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Two-dimensional latticesl] & 8t= 67}A] HAEFEZ 5712] Bravais lattice® =349l

10719} two-dimensional point groupsE 5712] # Bravais latticeel]l we} B7-3tg e vix|eto
2 1070 point groupsel] 438} 17 two-dimensional space groups® 23}

Abstract

Six basic symmetries and five Bravais lattices existing in the two-dimensional lattice are derived

and then ten two-dimensional point groups are classified by each of five Bravais lattices. Finally sev-
enteen two-dimensional space groups belonging to the ten point groups are studied.
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Fig. 1. Lattice points in a plane normal to the n- I'-I"=mT
fold rotation axis passing through O.

2 T cos(2n/n) = mT
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Table 1. Rotation symmetries existing in two-dimen-
sional lattice

m cos 2n/n 27/n n

-2 -1 180 2

-1 -1/2 120 3

0 0 90 4

+1 172 60 6

+2 1 360 = 0 1
1 None

2 ¢
3 A
+ B
s @

Mirror line e

Fig. 2. The graphical symbols for symmetry opera-
tions.

EZ, 1< cosQn/mymi2 < 10|22 pno
Table 13+ 2] 1,2, 3, 4, 6= HIfRA T}

wl2bA] two-dimensional lattice o)) 1-, 2-, 3-, 4-,
6-fold rotation symmetry 7} 3120 o] E-o mirror
reflection (m) o] EMMETE. 0] E2] graphical symbol
2 Fig. 29} 2+t

2. Oblique Lattice

3} two-dimensional lattice 7} 1-, 2-, 3-, 4-, 6-fold
rotation 2! mirror symmetries % o= 2] opera-
tion Tell A invariant & @ L lattice = invariant 3}
A= symmetryE ZH=t} 1 )

Aduta el oblique lattice ] Fig. 3+ 1-, 2-fold
rotation symmetry3}ol]A] invariant3}c}.

Fig. 3|41 2.9l oblique lattice o] 413 lattice

H3A4 37

Fig. 3. General oblique lattice in two dimensions,

showing a choice of the fundamental translation
> o .

vector 4 , H and a unit cell.

translation vectors 2] 7] a, bo} 1S9 yoll
ot A gte] o= F3kat 79 lattice 7} S
4 eloh. o]8 g dutdal lattice E oblique lattice
g} gke}. o] oblique lattice™ 92]2) lattice pointell
H3}ted 1- 2 2-fold rotation symmetry S RWFE3h}
3-, 4-, 6-, ¥ mirror symmetry:= 3]-8-31%] 23l

3. Three Special Lattices

1-, 2-, 3-, 4-, 6-fold rotation & mirror sym-
metries FrollA] 3 o] Ak] operationdlell A invariant
Q) T2 lattice S WHE7] Betel= 7 & B ol Al
gzl el F-3t Fojof ghct. of2] g Ajgtz7 5}
A= TR Fig. 404 22l 3714 & ®ofo] A
7)=4) o] &S special lattice typeg} F-2

Fig. 4(a)= a= b, y = 90°<! rectangular lattice 2
2-fold rotation # m-symmetries & &3t} . Fig.
4b):= a = b, y = 90°2] square lattice & 4-fold
rotation ¥} m-symmetries & &3}, Fig. 4(c) &=
a = b, y = 120°2] hexagonal lattice & 3-, 6-fold
rotation ¥ m-symmetries2 THE3he},

Al F7}A] two dimensional lattice 9= 3 A2
oblique lattice &} 34E2] special lattices 7} 7£7E AT B
S skt

4. Bravais Lattice

(1) Two-dimensional lattice 2] 3ol lattice
pointg ¥ 4 ik

Fig. 59} 22 two-dimensional lattice 9|4 3%k
o] &2 BE X, o] 9lvhd AX,* X,Be]mE B

X, & lattice pointZ} 2 %= gie}.
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(a) Rectangular lattice, a=b, y=90"
®
[
[ ] [ ] )

(c) Hexagonal lattice, a=05, y=120"

Fig. 4. Special two-dimensional lattices. These three,
together with the oblique lattice (Fig. 3) form the
four two-dimensional Bravais lattices.
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Fig. 5. Two dimensional lattice.

st o] HLEhell lattice point X, ©) 3lohd 15
T2 ol 2sle] X, X" % Qlofof 3l=d o
= AX, =X, B°] 2= lattice pointS] &S L
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Fig. 6. Face-centered lattice.

‘—-——-_‘
Fig. 7. C-entered rectangular lattice, a = b, y = 90°.

A7)} unit cell-& ABED ftErel) o] 122 &
o]E AX,X,DE #How HB=R oA H2 &
lattice”} © 4= 9ot

(2) Two-dimensional lattice 2] face center ¢l lattice
point7} & 4= Slet.

Fig. 68} Zro] MW ko] fEES] B2 lattice point
o] RIS WA kot BhAaRe] LBk X,
Xy X;, X2 WBTECE AESted face centerol
lattice point”7} $J+= face-centered unit cell ABED
2} primitive cell BX,EX, 2] T 7}*] unit cell 2 #
& 4 9l

Fig. 4(a)2l rectangular lattice: face center ©l|
lattice point 7} )1 % 2-fold rotation 2} mirror sym-
metries S 9522 Fig. 73 7o) rectangular
latticeol} A1 = C-centered lattice”} 7}s8}c}.

Fig. 4(b) < square lattice *| A face center o] lattice
pointS o™ WA o] ukO 2 Fo|E A 2-$ square
lattice 7]— 7122 square lattice o= centered lattice
7} 21& 4 9vt. Fig. 4(c)9] hexagonal lattice ol A
face center ol lattice pointE ¥ 2 3-fold 2 6-
fold symmetry S TF531A] 5-8}e] face-center o]
lattice point’} 2% 4 glvh
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Table 2. Lattice symmetry direction for two dimensions

Symmetry direction (position in

Lattice Hermann-Mauguin symbol)
Primary | Secondary | Tertiary
Two dimensions
Oblique
Rectangular [10] [01]
Rotation [10] [ []
Square s
q pOll’lt mn { [01] } { []]]
plane
[10] [11]
Hexagonal [01] [12]
[11] [21]

w}ebA] two-dimensional lattice ©] A1 oblique, square
2 hexagonal latticel] = primitive ¥#©] i rectangular
lattice o] &= primitive 2} C-centered lattice 7} 312
4> 29le] two-dimensional lattice o] = =¥ 571¢]
Bravais lattice?} &A1& 4> )t}

5. Ten two-dimensional Point Groups

Two-dimensions 2] lattice symmetry direction <
Table 29} 2¢}.”

Two-dimensional lattice o]~ 57§¢]  Bravais
lattices &} Table 2] symmetry directionS &S
o rotation 2 reflection operation2] &85+ #i
AL o9 10782 point groups & 717 3,
o] 5 point group symbols¥ Fig. 8ol vlebi gl

Table 3 ¢l five two-dimensional lattice types
23} point groupsE- 7 i3Sty el it

1,2, Ilm,2mm, 4, 4mm, 3, 3m, 6, 6 mm.

24 o7
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Fig. 8. The ten two-dimensional crystallographic
point groups. Equivalent points are shown.

6. The 17 Plane Groups
(Two-dimensional Space Groups)

2274 g} two-dimensional lattice ¢] symmetry
E o Zol 8o 4 Qi
(a) Two dimensional lattice ol & 4> &= 51

2] rotation symmetries ©ll mirror symmetry & &3t

Table 3. The five two-dimensional lattice types and point groups

Lattice cell parameters | acentric point group | centric point group | No. of point groups
oblique azb,y=90° 1 2 2
primitive rectangular a#b, yv=90 m 2 mm 5
centered rectangular a#by=090 m 2 mm
square a=b,y=90° 4, 4 mm 2
hexagonal a=b,y=120° 3,3m 6, 6 mm 4

No. of point groups 4 6 10
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67112 basic symmetryg} & 4> Qio}

(b) Translational clement 55 EAZIH 3HH O
2= 5{E WHESE Bravais lattice S0 47132 o&
Ao 2= 3 so] NEL HIEEFE glide line
of A7}, o] #ERH KA & HMERE 2X2
matrix & 2K TCHIQ! column vector 24 Vehd 4=
A=t

(c) Two-dimensional lattice®] SEIAPENA HEF
= KR Fo) basic symmetryS-2] 107}4] 4
ubo] FAESHH ©] 52 10 two-dimensional point
groupse] 2} -2},

(d) %71 101E2] two-dimensional point groups <}
57§¢] Bravais lattices, 28] 32 &7 2] glide line &
Z38shE 17719 two-dimensional space groups 7}
=g, w2k & point group> —EES
space group =3 EiRS™ =X & space group <
gt point groupoll E3tepar W 4 Qe R
point group <] centric % noncentric A3 2 o] Lo =
space group®ll #2257, reflection condition-
translation symmetry 3 143} space group o] A9t
vehdo

XE two-dimensional space groups®] symmetry
elements £} general position©l] 3+ diagram
International Tables for Crystallography ol 2} 3]
71550 gtV

(1) Noncentric point group 1M RIZElE
space group

(1.1) PI(1)

Origin arbitrary

Oblique

Coordinates: (1) x, y

N

F(hk) = Zﬁexp2ni(hxj+kyj)

j=1

N
= Zﬁ{COSZn(hxj +ky;) + isin2n(hx; + ky,) }
=l

N 2
I(xy) = { feos2n(hx + ky)}
=1

J

J=1

¥ {iﬁsinZn(hx+ ky)} =1I(x y)

~|F(hK) = |[F(hk)| = F(hi) 7V A 3ke] Pat-
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terson symmetry:= P2°] v},

(2) Centric point group 20l FEZEIE space
group

2.1) P202)

Origin at 2

oblique

Coordinates: () x,y (2) X, ¥

N72

> ficos2m(hx; + ky))
=1

J

F(hk) =2
I(xy) = {ﬁf,eosZn(hx-Fky)} =I(Xx y)

|F(hk) = |F(hk)| # [F(Rk)| o) 3] Patter-
son symmetry: P2o|c}.

(3) Acentric point group mOlM FTEI= space
group -

(.1) Pm(3)

Origin on m

mil[ 10} 2)3ked 27} BFr} Ao} 2le},

I i

Coordinates: (1) x, y 2) X, y

Piml Rectangular

F(hk) = ﬁ:ﬁ{exp2ni(hxj+ky,-)

J

+ exp2ri(—hx; + ky,) }

N
= ZﬁepoTr,ikyj{ exp2nhx; +exp2ni(—hx;)}
et

J

N
= ) f2cos2nhxexp2niky;
j=1

N

D" f2cos2mhx,(cos2nky, + isin2mky;)

J=1

i=1

N
I(hk)= Y f4cos 2mhx,(cos2mky, + isin2mky,)
(cos2mky—isin2nky;)
N
= Y fi4cos 2nhx,(cos 2mky, + sin2mky;)
i=1

Khky=Ih k)=IKh k) =Kh k)7+ R8h=d
Patterson functions-
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P(xy) = }4 i (F(hk) cos2n(hx + ky) ] B &

hk= -

Patterson symmetry3= P2mmo| v},

(3.2) Pg(d) Rectangular
Origin on g
mE glide line 22 W} g/[10]el A TF2-2) 270

H3E7} dojAiet.

IR IV e

Coordinates: (1) x, y (2) X,y + 172

Plgl

N

F(hk) = 3 f{exp2mi(hx; + ky))

Jj=1

+ exp2mi(—hx; + ky;)expkni }

N
= > f2cos2nhx,exp2niky,coskn
=1

]

N
I(hk) = Y f;4cos’2mhx,(cos™2mky,
=1

J

+ sin’2mky,)cos’kn

K =Kh kY=1(h k) =IKh k)7t BA¥3l==
Patterson symmetry s> P2mme} =}, Reflection condition
< &3 o '

N
F(0k) = Y fexp2miky,(1 + expkni) =0  only
=1
when k = 2n.

(3.3) Cm(5) Clml
Origin on m
General positions Pm + (12, 120114 3ejzle},
Coordinates: (1) x, y () —=x, y B)x+ 1/2, y + 12
@ —x+12,y+ 12

Rectangular

N
F(hk)=Y filexp2ni(hx,~ky){ 1 +expri(h+ k)}
i=1
+ exp2mi(—hx; + ky;){1 + expri(h + k)} ]

= ZN:ﬁ[ {exp2ni(hx; + ky,)

+exp2ni(—hx; + ky) } {1 +expri(h+k)} ]
# 0 only when & + k= 2n.

FFAY A

(4) Centric point group 2mmOIM RIE|=
space group

(4.1) P2mm(6)

Origin at 2mm .

2//rotation point in planeol A T2 27 FHE7}
Aoy 2]

e

miT10JN A SHe-2] 5o BE7} 271,

[fOl(l) ﬂ:[—vx] [_01? :z]:[—xy]

Rectangular

Coordinates: (1) x, y (2) —x, v 3) —=x, y @) x, -y

Patterson symmetry: P2mm

(4.2) P2mg(7)
Origin at 21g

Rectangular

g} space group oA F {2} symmetry operation
£ MM ME4TshH L space groupell 9l oHE
symmetry 7} o] ofglcl= rule2 5Bt sym-
metry®] MEE Fg)

2/frotation point in planeel| A TFa-2] FANHE7}
Hoixm

-1 0 Jzl_|—=

IRt i i

m/[10] N4 me] FHE Adehs thge] e
A

T e
origing A\H= g/[01]o) M B9 HE7} e
:

b ST

s L5073

Eq. (4.9 #EF| Eq. 42)9] A2 5L

“.2)
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=7] $18led= mirror plane©] x = 1/4¢] gle]of
gc} . B m/[10] at x = 1/460A o229 F7) HE
7} deizle.

IR R G

ot =S )=

Coordinates: (1) x, y (2) —x, y 3) —x + 1/2, y
D x+172, -y

N2

F(hk) = 2ij{0052n(hxj+kyj)
j=1
+ cos2mi(hx+h/2—ky)}
N72

Reflection& F(h0) = 2 ficos2mhx; (1 + coshni)
=1

J

# 0 only when & = 2n°]ch,
# P2mg®| a-ht b-#e VPR P2gm o2 e

(4.3) P2gg(3)
Origin at 2

A& A= 2//rotation point in plane ¢l A o}
9 F =i} ol

It b i

g/017} DA S Adohd vhie] dojx| 2t

[(1) 2 §]+[1%}:{—yil/ﬁ]

o S]]+ [e) =, 1] @3
g/[0117} A& Aoy ofg-o] dojA] &
o M=)

b L) e

Rectangular

Eq. (43)3 Eq. (447} LA37) SAsted= g/
[10]2] glide line x = l/4°] Z8]3L g/[01]%]
glide line y = 1/4¢ll ¥ glefof et &
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g//[10] at x = 1/4

(R HEIRERA
b AT b
g//[01] at y = 1/4

b -5
b 2T bA L]

weka] 470 2] coordinatest= tH&-o] ).
Mx,y@)—=xvyQB)x+12, »y+12(4)—=x+

112, y + 112

N/2
F(hk) = 22ﬁ{cos2n(hxj +ky;)
j=1

+ cos2ni(hx,+h/2—ky, +k/2)}

Reflection conditions:

N/2
F(h0) =2 E f{cos2nhx,(1 + coshni)} #0
j=1

7
only when A = 2n.

N2

F(0k) = ZZﬁcosznkyj(l +coskmi) =0
i=1

only when & = 2n.

4.4y C2mm(9)

Origin at 2mm
Coordinates = P2mm + (172, 12)ol| A dolx|H

Rectangular

C-centered lattice Y22 reflection conditions =
hk: h + k = 2nolE}.

Coordinates: (1) x, ¥y @) —x, =y (3) —x, y (4) x, —
Reflection conditions: Ak: i + k = 2n
Patterson symmetry: C2mm

(5) Centric point group 40N FEE|= space

group

(5.1) P4(10)
Origin at 4

Square

Coordinates = 4//rotation point in plane®] matrix
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22 ¥E gl Ve,

[ B
Coordinates: (1) x, v (2) —x, -v (3) =1, x (4) y, —x

Structure factors=

F(hk) =S 2ffcos2n(hy, + ky)

+ cos2m(hy; —kx;) }
= F(h k)= F(k h)y=F(k k)

IIZ Patterson symmetrys= P4o]c},
(6) Centric point group 4mmOM {IZEl=
space group

(6.1) P4mm(11)
Origin at 4mm

Square

Coordinates = 4//rotation point in plane 22 4-E]

ohggrol 477} vhe]
m & @ @

ey F I B A

m//[10]: ':_01 (1)] A &2 4749 coordinates
7y F7VE L

)%y (M yx©6)x, -y @B -p —x

ml/[11]: [(1) _01]01]*1% coordinates 7} FE-2

wolo,
Coordinates: (1) x, ¥y 2) —x, v 3) - x @ y, —x
)%y ©) X,y (D yx8) 2y —x

(6.2) P4gm(12) Point group: 4mm
Origin at 41g

Square

Coordinates = 4//rotation point in plane 2% 5-€

theze] 47h7k vhem
m G o @
0-—1
i

e P A

mEMR =44 337

g/[10] at x = V4l A B-&2] 47 FF7} 27}
el

() ©
LY M B e
@ ©®)
o AL AL
) ®)
ER RV v
O ™
[o Al [A] - [2 ]

Space-group diagram” ol vtebd m//[11] at x =
172 and y = 12601 Thezto] 225 2E7} o)
A

oo A
R 1

) ’1][ e [Al =[]
[— 1 —0’1][—‘ w] [%]‘[—m y++1{3?]

23} space-group diagramol] “FERG g//[11]el 4

spa
= et 289 FHs) Pojxinh.

Vol ][]
webr o2-2] 8709 coordinates”} Lh-&t}:
Mx,y @ —x -G -»nx@y =

(5)—=x+ 12, y+ 1/2(6)x + 172, -y + 112
Ny + 12, x+12@®) =y + 172, x + 112

(7) Acentric point group 30M FEE|= space
group

1.1y P3(13)

Origin at 3

Hexagonal

Coordinates 3= 3//rotation point in plane 223 -E]

ool 377t e
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1 ) 3) (1) () (6)
] e P i I P P
1 -1yl lz—y] L —2 1 Ly 0 1jz—y| |lz—vy
(3) “)

Coordinates: (1) x, y 2) -, x -y 3) =x + 3, —x

Coordinate transformation matrix 2] transpose 2|

inverse matrix”} Miller index®) transformation matrix

o}

Coordinate transformation matrix 7} A = [(1) : % }

olmz AT = [_01 _11]0157_ A"9] cofactor =

-1
ZH5E] 9] equivalent reflections d=vh:

0 o HEH T H ]

Patterson function ] P(xy)i% S |F(hk) cos2n

hk =~

(hx + k)= even function @] cosine©] 1o FE
22 67) reflections ol thd}e] & Py <
041:1:}_
- .

H S FH s cH R H S H ]

o} A&

[:% é]"]“’% (AT = [_1 _01]°]‘;}. o] matrix

welr] Patterson symmetry ¥ P6 ©|t}.
(9.1) P6(16)%] Z13} [l —3}}.

(8) Acentric point group 3mOM REEE
space group

(8.1) P3m1(14)

Origin at 3m1

Hexagonal

Coordinates = 3//rotation point in plane 22 3-E]

g7l 3707} e
() @ €); )
st M P R el B
m//[10]25E o+&-2] 3747} 37} e
O] )

I F s

—11T-z+y _[—y]
0 1] —z | |-z
Coordinates: (1) x, ¥y 2) »x -y (3) x + ), —x

@) =xC)x+py@xx-y

(8.2) P31m(15)

Coordinates = 3//rotation point in plane 2. Z5-E

Hexagonal

hezo] 37} vhen

IR AR N

mi[12]2 38 o4g-2] )7} 7} Ao},

OIS
i g et
e ®
_(1) - }__a;yy} - [";ﬁy}
e @
o il el

Coordinates: (1) x, y 2) -, x—y 3) —x + 3, —x
BrxOG)x-y -y (©) —x ~x+y

(9) Centric point group 60fAM FEEl= space

group

(9.1) P6(16)
Origin at 6

Hexagonal

Coordinates 3= 6//rotation point in plane 2 25-F]

el e7l7h fedn,

m
Hryl Fd
@ @

- [w:yy] - [: Z]

3 ©)

g RS o B
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Coordinates: (1) x, vy 2) %, x -y (3) x +y, —x
@-xyOnp=xty®)x-px

Coordinate transformation matrix 2-%-€] equivalent
reflections 73}#}.

Coordinate transformation matrix 7} A = H —01]
2 Al = 1 1 = ATo _ 0 1
ojmZ A= [ 1 0:| o] 32 A€ cofactor [_ ) 1:|

1
9] equivalent reflections Q&=

A TS k]
Ak A 1 HE

u}e}A Patterson symmetry: P6o] T},

ol [AT]" = [0 “1]014. o] matrixZHE o+

(10) Centric point group 6mmOM FTEl=
space group

(10.1) P6mm(17)

Origin at 6mm

Hexagonal
Coordinates = 6//rotation point in plane 2 251
S zto] 647} vheod
) (6)
[1 —1fx|_|x— yjl
1 0yl | =
2 )

=l)= 5]

L )

mi[10)2%€] t}&2] 717} 37} Heh.

m ®
o L=
@ o

[~01 }L_—ny - [m’ - y]

- R g7 53] %
3) Q)
I e
@ an
ERi k]
0 (12)
__01 i__— :cy+ y]:[—;iy]
. ©® o)
o 1] e =[]

mi[12] ZREE B3 o] F28 HE7}

& Bolch.
(D (1)
b Sals- ]
) (12)
[(1) 5 xm—yy] - [—; ¥ y]

3) (10)
1 —-1]—=x+
[0 ] y]:[g]
Coordinates: ‘(1) Ly@2)-rx-yQ@)x+y —x
@), -y )y, xty () x -y x

MD»—=x@®x+yyPDxx-y
1)y x (D) x—3 -y (12) =, x+y
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