&9 713 & 7]93le
(qy 0) --->(qs A, D)
(aqp 1) -—>(qsy B, D)
(qy, X)-—>(qgm X, D)

dARel 091 F$E Ao s, YR YXPEo] BF
2SS BT 7o) g

@ X Y& 7[5 & o|FAAL

- “0” ?.1 %h?- :
(g3 0) -—->(qs 0,D)
(g3 1) -—->(qg, 1,D)
(g3, X)—> (g, X, D)
- “1’ ?_ ﬁo_?_

(qs 0)-——-—>1(qy0, D)
(ag 1) > (a1, D)
(q4uX)-——>(q, X, D)

(B) g8 713E gl ¢ 7|3 g Frstel
(g 0)--->(qs 0,D)
(g, 1)-—-—->(q1,D)
(aq,0)-—>(q,0,D)
(qn,1)-—-—>{(q;, 1, D)
(ae, #) > (qs 0, G)
(aqn,#)-—->(qs 1, G)
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6) Al AR et
(g, 0)-——> (a3 0, G)
(g 1) -——>(a, 1, G)
(g, X ) —>(qy X, G)

() X9 9% 9= A Wx 7137 ‘A Beld EE gdolr}
EALE Aolth o] xe ‘O ‘1'E& Bsan HFT A =

g wj7pA] o] F gl
(g, A)-—-—>(q, 0,D)

(g, B)-—>(q, 1, D)

qz FEClAM Z1AE X Aol gl olZ25H qn YHE olF Tt

8 184 gow Fdo] YAl &kt v 7158 Fod 7}
ofgtc}
(g 0)-——> Cqu 0, G)
(qs, 1) -—->(aqe 1, G)
(aquo 0)-—> (a0, G)
(aw 1) -—->(Can 1, G)
(aw, A)-—> (g 0,D)
(quw B)~-—>(qz 1, D)

9) am BEfA Z1AI7F 3 A& 2 Ik Wk
(dm 0) -—=> (gm 0, D)
(gm 1) -—-->{(am 1,D)
(Qm #) -——> (qme, # G )
( dm-1, 0) ——> (gstop, 0, D)
( gm+, 1) ——> (gstop, 1, D)

A osle] MolghE dEs) AT e8% 3 WA 2ol
WEEE aly] 98 Bas Aol
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