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NEIGHBORHOOD SPACES AND
P-STACK CONVERGENCE SPACES

SANG Ho PARK

ABSTRACT. We will define p-stack convergence spaces and show
that each neighborhood structure is uniquely determined by p-
stack convergence structure. Also, we will show that p-stack
convergence spaces are a generalization of neighborhood spaces.

1. Introduction and Neighborhood spaces

The study of limits and convergence is an essential part of topol-
ogy, so finding an appropriate definition of convergence in various
structures (supratopology [4], convergence structures [2], neighbor-
hood structures [3], etc.) is a high priority. In generalizing from
metric to topological spaces, it was necessary to replace sequences
by filters or nets to obtain a convergence theory adequate to char-
acterize topologies and their most basic properties(e.g., closed sets,
closures, limit points, continuity, compactness, etc.)

We must likewise replace filters by some more general convergence
vehicle “p-stacks” in order to develop a satisfactory convergence the-
ory for neighborhood spaces and p-stack convergence spaces, which
are defined in this paper.

Let X be a nonempty set. A nonempty collection H of subsets of
X is called a stack on X if it satisfies the following conditions:
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(1) Ae¢ Hand AC B C X implies B € H.
A stack H on X is called a p-stack on X if it satisfies the following
conditions:
(2) Ac Hand B € Himpliecs ANB #0
Let S(X) denote the set of all stacks on X, pS(X) the set of all
p-stacks on X, F(X) the set of all filters on X, and P(X) the power
set of X, partially ordered by inclusion; clearly, F(X) C pS(X) C
S(X) C P(X).

Condition (2) is called the pairwise intersection property (P.LP.)
which is strictly weaker than the well-known finite intersection prop-
erty (F.LP.). A collection B of subsets of X with the P.LP. is called
a p-stack base. For any collection B, we denote by (B) = {A C X :
dB € B such that B C A} the stack generated by B, and if B is
p-stack base, then (B) is a p-stack. If B is a p-stack base with the
F.LP., then B is a filter subbase, and in this case B generates the
filter [B] = {AC X : 3By, -, B,, € Bsuch that N, B; C A}.

The maximal elements in pS{X) (respectively, F(X)) are called
ultrapstacks (respectively, ultrafilters). One may easily verify that
every ultrafilter is an ultrapstack, and (via Zorn's Lemma) that ev-
ery p-stack (respectively, filter) is contained in an ultrapstack (re-
spectively, ultrafilter). Henceforth upS(X) denotes the set of all
ultrapstacks on X.

PROPOSITION 1.1. ([3]). For H € pS(X), the following are equiv-
alent.

(1) H is an ultrapstack;

(2) IfANH#(, forall H € H, then A € H;

(3) B¢ H implies X\ B € H.

PROPOSITION 1.2. If H, G € S(X), then so is HUG. If H,
GepS(X)and HNG # 0 for every H € H and G € G, then HUG
is a p-stack containing both H and G.

Proof. It is obvious. O



NEIGHBORHOOD SPACES AND P-STACK CONVERGENCE SPACE 29

PROPOSITION 1.3. IfH, G € pS(X) and G £ H, then there exists
an ultrapstack K such that H < K and G £ K.

Proof. Assume that G £ H. Then there exists Gy € G such that
Go ¢ H. Thus H € Gy for all H € H, so (X \ Gy) N H # B for all
H € H. By Proposition 1.2, HU{{X \Go}) € pS(X). By Proposition
1.1, there exists an ultrapstack K > HU {({X \ Go}}, where H < K
and X \ Gg € K. Therefore G £ K. O

PROPOSITION 1.4. If H € pS(X), then H = N{G € upS(X) :
H <G}

Proof. Let K = n{G € upS(X) : H < G}. Clearly, H < K. If
K £ H, by Proposition 1.3, there exists an ultrapstack £ > H such
that £ #* K. Since £ > H, £ is one of the ultrapstack’s in the set
interested to obtain H, and so X < £. This is a contradiction. O

PROPOSITION 1.5. Let H € pS(X) . If AUB € H implies A€ H
or B € 'H, then 'H is an ultrapstack

Proof. It follows from Proposition 1.1. ([l

EXAMPLE 1.6. Let the condition (*) be the statement: AU B €
H = A€ Hor Be H Notall members of upS(X) satisfy
the condition (*). Let X be any set containing at least 3 distinct
elements {a,b,c}. Then consider the ultrapstack H generated by
p-stack base {{a,b}, {a.c},{b,c}} . If A= {a} and B = {b}, then
AUB={a,b} e H,but A Hand B ¢ H.

REMARK. There seem to be two classes of ultrapstack’s: those
which satisfy (*) and those which do not.

PROPOSITION 1.7. Let H be an ultrapstack and {G,; - i € I'} a set
of ultrapstack’s on X.

Then H > N{G; : ¢ € I} iff for every H € H, there exists i € I
such that H € G,.
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Proof. (= ) Suppose that there exists Hy € H such that H, &
G; for every ¢ € I. Then by Proposition 1.1, X \ Hy € G, for every
1€ 1. Thus X \ Hy € NyerG; < H. This is contradiction to the fact
that H is a stack.

(= )Let Acn{G,:iel} If A¢H, then by Proposition 1.1,
X\ A € H. Thus there exists j € I such that X\ A€ G;, 50 A& G,.
This is contradiction to the hypothesis that A € G;. O

F. Hausdorff [1] gave the first definition of what was later called a
“topology™ by assigning to each point x in a set X a “family of neigh-
borhoods™ subject to certain axioms. We use the same approach for
defining a “neighborhood structure”.

DEFINITION 1.8. ([3]). Let X be a set, and let v C pS(X) be
given by v = {v(x) : » € X}, where v(x) < & for all x € X and
% denotes the ultrapstack containing {z}. Then v is called a neigh-
borhood structure on X, v(z) is called the v-neighborhood p-stack
at z, and (X,v) is called a neighborhood space. For convenience,
“neighborhood”™ will be henceforth abbreviated by “nbd.”.

Let N(X) be the set of all nbd. structures on X, partially ordered
as follows: v < p & v(x) < p(x), for all x € X (in which case v is
coarser than g and g is finer than v). A p-stack H on X v-converges
to x (written H — xz) if v(x) < H.

If (X,v)is a nbd. space and A C X, let
L(A)={eecA-Acv(x)}
ClL(A)={ee X ANV #0, for all V € v(x)}.

PROPOSITION 1.9. ([3]). If (X,v) is a nbd. space and A C X,
then:

(1) I,(A) = {xr € A: A€ H, for every p-stack H — x};

(2) Cl,(A) = X\ L(X \ A);

(3) Cl(A) = {x € X : IH € pS(X) such that H - x and
AecH}
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PROPOSITION 1.10. Let (X,v) be a nbd. space and A C X.
(1) I,(A) ={x € A: Ac H for every ultrapstack H - z}.

(2) Cl(A) = {z € X : IH € upS(X) such that H - x and
A e H}.

Proof. These follow Proposition 1.9 and Proposition 1.4. ([l

If (X,v) is a nbd. space and H € pS(X), the associated closure
p-stack Cl,(H) and nbd. p-stack v(H) are generated by the p-stack
bases {cl,(H) : H € H} and {A C X : I,(A) € H}, respectively.
Note that v(&) = v(x) is the v-nbd p-stack at .

PROPOSITION 1.11. The interior {or closure) operator for a nbd
space (X, v) is idempotent iff v(v(z)) = v(x), for all v € X.

Proof. Let v(v(r)) = v(x),forallz € X. f AC X andx € I,(A4),
then A € v(v(z)) implies I,,(A) € v(z), and so x € I,(I,(A)). Thus
I, =1,-1,. The converse is obvious. O

DEFINITION 1.12. ([3]). A nbd. space (X,v) is defined to be:
(1) pretopological if v(x) is a filter, for all z € X,

(2) supratopological if v(v{x)) = v(x), for all x € X;

(3) topological if pretopological and supratopological.

The terms pretopology, supratopology, and topology will be used
for a nbd structure v which is pretopological, supratopological, or
topological. Also, a pretopological nbd. space (X, v) will be called a
pretopological space; likewise for topological space. A supratopological
nbd. space will be called a closure space.
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THEOREM 1.13. ([3]). A nbd. space (X,v) is:
(1) pretopological if I, (ANB) =1,(A)NI,(B) forall A,B C X;
(2) supratopological iff I, is idempotent;

Recall that A € v(r) < x € I,(A). Theno, = {A C X :
I,(A) = A} is a supratopology on X, that is, a collection of subsets
of a set X which contains X and is closed under arbitrary unions,
but, unlike a topology, is not required to be closed under finite in-
tersections.

Define v,(x) ={N C X : 3G € o, s.t. ©+ € G C N}, which is the
o-nbd. p-stack at @ € X.

Then v, (r) < v(z), so v, < v.

Also, v, is the finest supratopological nbd. structure on X coarser
than v, which is called the supratopological modification of v, de-
noted by ov ([3]). Also, ov(x) = {{A €0, : 2 € A}).

If v is supratopological, then v, (x) = v(x) and if v is pretopolog-
ical, then o, is a topology on X.

2. p-Stack Convergece Spaces

In this section, we will see why filter convergence space is inade-
quate for defining convergence in nbd. spaces and supratopological
spaces and define p-stack convergence structures extending filter con-
vergence structures.

For a supratopological space (X, o), define V,(x) = {A C X -
JG € ¢ such that
x € G C A} for each 2 € X. Then V,(x) is a p-stack, so V, is
a supratopological nbd. structure on X. In particular, if ¢ is a
topology on X, V,(r) is a filter on X, so V, is a topological nbd.
structure on X. A p-stack H on X g-converges to x (written H ——
x) if Vo(x) < H.

For a topological space (X,7) and U C X, define U is semi-
open <= IG € 7 such that G C U C .G, equivalently, U C
clr(Int.(U)). Then the set of all semi-open sets of X, is a supratopol-
ogy on X, denoted by s7, which is called the supratopology relative
to a topology 7. Then 7 < s7.



NEIGHBORHOOD SPACES AND P-STACK CONVERGENCE SPACE 33

PROPOSITION 2.1. Let (X, 71) and (X, 72) be topological spaces.
Then 1y = 1, <= they have the same filter convergence.

Proof. (= ) It is obvious.
( <= ) Suppose that (X, ) and (X,75) have the same filter
convergence. Then each F € F(X) and z € X,

Vo) <F < V,(r) < F.

Since V;, (x) and V., (x) are filters, substituting these in place of F,
we obtain V; (r) = V5, (), so VY, = V., and hence r; = 7». O

PROPOSITION 2.2. Let (X,01) and (X,02) be supratopological
spaces. If 01 = 02 then they have the same filter convergence, but
the converse is not true.

Proof. ( =) It is obvious.

(Counter example.) Let 7 be the usual topology on R and let st
be the supratopology of semi-open sets relative to 7. Let § denote
the discrete topology on R. Recall that s7 includes all non-trivial
closed intervals [a,b] in R, so any x € R has sT-neighborhoods of
the form [r,z + €] and [z — €, 2]. Thus, < V¢, (r) >= 2 = Vs(x), so
& — & and no other filters converge, that is, s7 and § have the same
filter convergence, but Ve, # Vs and they are obviously different
supratopologies (s7 # 8). O

PROPOSITION 2.3. Let (X,01) and (X,02) be supratopological
spaces. Then o1 = 0o <= they have the same p-stack convergence.

Proof. (=) It is obvious.
( <= ) Suppose that (X, 0;) and (X, 02) have the same p-stack
convergence. Then each F € pS(X) and © € X,

Vor(2) £ F = Vo, (x) < F.

Since V,, (x) and V,, (x) are p-stacks, substituting these in place of
F, we obtain V, (x) = V,, (), 80 Vs, = V,,, and hence ¢y = g5. O
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Now, we define p-stack convergence structure by using “p-stacks”
in stead of “filters”, which are used in (filter) convergence structures.
([2]).

A p-stack convergence structure ¢ on a set X is defined to be a
function from pS(X) into P(X) satisfying the following conditions :

(1) x € c(&) for each x € X;

(2) if H C G, then ¢(H) C ¢(G);

(3) if 2 € c¢(H), then z € c(H N &);
where # denotes the ultrapstack containing {z}; H and G are in
pS(X). Then ¢ is said to be a a p-stack convergence structure on
X, and the pair (X, ¢) a p-stack convergence space. If x € c(H), we
say that H ¢ -converges to x, which is denoted by H — x. The
p-stack V.(x) obtained by intersecting all stacks which c-converge to
& is said to be a c-neighborhood p-stack at x. If V.(x) c-converges to
x for each x € X, then ¢ is said to be weakly topological (or a weak
topological p-stack convergence structure) on X, and (X,c¢) a weak
topological p-stack convergence space.

PROPOSITION 2.4. Let (X, ¢) be a p-stack convergence space, The
following statements are equivalent:

(1) ¢ is weakly topological.

(2) c(N{Hx - A € A}) = N{c(Hx) - A € A}) for every {Hy - A €
A} C pS(X).

Proof. Let {Hx : A € A} C pS(X). Since N{Hx : A € A} C H,,
c(M{Hxr: A€ A}) Ce(Hy) for all A € A and so e(N{Hx: A € A}) C
N{c(Hyr) A € A} Let © € N{e(Hy) : A € A}. Then = € ¢(H))
and V.(x) C Hy for all A € A. Since ¢ is a weak topological p-stack
convergence structure, x € c(V.(x)) € e¢(M{Hx : A € A}). Thus
Ne(Hy): A€ A} C e(N{Hx : A € A}). Finally, N{c(H,) : A€ A} =
c(N{Hy: X € A}).

Conversely, let € X. Then c¢(V.(x)) = ¢(N{H : = € c(H)})
=M{c(H) : x € ¢(H)} > x. Hence ¢ is weakly topological. O

Let pSC(X) be the set of all p-stack convergence structures on
X, partially ordered as follows :
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c1 < eg iff eo(H) C e (H) for all H € pS(X).
If ¢; < ¢q, then we say that ¢; is coarser than co, and ¢s is finer than
.
Also, we know that if ¢; is weakly topological, then

ey <ecp iff YV (2) <V, (x) forallz € X.

Let C(X) and N(X) be the collection of all {filter) convergence
structures on X and the collection of all nbd. structures on X,
respectively. Then we know that C(X) and N(X) are complete
lattices. Also, the following Proposition 2.6 shows that pSC(X) is a
complete lattice

PROPOSITION 2.6. For {¢; : i € I} C pSC(X), let ¢ and d be
defined by

c(H) = Nierc:i(H), d(H) = Userci(H)

for every H € pS(X). Then,
(1) c € pSC(X) and ¢ =sup,sc(x){c 1t € I}.
(2) d € pSC(X) and d =inf,5c(xy{ci 1 1 € I}.

Proof. Tt is easy to check ¢,d € pSC(X).

(1) Let ¢’ be an upper bound of {¢; : ¢ € I} € pSC(X). Then
¢ > foralli el socd(H) Ce(H)forali el andH €
pSC(X), and hence ¢/(H) C NMierei(H) = ¢(H). Thus, ¢ > ¢, s0 ¢
is the least upper bound of {¢; : ¢ € I} in pSC(X). Consequently,
¢ =suppsc(x)yici i € I}

(2) It is similar (1). O

3. Relations between Nbd. Spaces and p-Stack Conver-
gence Spaces

Finally, we show that each nbd. structure v on X is uniquely
determined by p-stack convergence structure ¢, on X, and p-stack
convergence spaces are a generalization of nbd. spaces.(Theorem
3.4).
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DEFINITION 3.1. Let (X, ¢) be a p-stack convergence space. Then
(X,V,) is called the nbd. space related to the p-stack convergence
space (X, ¢), if V. is defined as follows;

Vo) =n{HeupS(X): H =z}

for every x € X. Also, we define the interior and the closure of
A C X respectively, as follows:

L(A) = {r € A: A V),
Cl.(4) = {r € X : IH € upS(X) such that H — x and 4 € H}.
By the above definition and Proposition 1.4, we know the follow-
o Velw) = N{H € pS(X) s H —5 a);
1.(A) = Iy (4);
Cl.(A) ={x € X : IH € pS(X) such that H — x and A € H}.
DEFINITION 3.2. Let (X,v) be a nbd. space. Then (X, ¢,) is

called the p-stack convergence space relative to the nbd. space (X, v),
if ¢, is defined as follows;

c(H)={xe X :HLx}
for every H € pS(X).
It is easy to check that ¢, is a p-stack convergence structure and
V. is a nbd. structure on X.
By the definitions of 3.1 and 3.2, we know that for a nbd. structure
vonX,
H-Lx <= cvec,(H) — H-5u,
and for a p-stack convergence structure ¢ on X,
H-S2 = V(o) <H — Hlu

where if ¢ is weakly topological, then the converse is true, so ¢ and
V. have the same p-stack convergence.

Thus we obtain the following Theorem 3.3.
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THEOREM 3.3. Under the above definitions, the following are
true:

(1) (X,¢,) is a weak topological p-stack convergence space;

(2) Ve, = V;

(3) ey, < c. If ¢ is weakly topological, then the equality holds.

Proof. (1) and (2) follow from the following:

Vo(@)=n{H:H 2} =n{H:H Sz} =vz) =z, s0
V., () =% z.

(3 ep.(H)={r e X HLsx}D{x e X H -5z} =c(H)

If ¢ is weakly topological, then » € ¢y (H) — H e =
Ve(z) € H = ¢(Velz)) < ¢(H) = =z € ¢(H), ¢, and so the

equality holds. O

THEOREM 3.4. Let vy and vo be nbd. structures on X, and ¢;
and co p-stack convergence structures on X. Then the following are
trite;

(1) v1 S v iff Cory < Carg -

(2) ¢1 < ¢y implies V., < V.,. If ¢; and ¢y are weakly topological,
then the converse is true.

Proof. (1) Let v; < vy, To show that ¢,, < ¢,,, let H € pS(X).
Then we will show that ¢,,(H) 2 ¢,,(H). Let ¢ € ¢,,(H) <
H-Z oy — volz) <H = 1(zr) <H < H-D e — xc
i, (H).

Conversely, let ¢,, < e¢,,. Then chl < V%;. so by Theorem 3.3
(2)? 141 S Va.

(2) Let ¢; < ¢y. Then H —% & = H —% &. Thus,

Vo () =n{HepS(X): H 5 2} <N {HepS(X): H -2 2) =V, (2).

If ¢; and ¢ are weakly topological, then, by Theorem 3.3 (3), the
converse is true. O

We know that if a p-stack convergence structure ¢ is weakly topo-
logical, ¢ and the related nbd. structure V. have the same p-stack
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convergence, so their interior operator and closure operators are
equal.

The following Proposition shows that even though a p-stack con-
vergence structure ¢ is not weakly topological and ¢ and V, have
different p-stack convergences, their interior operator and closure
operators are equal.

PROPOSITION 3.5. Let (X, ¢) be a p-stack convergence space and
ACX. Then
(1) X\ Cl.(A) =I.(X \ A).

(2) Cl(A) = Cly.(4).

Proof. (1) x € X\ Cl(4) < x2 & Cl.(A) < VH € upS(X)
with H S o, A¢gH < YHcupSX)withH Sz, X\Ac
H <= X\AecV.(z) &= xel.(X\A)

(2) Recall that Cly, (A) ={r e X : ANV #0, foral V € V ()}
Let © € Cl.(A). Then there exists H € upS(X) such that H = «
and A € H, so V.(x) < H. Since H is a p-stack, ANV # 9, for all
V € V.(x). Thus x € Cly_(A). Conversely, let & € Cly_ (A). Then
VNA#(forall V € Vo(x). By Proposition 1.2, H =V, (x) UA is a
p-stack, where A = ({A}). Thus, A € H and N{H € upS(X) : H =
2} = Ve(x) < H. By Proposition 1.7, there exists G4 € upS(X) such
that A € G4 and G4 = . Since V.(x) < G4 and A < G4, we obtain
H < G4. Therefore x € Cl(A). O
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