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INTUITIONISTIC FUZZY o-SUBALGEBRAS OF 
BCK-ALGEBRAS WITH CONTIDITON (S)

Tae Sik Kim and Won Kyun Jeong

Abstract. In this paper, some properties of intuitionistic fuzzy 
o-subalgebras of BCK-algebra with condition (S) are investigated.

1. Introduction

The concept of fuzzy sets was introduced by Zadeh [12]. Since 

then these ideas have been applied to other algebraic structures such 

as semigroups, groups and rings, etc. In 1991, Xi [11] applied the 

concept of fuzzy sets to BCK-algebras which are introduced by Y. 

Imai and K. Iseki in 1966 [6]. K. Iseki [5] introduced the notion of 

BCK-algebra with condition (S) and several researchers considered 

the fuzzification of it. Recently, Y. B. Jun et al. [7] introduced the 

notion of fuzzy o-subalgebras in BCK-algebras with condition (S). In 

1986, K. T. Atanassov [1] introduced the notion of intuitionistic fuzzy 

set which is a generalization of the notion of fuzzy set. S. M. Hong et 

al. [4], using the Atanassov’s idea, introduced the concept of intuition

istic fuzzy subalgebras in BCK-algebras and S. M. Hong and H. G. 

Kim [3] studied the Cartesian product of fuzzy o-subalgebras in BCK- 

algebras with condition (S). In this paper, we introduce the notion of 

intuitionistic fuzzy o-subalgebra in BCK-algebras with condition (S) 

and investigated some of their properties.
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2. Preliminaries

Definition 2.1. An algebra (X, *, 0) of type (2,0) is called a BCK- 

algebra if for all x, y, z 6 X the following conditions hold:

(a) ((x * y) * (x * z)) * (z * y) = 0

(b) (x * (x * y)) * y = 0

(c) x * x = 0
(d) 0 * x = 0

(e) x * y = 0 and y * x = 0 imply x = y.

For any BCK-algebra X, the relation < defined by x < y if and 

only if x * y = 0 is a partial order on X.

Definition 2.2. A BCK-algebra X is said to be with condition (S) 

if for all x, y 6 X, the set {z 6 X|z * x < y} has a greatest element, 

written x ◦ y.

In any BCK-algebra X with condition (S), the following holds : for 

all x, y 6 X
(1) x < x o y, y < x o y,

(2) x o 0 = 0 o x = x,

(3) x o y = y o x.

Definition 2.3. [3] Let X be a BCK-algebra with condition (S) 

and let S be a nonempty subset of X. Then S is called a o-subalgebra 

of X if, for any x, y 6 S, x o y 6 S.

Definition 2.4. [3] A map f : X — Y of BCK-algebras with 

condition (S) is called a *-homomorphism (resp. o-homomorphism) if 

f (x * y) = f (x) * f (y) (resp. f (x o y) = f (x)。f (y))for 疝 x,y 6 X. 
If f is both a *-homomorphism and a o-homomorphism of X , we say 

that f is a homomorphism.

We now review some fuzzy logic concepts. Let X be a set. By a 

fuzzy set 〃 in X we mean a function 〃 : X — [0,1], and the comple

ment of 〃，denoted by 瓦 is the fuzzy set in X given by 万(x) = 1 — 〃(x) 

for all x 6 X .
Definition 2.5. [11] Let X be a BCK-algebra. A fuzzy subset 〃 

of X is called a fuzzy *-subalgebra of X if for all x, y 6 X, 〃(x * y) > 
min{口 (x)/(y)}.
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Definition 2.6. [7] Let X be a BCK-algebra with condition (S). 

A fuzzy subset 〃 of X is called a fuzzy ◦-subalgebra of X if for all 

x,y e X, 〃(x ◦ y) > min{口(x)/(y)}.

Theorem 2.7. [3] A fuzzy subset 卩 of a BCK-algebra X with con- 
ditin (S) is a fuzzy o-subalgebra of X if and only if, for every t e [0,1], 
肉 is either 0 or a o-subalgebra of X.

Definition 2.8. [11] Let 卩 be a fuzzy subset of a set S. For 

t e [0,1], the set

肉={x e S|〃t(x) > t}
is called a level subset of 卩八

Definition 2.9. [3] Let X be a BCK-algebra with condition (S) 

and let 〃 be a fuzzy o-subalgebra of X. Then o-subalgebra 卩吒,t e [0,1] 

are called level o-subalgebras of 卩八

Definition 2.10. [1] Let X be a nonempty fixed set. An intuition- 

istic fuzzy set (IFS for short) A is an object having the form

A = {(x,〃a(x),ya(x))|x e X}

where the function 卩a : X — [0,1] and ya : X — [0,1] denote the 

degree of membership (namely 〃a(x)) and the degree of nonmember

ship (namely Ya(x)) of each element x e X to the set A, respectively, 

and 0 < 〃a(x) + Ya(x) < 1 for all x e X.

For the sake of simplicity, we shall use the symbol A = (〃a, Ya) for 

the IFS A = {(x,〃a(x),Ya(x))|x e X}.

Definition 2.11. [4] An IFS A = (〃a,Ya) in a BCK-algebra X is 
called an intuitionistic fuzzy subalgebra of X if for all x, y e X ,

(11) 〃a(x * y) > min{〃A(x),〃A(y)},

(12) ya(x * y) < max{YA(x)点A(y)}.

Proposition 2.12. [4] Let A = (〃a,Ya) be an intuitionistic fuzzy 
subalgebra of BCK-algebra X. Then 〃a(0) > 〃a(x) and Ya(0) < 
Ya (x) for all x e X
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3. Intuitionistic fuzzy o-subalgebras

In what follows, let X denote a BCK-algebra with condition (S) 

unless otherwise specified.

Definition 3.1. An IFS A = (〃& ya) of X is called an intuition

istic fuzzy o-subalgebra of X if for all x,y 6 X,

(IF1) 口a(x o y) > min{口A(x)/A(y)},

(IF2) ya(x o y) < max{YA(x),YA(y)}.

Example 3.2. Let X = {0,1, 2, 3} in which * is defined by :

Then (X; *, 0) is a BCK-algebra with condition (S) and we can find 

the following o-table

Let s, t 6 [0,1] be such that s +1 < 1. Define an IFS A = (〃a, Ya) in 

X as follows :

〃a(0) = 1,〃a(1) = 〃a(2) = s,〃a (3) = 0,

Ya(0) = 0, Ya⑴=Ya⑵=t,YA(3) = 1-
By routine calculation we know that A = (〃a,Ya) is an intuitionistic 

fuzzy o-subalgebra of X .

Lemma 3.3. An IFS A = (〃a,Ya) is an intuitionistic fuzzy o- 
미ubalgebra of X if and only if the fuzzy sets 卩a and Ya are fuzzy 
o-subalgebras of X.



FUZZY O-SUBALGEBRAS OF BCK-ALGEBRAS 13

Proof. Let A = (〃& Ya) be an intuitionistic fuzzy o-subalgebra of 

X. Then 〃a is a fuzzy o-subalgebra of X. Now, for every x,y 6 X, 

we have

Y a(x o y) = 1 - ya(x ◦ y)

> 1 — max{7A(x),7A(y)}
= min{1 — Ya(x), 1 — YA(y)}

=min{Ya(x),ya (y)}

Hence Ya(x) is a fuzzy o-subalgebra of X.

Conversely, assume that both 〃a and Ya are fuzzy o-subalgebras of 

X. For every x, y 6 X, we have 卩a(x ◦ y) > min{〃A(x),〃A(y)} and

1 — ya(x ◦ y) = Ya(x o y)

> min{Ya(x),yA(y)}

= min{1 — ya (x), 1 — YA(y)}

= 1 - max{Ya (x), Ya (y)}.
It follows that ya(x o y) < max{YA(x),YA(y)}. Thus, A = (〃a,Ya) is 

an intuitionistic fuzzy o-subalgebra of X.

Theorem 3.4. Let A = (〃a,Ya) be an IFS in X. Then it is an 
intuitionistic fuzzy o-subalgebra of X if and only if JjA := (〃a,万a) 

and ♦A := (Ya,Ya) are intuitionistic fuzzy o-subalgebras of X.
Proof. If A = (〃a,Ya) is an intuitionistic fuzzy o-subalgebra of X, 

then 〃a =页a and ya are fuzzy o-subalgebras from Lemma 3.3.

Conversely, if JjA = (〃a,万a) and ♦A = (Ya,Ya) are intuitionistic 

fuzzy o-subalgebras of X, then the fuzzy sets 〃a and Ya are fuzzy 

o-subalgebras of X. Thus, A = (〃a,Ya) is an intuitionistic fuzzy 

o-subalgebra of X.

Definition 3.5. Let A = (〃a, Ya) be an IFS in X and let t 6 [0,1]. 

Then the set U(〃a; t) = {x 6 X | 〃a(x) > t} (resp. L(ya； t) = {x 6 
X | Ya(x) < t}) is called upper t-lev이 cut (resp. lower t-lev이 cut) of 

A.

Theorem 3.6. Ifan IFS A = (〃a, Ya) in X is an intuitionistic fuzzy 
o-subalgebra of X: the upper t-level cut and lower t-level cut of A are 
o-subalgebras of X for every t 6 [0,1] such that t 6 Im(〃A)C Im(YA), 
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which are called an upper level subalgebra and a lower level subalgebra 
respectively.

Proof. If x,y 6 U(〃a； t), then 〃a(x) > t and 〃A(y) > t. Hence 

we have 〃a(x ◦ y) > min{〃A(x),〃A(y)} > t. It follows that x ◦ y 6 
U(〃a; t). Thus, U(〃a; t) is a o-subalgebra of X. Now let x, y 6 
L(ya； t). Then ya(x o y) < max{YA(x),YA(y)} < t and hence x o y 6 
L(ya； t). Thus, L(ya； t) is a o-subalgebra of X. □

Theorem 3.7. Let A = (〃a,Ya) be an IFS in X such that the 
nonempty sets U(丄a； t) and L(ya； t) are o-subalgebras of X for every 
t 6 [0,1]. Then A = (/直a, Ya) is an intuitionistic fuzzy o-subalgebra of 
X.

Proof. We need to prove that A =(直a,Ya) satisfies the conditions 

(IF1) and (IF2). First, if the condition (IF1) does not hold, then there 

exist x0, yo 6 X such that 直a(x0 o yo) < min{直a(x0),〃a(，0)}. Let

to = 1[直a(x0 o y0)+min{直a(x0)，直aW。)}].

Then 直a(x。o y。) < t。< min{直a(x。)，直A(yo)} and hence, x。o yo 6 
U(直a； to), but x。, yo 6 U(直a； to). This is a contradiction.

Second, if the condition (IF2) does not hold, then

Ya(x。o yo) > max{YA(xo),YA(yo)},
for some x0 , y0 6 X . Let

so = |[7a(x0 o yo) +max{YA(x。)，YA(yo)}].

Then max{YA(xo),YA(yo)} <s。< Ya(x。o y。). It follows that x。,y。6 
L(Ya； so) and x。o y。6 L(ya； so), which is a contradiction. This com

pletes the proof.

Theorem 3.8. Any o-subalgebra of X can be realized as both an 
upper level subalgebra and a lower level subalgebra of some intuition
istic fuzzy o-subalgebra of X.

Proof. Let S ba a o-subalgebra of X and let 直a and Ya be fuzzy 

sets of X defined by

/、 I a, if x 6 S, 
直A (x)=[。，otherwise,
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and

B, if x 6 S,
1, otherwise,

for all x 6 X, where a and B are fixed numbers in (0,1) such that 

a + B < 1. Let x, y 6 X. If x, y 6 S, then x ◦ y 6 S. Thus 

用(x o y) = min{叩x),〃A(y)} and Ya(x ◦ y) = max{7A(x),7A(y)}. If 

at least one of x and y does not belong to S, then at least one of 〃a(x) 

and 卩A(y) is equal to 0, and at least one of Ya(x) and YA(y) is equal to 

1. It follows that 〃a(x o y) > 0 = min{〃A(x),〃A(y)} and Ya(x ◦ y) < 
1 = max{YA(x),YA(y)}. Thus A = (〃a,Ya) is an intuitionistic fuzzy 

o-subalgebra of X. Clearly, we have U(〃a; a) = S = L(ya； B). This 

completes the proof.

Let f be a function from a set X to a set Y. If A = (〃a,Ya) and 

B =(卩b,Yb) are IFSs in X and Y respectively, then the preimage of 

B under f, denoted by f-1(B), is an IFS in X defined by

f-1(B) = (f-13b ),f-1(YB)),

and the image of A under f, denoted by f (A), is an IFS of Y defined 

by

f (A) = (fs(^A),fi(?A)),
where

f (口A)(y) = JsuPxef-i(y) 〃A(x), if f-1(y) = 0,
s 1 0, otherwise,

and

"wJfE) YA (x), if「(y) = 0,
0, otherwise,

for each y 6 Y ([2]).

Theorem 3.9. Let f : X — Y be a o-homomorphism of BCK- 
algebras with condition (S). If B = (卩b,Yb) is an intuitionistic fuzzy 
o-subalgebra of Y: then the preimage f-1(B) = (f-1(〃b), f-1(Yb)) of 
B under f is an intuitionistic fuzzy o-subalgebra of X.
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Proof. Suppose that B = (火b , Yb) is an intuitionistic fuzzy ◦

subalgebra of Y. Let xi ,X2 6 X. Then

/-1(口B)(X1 O X2) = 口B(/(Xi O X2))

=口B(/(x1) O /(x2))

> min{口 b (/(x1)),^B (/(x2 ))}

=min{ /-13b )(x1)，/ Sb )(x2)}

and

/-1(YB )(x1 O x2 ) = YB (/(x1 O x2))

=YB(/(x1) O /(x2))

< max{YB(/(x1)),YB(/(x2 ))}

=max{ / -1(yb )(x1),/ -1(Yb )(x2 )}.

Thus, f-1(B) = (f t(卩b), f-1(Yb)) is an intuitionistic fuzzy o-subalgebra 

of X .

Theorem 3.10. Let f : X — Y be an onto o-homomorphism of 
BCK-algebras with condition (S). If A = (〃a,Ya) is an intuitionistic 
fuzzy o-subalgebra of X, then the image f (A) = (fs(卩a), fi(YA)) of A 

under f is an intuitionistic fuzzy o-subalgebra of Y.

Proof. Let A = (卩a , Ya) be an intuitionistic fuzzy o-subalgebra of 

X and let y1,y1 6 Y. Observing that {X1 o X2 | X1 6 f-1(y1) and X2 6 
f-1(y2)} 으 {x 6 X | X 6 f-1(y1 o y1)}. We have

fs(口 a )(y1o y2)

=sup{口a(x) 1 x 6 f-1(y1o y2)}

> sup{口a(X1 o X2) | X1 6 f-1(y1) and X2 6 f-1(y2)}
> sup{min{口a(X1、),卩a(X2)} | X1 6 f-1(y1) and X2 6 f-1(y2)}
= min{sup{口a(X1 ) | X1 6 f-1(y1)}, sup{口a(X2) | X2 6 f-1(y2)}}
=min{fs(口 a )(y1),fs(〃A)(y2)}
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and

fi(iA)(yi ◦ y2)

=inf{Ya(x) I x G /-1(yi。y"}

< inf{ya(Xi。X2) I xi G /-1(yi) and x2 G f-1(y2)}
< inf{max{YA(Xi), Ya(X2)} | xi G f-1(yi) 이id X2 G f-1(y2)}
= max{inf{〃a(xi) | xi G f-1(yi)},inf{〃a(x2)| x2 G f-1(y2)}}
=max{fs(YA )(yi),fs(YA)(y2)}.

Thus, f (A) = (fs(〃A),fi(YA)) is an intuitionistic fuzzy o-subalgebra 

of Y. 口

Let f : X — Y be a o-homomorphism of BCK-algebras with 

condition (S). For any IFS A = (〃a,Ya) in Y, we define an IFS 

Af =(口A，yA)in X by

口A(x) := 口A(f(x)), yA(x) := YA(f(x)),

for all x G X .

Theorem 3.11. Let f : X — Y be a o-homomorphism of BCK- 
algebras with condition (S). If an IFS A = (〃a, Ya) in Y is an intu
itionistic fuzzy o-subalgebra of Y, then the IFS Af = (〃A，yA) in X is 
an intuitionistic fuzzy o-subalgebra of X.

Proof. Let x, y G X. Then

口 A(x o y) = 口 a (f (x o y))

=口a(f(x)o f (y))

> min{〃A(f(x))/A(f(y))}
= min{〃A (x)/A(y)}

and

yA(x oy) = Ya(f(x oy))

=Ya(f (x) o f (y))

< max{YA(f(x)),YA(f(y))}
=max{YA (x),yA (y)}.
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Hence, Af = (〃A，yA) is an intuitionistic fuzzy o-subalgebra of X. 

This completes the proof. □

Theorem 3.12. Let f : X — Y be an epimorphism of BCK- 
algebras with condition (S) and let A = (m〉Ya) be an IFS in Y. 
If Af = (〃A’yA) is an intuitionistic fuzzy o-subalgebra of X, then 
A = (〃a , Ya) is an intuitionistic fuzzy o-subalgebra of Y.

Proof. Let yi,y2 E Y. Then there exist xi,X2 6 X such that 

f(xi) = yi, for i = 1, 2. Then

〃A(yi ◦ y2)= 卩a(f (xi) ◦ f (x2))

=^A(f (xi o X2))

=〃A3i ◦ X2)

> min{〃A(xi),〃A(x2)}
= min{〃A(f (xi )),^A(f (x2))}

= min{^A(yi),^A(y2)}

and

YA(yi ◦ y2) = YA(f (xi) ◦ f (x2))

=YA(f (xi o x2))

=口A(Xi ◦ X2)

< max{?A (xi \YA (x2)}

=max{YA(f (xi)),YA(f (x2 ))}

= max{7A(yi),?A (y2)}.
Thus, A = (卩a, Ya) is an intuitionistic fuzzy o-subalgebra of Y. This 

completes the proof.
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