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A STUDY ON A MULTI-LEVEL SUBSTRUCTURING METHOD
FOR COMPUTATIONS OF FLUID FLOW

JW. Kim

Substructuring methods are often used in finite element structural analyses. In this study a multi-level
substructuring(MLSS) algorithm is developed and proposed as a possible candidate for finite element fluid solvers.
The present algorithm consists of four stages such as a gathering, a condensing, a solving and a scattering stage.
At each level, a predetermined number of elements ave gathered and condensed to form an element of higher level.
At the highest level, each sub-domain consists of only one super-element. Thus, the inversion process of a stiffness
matrix associated with internal degrees of freedom of each sub-domain has been replaced by a sequential static
condensation of gathered element matrices. The global algebraic system arising from the assembly of each
sub-domain matrices is solved using a well-known iterative solver such as the conjugare gradient(CG) or the
conjugate gradient squared(CGS) method. A time comparison with CG has been performed on a 2-D Poisson
problem. With one domain the computing time by MLSS is comparable with that by CG up to about 260,000 d.o.f.
For 263,169 d.o.f using 8 x 8 sub-domains, the time by MLSS is reduced to a value less than 30 % of that by
CG. The lid-driven cavity problem has been solved for Re = 3200 using the element interpolation degree(Deg.) up
to cubic. In this case, preconditioning techniques usually accompanied by iterative solvers are not needed. Finite
element formulation for the incompressible flow has been stabilized by a modified residual procedure proposed by
Ilinca et al [9].

Key Words: ¥-52+-Z(Substructure), -2-Z(Condensation), §-3%(Subdomain)

LA 2 AR} Aol  AFelMe F /B £ /1Y F
AR 49 E2o diste Fstast dokh
o Hadomain decomposition) 7|H-& = ¥E Ag lk<E & 52 BB JZ(substructuring)

4
3}

il

[o TN~ |

T

H-5%S 4738l Schure complement &S
= 2~

= T

= A 9
Slof me APAEe BT o 9 wy A UR 2
A & Z3assembly)3}e] BTl 2

o B
He iR 2o H(subdomain)E2] 7 Z(overlapping) # H] ™
3 non-overlapping) Wl T ERZ hrojxm, xS A= O
4o BEYPL FF Schwarz Woldt Aoln WY o e Ty

st %iﬂ](glObal) RS :I'L}é °]’7ﬂ \Q_E]'
B3y o = o AN A AHEHE, F FY3l A
o Baglo wkEx HIzsl wb(iterative substructuring 3 34 998, = AP o oig Schure complement 3Z
method)ole} 2 E@T2]. FFHelet Fo] A5 Y S(J’)g] FAo] @75, o2 9jsto] Aglj)vq daldo]
42 EBE J138H 2 Y8 nel 93 gele) A

%Lsﬂx%ot ﬂu}. olb AP ol o Aze g5 w44

Hed: 20043119304, A s 20059 5¢ 949,
IEERREEELERE L

E-mail: kimjw@deu.ac kr



A10A A23. 2005. 6 b

H3 e gg a7 /39

F3 aaWad WP A
g Zé@. S-S (static condensation) A3}

£ d8Hor sPFouH TIY
&5 #AAY &, 2719 84T

i‘é‘f_’i FE5T ek gl gFvIv HH e o
g T2 el 7 popuz °
2 gMgo] o &3 olghs Aol XV]Q?JFL ojZ
B P& o] Abshs Wy
oh3]. & RE gzl ggol JOEIDW
Wi RE FRE Ry udA RE ?5_‘%30]
Furuike[4]9l 2j3}e] AQt=om, of Afole A T2
B AFH 54 & I4H(topological) AAE o4
atod A dch AT ol g ATEE IY 4=
Ho] dAg sk gAY 9 191[5,6]°] 7ol Al om,
a7lojMe AY AxFo| YAtHoR o WEkon A
Ao 98-S ol &3IGitt Wb F& G st A

el ohdA FE FEEe bt 718k dadel a7
S 5 AolE ok 48%A 237 Atk B8l
AR A TR IOY(TR FA )M e ThdA TE
0g Agsn tn FAD Yok BRI ofF
o) Aol vt 9478 B 2l 47 B

olglgl o2 E AfMe &% sidde] A3 ot
A B FREE AN Do)

5 Axtel AEAE Bol7] et vigEAd wee
TRsHITE B9 MR A BAAS A Aol
Bl 2 2Ad(indefinite)] TAZ o]o] Eolrl 41|
etk

& ;LJ” S AHgshs 424 EA}O 7%, Galerkin
7He AAAEE 2z Agslde B
o, UFo] Hughesg} Brooks[8]& AFH 2Héke] -,‘-’,—% HARE
wolsd 4 9= Aldtest) TS 7Lske] Streamline
Upwind Petrov Galerkin(SUPG)o|2} &}gich. olzlste] s
o] $Alskel op|F)E UINRY RS Aw 2

shg 5 glok MgE FEoH SE 8 3
w2 AgaRe A A Agole Eeel BA)
”‘ﬂ"ﬂﬁiq #Z llinca F{9]<> SUPG 71%e] Fodxof of
E4} 2HHupwind differencing) 3} Ao #EE B

2

Domain(t) Domain(2)

Domain(3)

Fig. 1 An illustration of non-overlapping three sub-domains

st HgEAd 5 WARAAY FAXe) dgiF AHF

(purterbation)}& =3 A oA PYS Agkatsch u}a]-
A B ARAE ol Hesle AAEsn JuA B8

TEYE ogste] Zolsidtk A AT frE EH@'

1 Hgo| 7Ps8 T HE Fe At wtEAl
& ANE ol 8 2 584 AFl Uk

2. oA

H4d
282 x4

Ax=0b (Y]

990l Fig. 13} o] Fadrhd v #3 #29 4%

LuEE de7 2o,

1) Z4zke] 5 (el g AA(stiffness) B2 A S
2 AgEs AAE 2 W) AfEd dste) o
o o] FA
(AR Ag
A@D =
A(iJZ A(i];') 2

2) ZZe] §- dg@)el WF- AhE #E Aol g
Schure complement S & ozjg} zro] AL

SO= Ag- agapap o



40 / BZHNFAZ S

le s & 9
3 3
X Elem(1,2) b 3 b 4 Elem(2,2) x
3 3 b 4 x
& *~——0 O O
B © P ©
x X k X
x Elem(1,1) x x Elem(2,1) x
b E X x
S re & —o=d

Fig. 2 Elements to be gathered
AY()l theted 93 oy p P g T
%, AAGE 2 W) AFxel oiF =g W
géi) — _béj) _ Aéf)AE,f)‘lL)ﬁi) @
A7 5P =[5 s ]T otk
%4 Sg SV =3

(assembly) 2 24E] T3k, E g, B g§) o 2¥e

2 P49

4)  AZNcoarse) 734

S = % S(J') )

2,= g;gé” ©)

¥ 5o B wWE AFE £o2 ATAAY £ 9
tt.

5) A Fol WHE EUste] Ul % o AAel
3k o x, 2 ol AlozE )

Sxy= 2 %

6) % Aol W3 s We g0 & olgst 2
o FA4#r

gf-’) — _bfj) _ AE{)—IAE_I{)&E’J') (8)

A4E W8 AP A%= 57 gobd 99
Aol ol AAY Fe AU AN

ol fudth, A4H GPF AL vse} Bk
o) AFlAE 4 @I 4 O HE 8a @A
M2 Agsie]l B gl A% 47 welns AP
o A okde) £AE AY, 85 % FuE Fao

&Yooz yetazt sinh

22, =X g 3% 12l 24
(Sequential Gathering, Condensation and Scattering)

Fgdag Ak 8AES ¥ 498 A5x4
Pafehe AAoIA AL & Qon, of Ade xae
(fractal) LXEFT Holh &, 849 T4& 97
(leve) B2 3}, a19] DAY ex(MEstd aE2 4
9 B eME a4 FEE oFolAntHl o A
ol oW rAGE 2 = Aok wEtd A @A Y
O7H19] 24 E 2z DA(level)E Q5o st} T3}
W HE dAldME §F d95d dF 84 AN T
datAl Hrt

Fig. 291 49 @A)l tigk 2 x 2 848, Fig 3
o 2 x 2 £459) AL, 1T Fig 40li= 39 w7
)9 24F Zzt HaErh 2| Fig 2004 Fig 32 3
Y3h= AL Ail(gathering) FHFole} F27|2 80, o]
HHL ofeiel 2ol ZA L - S dF sl



A10A A23. 2005. 6 FEANS Y8 A B8 P gig AT /41
3 12 13 14 15 16 17 18 4 S(D ﬂb(l) — g(l) (13)
j:; ;:; A (13)2 @akle] g =g a2 upgaelth A
JAEE A ¥ A9 WA 248 TS s
21 28 410 52 2 (1) F4& wrEsE o E}E}H

o] 3 A9 @A, & ¥l shle) st 9 WA A

26 (100914 4 (12)9] #Ao] rtEgr}.

2 O 9 Fig. 3o HQl QA%o] M8 3459 A3 IAY &

Fig. 4 An element of higher level

28 4 9

rlr

BAE FHFoRA Rolan

M

[Abb(l) Au(D

ﬂb(l) )
Ap(D  Ay()

[fb(l) )
ﬂi(l)

£:()
(10)

714, ot BA b 8 AA 4

i, obg] Al & g4 iR AA AE2 oulgich A (10)
ol A PgEe A /9 A PP A()olE sl
e u() 2231 998 HeE A% 9y f() ol 8
W 4 (1002 thgwt 2o 2 % glnk

4HeE vl

A(Du(d = £() an

AN wu(D={u, (D, u, (D],

f(l):[fb(l), fl(l)]T
o|tt. Fig. 39] Z% QoA Fig 49 248 FA
slatel, 2 (1000238 U AHeE 278 Ae 7
498 S(D3 98 e g()e T Be 85
(condensation) ¥4 o]-&a}e] 3t}

S() = Ay — A AZYA, (12-1)
g([) = fb_ Abl'A;lfi (12-2)
Aq714 L& RAg9 dAEAW dANg |

=2,....L9
< '&741191 *H =t e

CERCE

4y gz

g2 S(HH8 ()
S wE g ol AL

a2 Aoshn ol ) 840 AFE B 3L TS
TS} $40% Edsel BYl e 2o,

T u(3) = u(4) (14)

A7l T 45 x 16 A7)e] YAz Gl G(row) ¥
Bl 1, 0, 0, ., 0)EZ AT Te 9 W5 Fig
3o VeRd @}i WEola 11 o WElA (, j) 249
AR A Aol “17o] AR webd A 3 gAY
(i) 8 WA A 4 @l 24 WAool Agte
chest o) AT

Ti,jAl‘,j(S) T,T]Lt(‘i) = T[‘jfl“j 3) s

A4 WA 22 PRAY) AT WA 97 WE= of
dof o] mHHT.

AW = E[] T, ;A (HTT, (16-1)
(ML 22)
A4) = i];]l s Tiifi; ® (162)

AZIM (ML, MR)E ARE 249 £5 Uyshy £
&2 otk A (15)e)X HEo] Mg FF T v
W B 24 o uet gl

AzHow Az ¥ g Y 4 (109 2 3
4 A8 R WEE P g9, olse 2%
(assembly)o}oi AA el e A% o wEAL E

A SR, o Age A (9T FLain A (7)ol s
o Fejd A= %k(ﬂb)‘\? oA 39 SR 99
Az A Qo] A A= & u,(L) | L
= Max. Leve)7} 247k} -d o] Agsd 9] whAllo)
e R A= diE 8w (De g go ¢

r-Yl



42 / S=EHMFH S L3]X]

A28

e}

ﬂ,(l) = A;l(l) (f,(l) - A,[,(l) ﬂb(l))
(17

q714  I=L,...,27t #d Fnz A (179
A;Y, £;2 Aye 7 9Ad A% #HolA Schure
compliment H(4] (12-1))2 FAE uf o] F=oA] 3
28 FE

oAl Alshd, A 10y Z3(gathering) 24, 2 (12)
& $3{condensing) #Agole} VIR stk 4 (14)¢]
Aol FAHEA A (1) u()o] FaAL £ 9
wu(D)& st9 dA & u,(I1—-1)& stz o
#S 39l HARE 9E vk o o] HAE E

e 2 O 4

7 X 8

10— ¢ & 2
5

Fig. 5 A node numbering for a quadrilatral element

(scattering) #golet F27|2 gk
4%, $5 2 ) B4 A e B fste
Table. 1S FAsted A thetA) ¥hie) &

Table. 1 A summary of Multi-Level procedure

Level Restriction

Prolongation

Set: S(1) « Aelem s g(l) < felem
U

Scatter: 2 ,,, < 2 ,(1)

1)Gather: A(2) <« >1.5(1)
F(2) <« 2 2(1)

2) Compute and Store :
2 A;l(Z), Au(2), £:2)
3) Condense :
S(2), 2(2) < A(2),£(2)

J

g
3) Scatter: 2 ,(1) <« 2 (2)

DMake: g (2) — [x,(2), =;(2)17
1) Compute :

1 (2)=A"2)[£(2 — Au(2) u,(2)]

1) Gather: A([) < 2"5( [—1)
() < 22(1-1)

2) Compute and Store :
! AGND, Ay, £(D
3) Condense :
S, 2() < A(D, (D

T
3) Seatter: 2 ,({—1) < u ()

HMake: g () — [2,(D, u(D]T
1) Compute :

J

Gather: S — >1S(L),
g« 2.2(L)
Solve: Su= g

==

T

Scatter : 2, (L) <~ u

T




A10A A23. 2005. 6

it} Table. 12] FHSE restrictiono]d} 3l =S
prolongationolz} sfATE of= # 4o dF A EA
Aol =5 ofalE F7] HEelrh

13 A9 darety

o] dAFolx AR QA= serendipity e 2A4E U
2o ogAdo] glem, Zx H(vertex node), ¥ AH(edge
node) 7¥]3 B ZZH(face node)d] AHEFH o 33}
T g4 52 A9 Fig Sdle 24 ApHE
(quadrilatral) o]xHquadraticy 89 HH WEE RAFH,
A1 We dd s 5, A2 W 48 w3 6 A3
> Ad e 7, a3 Al 4 W Ay WFT 8o AT
Eolth 33} 94 A 1 Wl 5,6 W HAES, A2 |
7,84, A 3 @9, 10 1 283 A 4 A=
el HHES 7Rk AR WE o g o)x
A B Sr()e ta 2ol A= Thi0]

AA ¥ 84(Deg. | element)dl] Uid FFFFEL

¢(1)=025(1—m) (1 —n)
#(2)=0.25 (L+m) (1 —m)
$(3)=0.25(1— m)(1+m)
$p(4) =025 (1+m) (1 +m) (13)

ojth 23} 849 Ui Y FrEL o

(1) =025 (1—m) (Ll —m)(—m—n—1)
#(2)=025(1+m)(1—m) (m—m—1)
$(3)=025(0—n)(1+m)(m+n—1)
#(4)=025(1—n) (L —m)(m+m—1)

$(5) =05 (1 —mm)(1—m)

$(6) =051 —npm)(1+mn)

¢(7) =051 —nm)(1—mn)

$(8) =051 —nm)(1+m) (19)

32 a4 2Ex 33 @20l thHE serendipity A4
4 Lapidus, et. al[10]-2 Zxapd g

3. el

B
Fo
4o
0x

3.1 = M(Convergence)

o] Holx 22l 3¢ = d(accuracy)o] BZF P49t
84 o] 7ol el oJBA BIEAE HI] 5k,
okl oA el olfle] Poisson WYL o]§3}7]E

FEARS A dA B8 o g 97 /43

Convergence Trend by MLSS(2x2)

10’k
s
“’; 10°E
£
o
z
510
[
&
10°}
-&3- Degree 1
-+ Degree 2
6 -2 Degree 3
10 :
107 10" 10°
Mesh Size(h)
Fig. 6 Convergence rate by MLSS
st
- viu =1, 0<x<1,0<y<1 (0

u=0a x=1o0r y=1, 2892
dujon = 0

A7 ne 915 WA MEol)

A o)l B 9ol x| nome AHE a4 A
ol, h sk A B A% ko thaje] thgH o)
Z DL

llee — «"ll < Ch* )

2ol B o] nome the 3} o] Helwrt

Hu_uhHE:[;mfg{(% - 8;5‘)2

ﬁﬂ__auhz} ]“
+( 3y dy ) de 22)

A 2D)E #dsh7] Asto] sElE 2a FE 44,
64 x 647 WZIAA oA normell T3 log-log plotS
Fig. 63} 7o Yehlilnt. Fig 62 @A Al oAl
HE 2 x 2 79908 o] g Ao, Fig 7o
Uebd gt52 CG wPgel o3t Astolrt.



44 / SEHE MRS5S X|

Convergence Trend by CG

Energy Norm of Error

-& Degree 1
-+ Degree 2
A Degree 3

10° 10" 10°
Mesh Size(h)

Fig. 7 Convergence rate by CG

Time vs Elements

—-CG -
-5 1x 1 Sub-domain )
7000 | £} 2x2 Sub-domains Ve
—— 4x4 Sub-domains g
6000 £ 8x8 Sub-domains /

g 5000 / 7
@ ~
2 000 d -
-‘g.. 4 - /,—"’j
3 / A
o 3000 - - ‘/a’
-~ o
2000 // /// o /(///X
e - JUSAN
1000 L T
’/.{’Zg/f/
g 05 1 18 2 25 3
deg-1 elements x10°

Fig. 8 Cpu time comparison with the number of elements

Time vs Sub-domains
8000 T T

- 128x 128 elem.
-1 256 x 256 elem

7000 | £ 512x512 elem. |1

6000 -

o
=3
S
=]

cpu time(sec.)
)
2

—_—
2000 e
IR
1000
° =
g 10 20 30 40 50 60 70
sub-domains

Fig. 9 CPU time v.s. numbef of sub-domains

Fig. 6ol olald, AP (Deg-1) 849 AL o2&
2 gain ded AT 5 3lon, 24HDegd) 849
A, 82 F7} 16 x 16 7HAE 0|24 Sdur) o] L&

FEE Holthrt o] As)

(Deg-3) 829 7%, 84 47} 16 =5

HAS w2yt FHA0] Adds] AstEe 2 4 9k
%]

X
964 x 64 220 FRAES AT ol ko 43
" _

2} wjiEoltt.

3o Ao JFE FE A= dAHE F AR
= F 0 AAE Fol WY RAAY ofste] op]

T bl EdE A T4
LAtoth. Fig. 79 Deg-3 die A A 39 2ag B
o513 Fig. 82 Deg-29} Deg-39] sl F WA 39
LA HojErh 3 WA o A (1294 A9 A
A2 92 Aoz op|Hu, o] dARE HHH
Y] 58 o] 8% A2 AETE a7 ol dAj
T oS ox7st riWer AMgshe A B
of gi7lol FF9 A2 dAFLA St

2 o4bit ZFE S FEE vl mFHoln 4%
7 RAE 4T 58 gstAriEet vigdh

3.2 &4 (Efficiency)

o] oA $-8]= MLSS9} CG}el cpu At HIAE 3
o] Table. 20 YERNQITE AFE-E pc: pentium 486F 0.8
2.GHz9] £%x¢} 256MB2] RAMS 7H3t}h thetA ol
oA Zauel &A= 4 (N9 Fol(F% #F U3t
ool gt Alztoltt. @& 49 £ F2 3

of gk AJTHE 8 F7H 16 x 169 A 4%

o8la 32

Table. 2 CPU time comparison for Deg-1 elements(time in sec.)

MLSS
1x1 2x2 | 4x4 8§x8

# of elem.| CG

232 | 1| 102 | 103) - ]

64 x 64 | 11 122) 8(2) 6(3) 6(4)

128x128 | 90 | 102(11) | 54(13) | 38(16) | 34(21)

256x256 | 695 | 833(58) | 456(81) | 250(94) | 205(118)

7295 3910 2333 1484

512x512 | 5122
(361) | (453) | (594) | (724)




A107 A23. 2005. 6

REANE AG v

2ol 3 A5 /45

x 329 A= 25622 64u]7} AQHE (o] nlHG
the o224 458 343 HE2E Zox BY) ¥ o
Aol A AejEtoch Fig. 8o)E Q4 479} Wsltell whe cpu
Alzre] ¥WslE CGeF MLSSo thste] vlwalgot HA o

g Bl oFe 7-H# of sub-domain = 1), 256 x
256 QA# of dof = 66,049)7}A= & Ao](20% <>M])7}
$lou} 512 x 512 82# of dof = 263,169)9] %5 MLSS
& CGol Mgl of 148) HE A7) 2R o)
JZuch 433 FEF Asfolul, ol PRUGE 3
g40] 7492 £ 5 Uitk QUL 8 x 8
CGell H)sle] 029 AL Azto] AQ%HS
Fig. 99 o qe] S7lel] akb& A ARMe
ol7)o)l A Al 49 FAE AEW Bgde] Flof
AV} S % & gow, ot e o) ARE AS
of & v 1e3id.

e MLSS urge AgtHA
Aol 948 Avstag 2o
oW Ege WOt Wy 39 B
ot E H%F 439 AT 78 I

%
]

h
e
i<}
oL
=2
R
a
iy

1 gy
2
i)

=2
>
Y|
it
L 1
>y W

oo

o My ooso &2

27} AT @A Table. 29 AAE ghE
g Az 2%
S el Aoz Mol o] HE-S
ssjelel 2o Aol wel ZeAlzolAg vl
of nAlY, el RETEW BY e ws
ole} ke,

Pl
L3
N
[«
—

EFE

my
X

99 P2 Fo] Ao

I’:D‘Y
o
i

o2 du Ou 1 3p _
Vvu+u8x+vay+pax fu
_ 2 0v ov 1 dp _
VVv+uax+vay+pay 5y
Qu , dv _
ax T oy =0 23)
A7V w, v, p 2HR vE 27} x-, y- 1Y S5
g o FAAATeI ¢ WA \ A 7
H(weighting function)$} E.IF T2 FHalo] Us}

H
Galerkin ztojwfof ojate] ofefe] AP A oh A4
& 9A 9t

AU+ Ap- V+ Ap-P= R,

Ap U+ Ap-V+ Ap- P= R,
Ay U+ Ap -V = R, (4
AN Ay, ..., Ap B FIXF U,V 2 PE
of gz AW YPHSeW, R, R, I Ry 5L
299 531 2420 Aol 95l BHE $9 e
ojth. 4 (24)olA FH Ayrt 3§ FF WAR FRE
(pivoting) & ©]-&-3F 23 FolH o= ticte] gloH,
olsz((Re) 47 AXNA HH AY FolMza A 8
H9)&

2 34 29T gy $AE B4 58 BN
Tkl Al (23)2 obA S stabilization) A} 7] 1A} Sk
4 2o] 2)|(modified residual) AL [linca 5{9]0] A|tst
W oz FRo] thst 5L Y] Galerkin Ao 5
skt webA olg wEAITIE sl Ao Galerkin 4
T oas *171711 gk o]2|d #ddiA SUPGS]E dF9
Z 224 (residual upwmdmg) z}»ﬁﬂ‘ o2 AYalal Q)
E3leo] Ilinca 5-&

S

22k g RIk=

7} 2] AR,

_ . du; 1 _9p  p 0u;
Mi_ujaxj_i—ﬁ’axi Y ax% Iy
(25)

ou ;
C =+ (26)

dx; (i, j=1,2)

Qo] AolA] tilde(~) 7125 B SEHE(% ;) S
24 FAHNM A @& SuiatH, A3k ™
(Jacobian) 2 AAFE w) AZ ZF3}. Navier-Stokes B

Asjol ohe 574 A% WS H ek vhe) 2ok
= [ oMd0
2
-~ 99,
+ elze:,nfgkz‘(uj 5 )M,-a’.Qk
+ 2 0 LCdQ,=0 @7

elem Y2, ox



46 / S=HMFH S SISK|

N8
I
e

[ (1, 1)
i i i ’
{ | |
F——ad—_ ——— =
b
u=20 I T R R u=0
v=o0 LdTTITT C L =0
"“*ﬂl———:—‘—;‘*—
| | ]
P

(0. O)

Fig. 10 Domain and boundary conditions for lid-driven cavity
problem

= [ 4,cde

+ 3 fgr—aﬂM d9.,=0 @

elem & ox

g9 A4 Q% AAT TR
JulgE, Q,% 74 aue
2 A @nst o)) A A 35
sfof, v A5 @ el deln
AgshA & 4 9ok

5UE 18 ARIE £ 9 O dolex &
(Ro)st 84:2) WE o] & 2 Az
shd thest 2ok

1o
)
I
of
1.
]
o
1o
o
e
ke

2,

o
=]

r= —t—&(Re,);: 6= 10l h,E(Re,)
21 v|
£(Re,) = Re, , 0L Re,<1
1 , Re,=>1
, _ mkl_vjlhk mkl_v)lhk
Re = 2y or 2k/oc,
( m, is 1/3 for linear element ) 29)

Qo] A (N 28)S HsEtH, E&
%u i/ 9x% & %u )/ dx}
? itk e C0- A& 2t

F3717F 44 gong #xe
7|z it

w9 24

o]

=
ot

it

sk

2

X
B

Azt 5

r\r
o Hy W
2 K

2 9 %0
i wn Uo Az
1 m[o mo
L ;m 4
o?i

Re = 3200
oo
08t /

o7} j
006

08t

L N

o L/
LTSS 45
X
=04t
/
nsL @/
20
S
0’2{ 2 4n! —- Ghia. Ghia and Shin ||
e [J Elem: 16x 16
01y C ) Elem: 32x32 <
= X Elem 84 x64
[
I T

Horizontal Velocity

Fig. 11 Comparison of linear element solutions for Re = 3200

Re = 3200
1
ity
09t
0O &
08} )
o7t w2y
Qos et
o /
nosf
=
>04} J/
Y
03 + /@{j
02 ./D —- Ghia, Ghia and Shin | |
) Deg.=1
01 ) Deg.=2 1
L Deg.=3
0 \m

Horizontal Velomty

Fig. 12 Comparison of solutions from degree 1, 2 and 3 using 1¢
x 16 elements

4.2 Lid Driven Cavity 7=
Cavity +5 ol digt 99 2 Az A= Fig 10
of stk A71M d=Hell digh 71E goz IS sd B

A Aol "0" 9 e FHaEoh A ANHE Agee
B doe] £5 4702 x )& a £ zzhe] wAge] o

Ak A i Ageldh 2 #7
82 #e] AL A £% £= ARl distdrt 17

s
g
v}

Fig. 1101]— glolm= 4= 32000 thale] X8 QA2 16
x 16, 32 x 32 11831 64 x 64 QAEZ M ESE w2
FEAS HolFm girh o] AL, 2 x32 9 64x64 2
49 = Ghia S{12]19] si¢] =42 g2u= o) Fig.
1203 16 x 16 24 E&ol 93 12} 23 182 3%
2o Oig slg BojFEth o] A9l 23k} 33 849
& Ghia 59 el Az 2 UAFS & F 3oy,

i & to



A10A A235. 2005. 6

TEASS AT A F3 T i Ay /47

o]

(1]

>
oY

[e]
s
o
i,
et

O 4y

30,
lo
i)
kY
i
i)
‘:Oll
o

f

it 2

o

do rir
ol

o mo 2
o,
o
trl
i
_?L
N
f
ol
a2
M
Rl
12

N 3R o g9

e
to

)
oL
1o

e

ik

i

e

ol

2

o R

e.
g

(=3

=

ol
oX,
a2
tlo
2,
op
ol
ob
s
4

Ny
g:ri

& 59 BeAel wasiglen, o) He
AFHE AL Fe Pogde 8 27}
ol dhatels,

2 A289¢ JuRchn S
i |
Hodgeson, D.C. and Jimack, PK., 1997, ain

Decomposition preconditioner ~ for a Paralle]l Finite
ElementSolver on Distributed  Unstructured  Grids,"
Parallel Computing, Vol.24, pp.1157-1181.

Smith, B.F., 1990, "Domain Decomposition Algorithms
for the Partial Differential
Elasticity,” Technical Report 517, Courant Institute of

Equations of Linear

Mathematical Sciences.

31 Logan, DL., 1992, "A First Course in the Finite

Element Method," 2nd Ed, PWS-Kent Publishing Co.,

Boston.

[4] Furuike, T., 1972, "Computerized Multiple Level
Substructuring ~ Analysis," Comput. & Struct, Vol2,
pp.1063-1073.

(5] %R, 8F, 2000, "chdA FEFEYE o]E3 =
Arzo] FEad SHAA 1 22y FHAL"

1
gl AFEAL 213] =, A8, ARS, pp.130-150.

6] 22, 3%, 2000, "ohetA FETFEEE o8 =
UYAZHY 384 SHAN 1 A5 R A" ¢
= AEA} Fety =g, ARY, A3E, pp.lsl-162.

[7] Elwi, AE. and Murray, D.W., 1985, "Skyline Algorithm
for Multilevel Substructure Analysis,” Int. J. for Numer.
Methods in Eng., Vol.21, pp.465-479.

[8] Hughes, TJR. AN, 1979, "A
Multi-dimensional upwind scheme with no crosswind
diffusion," T.J.R. Hughes(Ed)), Finite Element Methods
for Convection Dominated Flows, Vol.34, ASME, New
York, pp.19-35.

[9] Ilinca, F., Hetu, JF. and Pelletier, D., 2000, "On
stabilized finite element formulations for incompressible

and  Brooks,

advective-diffusive transport and fluid flow problems,"

Comput.  Methods  Appl.  Mech. Vol.188,
pp.235-255.

[10] Lapidus, L and G.F. Pinder, 1982, "Numerical Solution
of Partial Differential
Engineering,” John Wiley & Sons, Inc., New York.

[11] Barrett, R., Berry, M., Chan, T., Demmel, J., Donato, J.,
Dongarra, J., Eijkhout, V., Pozo, R., Romine, C. and
van der Vorst, H., 1994, "Templates for the Solution of

Blocks  for

Engrg.,

Equations in Science and

Linear ~ Systems;  Building Iterative
Methods," SIAM, Philadelphia.

[12] Ghia, U., Ghia, K.N., and Shin, C.T., 1982, "High-Re
Solutions  for  Incompressible Using  the
Navier-Stokes Equations and a Multigrid Method," J. of

Comp. Physics, Vol.48, pp.387-411.

Flow



