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Abstract. This paper deals with some useful methods of solving the one-dimensional

integral equation of Fredholm type. Application of the reduction techniques with a view

to inverting a class of integral equation with Lauricella function in the kernel, Riemann-

Liouville fractional integral operators as well as Weyl operators have been made to reduce

to this class to generalized Stieltjes transform and inversion of which yields solution of

the integral equation. Use of Mellin transform technique has also been made to solve the

Fredholm integral equation pertaining to certain polynomials and H-functions.

1. Introduction

In recent years several authors (see, e.g. Srivastava and Buschman [13], Prab-
hakar and Kashyap [10], Srivastava and Raina [17], Love [8], [9], Higgins [6],
Buschman, Koul and Gupta [1], Chaurasia and Patni [2], [3] have made signifi-
cant contributions to the integral equations pertaining to various functions.

A detailed and systematic discussion of the various methods of solvability of
certain interesting cases of Fredholm type integral equation have been given by
Srivastava and Raina [17]:

(1.1)
∫ ∞

0
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 f(x) dx = g(t), (0 < t < ∞).

An extension of these results pertaining to the Fredholm integral equations is the
main object of the present study:
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= g(t), (0 < t < ∞)
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and

∫ ∞
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n
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)p]
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z

(
t
w
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 f(w) dw(1.3)

= g(t), (0 < t < ∞).

For the multivariable H-function (see [15]).

The multiple integral in (1.2) converges absolutely if

(1.4) |arg(zi)| < 1
2
πTi, i = 1, · · · , r,

where

Ti = −
A∑

j=1+λ

θ
(i)
j +

v(i)∑

j=1

Φ(i)
j −

B(i)∑

j=1+v

Φ(i)
j −

C∑

j=1

Ψ(i)
j +

u(i)∑

j=1

δ
(i)
j −

D(i)∑

j=1+u(i)

δ
(i)
j(1.5)

> 0, for all i ∈ (1, · · · , r).

Sm
n [A] in (1.3) denotes the general class of polynomials (see Srivastava [11])

(1.6) Sm
n [A] =

[n/m]∑

k=0

(−n)mk

k!
En,kAk, (n = 0, 1, 2, · · · )

where m is an arbitrary positive integer and the coefficients En,k (n, k ≥ 0) are
arbitrary constants real or complex.

Let the space of all functions f defined on R+ = [0,∞) be represented by
∫

and
satisfy

(i) f ∈ b∞(R+),

(ii) lim
t→∞

[tγfr(t)] for all non negative integer γ and r,

(iii) f(t) = 0(1) as t →∞.

For correspondence to the space of good functions defined on the whole real line
(−∞,∞) see (Lighthill [7]).

The Riemann-Liouville fractional integral (of order λ) is given by:

(1.7) D−λ[f(t)] = 0D
λ
t [f(t)] =

1
Γ(λ)

∫ t

0

(t− y)λ−1f(y) dy, (Re(λ) > 0 : f ∈
∫

),

where Dλ[f(t)] = Φ(t) is understood to mean that Φ is a locally integrable solution
of f(t) = D−λ[Φ(t)], implies that Dλ is the inverse of the fractional integral operator
D−λ (for brevity, D−λ

t stands for 0D
−λ
t ).
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The Weyl fractional integral (of order ν) is defined by:

W−ν{f(t)} = tD
−ν
∞ {f(t)}(1.8)

=
1

Γ(ν)

∫ ∞

t

(ξ − t)ν−1f(ξ) dξ, (Re(ν) > 0 : f ∈
∫

).

2. Preliminary results

Lemma 1. Assuming the following that

(i) µ, ρ, u(i), v(i), A, B(i), C,D(i) be positive integers such that 0 ≤ µ ≤ A, 0 ≤
u(i) ≤ D(i), c ≥ 0 and 0 ≤ v(i) ≤ B(i), for all i = 1, · · · , r;

(ii) Re(α) > Re(β); Re

[
β + q

r∑
i=1

d
(i)
j

δ
(i)
j

]
> 0 (j = 1, · · · , u(i)); q > 0;

(iii) |arg(zi)| < 1
2
πTi, where Ti is given by (1.5);

(iv) m1 be an arbitrary positive integer and the coefficients An1,k1 (n1, k1 ≥ 0) be
arbitrary constants, real or complex.

Then
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[(c) : Ψ′; · · · ; Ψ(r)] [1− α− ρk1 : q, · · · , q] : [(d′) : δ′]; · · · ; [(d(r)) : δ(r)],
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 .

Proof. Let ∆(w) stands for the first member of the assertion (2.1). Then making
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use of (1.8) and the definition of the multivariable H-function [15], we get

∆(w) =
[n1/m1]∑

k1=0

(−n1)m1k1

k1 !
An1,k1

1
Γ(α− β)

(2.2)

∫ ∞

w

(x− w)α−β−1

(
1

(2πi)r

∫

L1

· · ·
∫

Lr

Φ1(s1) · · ·Φr(sr)×
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]

zs1
1 · · · zsr

r t
q

rP
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x
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rP
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si

ds1 · · · dsr

)
dx.

The change of order of integration in (2.2) is supposed to be permissible under the
absolute (and uniform) condition of convergence of the integral; we find

∆(w) =
[n1/m1]∑

k1=0

(−n1)m1k1

k1 !
An1,k1

1
Γ(α− β)

1
(2πi)r

(2.3)

∫

L1

· · ·
∫

Lr

Φ1(s1) · · ·Φr(sr)Ψ(s1, · · · , sr)× zs1
1 · · · zsr

r t
q

rP
i=1

si+ρk1

(∫ ∞

w

x− wα−β−1x
−α−ρk1−q

rP
i=1

si

dx

)
ds1 · · · dsr.

The inner integral in (2.3) can be solved under hypothesis (ii) of Lemma 1, and we
get

∆(w) =
w−β

(2πi)r

[n1/m1]∑

k1=0

(−n1)m1k1

k1 !
An1,k1(2.4)

∫

L1

· · ·
∫

Lr

Φ1(s1) · · ·Φr(sr)Ψ(s1, · · · , sr)×
Γ(β + q

r∑
i=1

s1 + ρk1)

Γ(α + q
r∑

i=1

s1 + ρk1)

zs1
1 · · · zsr

r

(
t

w

)q
rP

i=1
si+ρk1

ds1 · · · dsr

which gives the second member of (2.1) by reinterpreting the multivariable H-
function. ¤

The multivariable H-function appearing in (2.1) exist (and are analytic) under
the conditions (i) and (ii) of Lemma 1 and the Weyl fractional integral converges
absolutely under the condition (ii).
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Theorem 1. Under the set of sufficient conditions (i), (ii) and (iii) of Lemma 1,

(2.5)
∫ ∞

0

w−β

[n1/m1]∑

k1=0

(−n1)m1k1

k1 !
An1,k1

(
t

w

)ρk1

H
0,µ+1:(u′,v′);··· ;(u(r),v(r))

A+1,C+1:[B′,D′];··· ;[B(r),D(r)]




[1− β − ρk1 : q, · · · , q] [(a) : θ′; · · · ; θ(r)] : [(b′) : Ψ′]; · · · ; [(b(r)) : Ψ(r)]

[(c) : Ψ′; · · · ; Ψ(r)], [1− α− ρk1 : q, · · · , q] : [(d′) : δ′]; · · · ; [(d(r)) : δ(r)]
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(
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 f(w)dw

=
[n1/m1]∑

k1=0

(−n1)m1k1

k1 !
An1,k1

∫ ∞

0

w−α−ρk1tρk1H0,µ
A,C

[
z1

(
t

w

)q

, · · · , zr

(
t

w

)q]

Dβ−α{f(w)}dw, where f ∈
∫

and t > 0.

Proof. Suppose that the first member of (2.5) is represented by η and by applying
Lemma 1 and then changing the order of summation and integration (which is
permissible under given conditions), we arrive at the result (2.5). ¤

3. Solution of a Lauricella form of the integral equation (1.2)

We use the reduction technique by which a given integral equation may be
reduced to some simpler integral transform with the aid of the result derived in the
preceding section, to obtain the solution of a certain Lauricella’s hypergeometric
form of the integral equation (1.2).

Using the following result [4] in Theorem 1 at first

H
0,0:(u′,v′);··· ;(u(r),v(r))

0,0:[B′,D′];··· ;[b(r),D(r)]
(3.1)




[(a) : θ′, · · · , θ(r)] : [(b′) : Φ′]; · · · ; [(b(r)) : Φ(r)] ;
z1, · · · , zr

[(c) : Φ′, · · · , Φ(r) : [(d′) : δ′]; · · · ; [(d(r)) : δ(r)] ;




=
r∏

i=1

Hu(i),v(i)

B(i),D(i)




[(b(i)) : Φ(i)]
zi

[(d(i)) : δ(i)]


 .

Also, we set Φ(i)
j = 1 (j = 1, · · · , B(i)) and δ

(i)
j = 1 (j = 1, · · · , D(i)), modify

the parameters of the H-function of several complex variables in such a way that
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use can be made of the relationship [14] on the left hand side of (2.5) and of the
relationship [15]

(3.2) H1,1
1,1




(1− α, 1)
z

(0, 1)


 =

Γ(α)
(1 + z)α

= Γ(α) 1F0[α ; ; −z]

on the right hand side of (2.5). Thus the solution of the Corollary 1 emerges from
Theorem 1.

Corollary 1. Let a1, · · · , ar, α and β be complex parameters, Re(α) > Re(β) > 0,
f ∈ ∫

and q ∈ N, then for all t > 0,

[n1/m1]∑

k1=0

(n1)m1k1

k1 !
An1,k1

∫ ∞

0

w−β−ρk1tρk1

r∏
i=1

Γ(ai)Γ(β + ρk1)

Γ(α + ρk1)

F

[
a1, · · · , ar, ξ(q; β + ρk1); ξ(q;α + ρk1); −

(
t

w

)q

, · · · ,−
(

t

w

)q]
f(w)dw

=
[n1/m1]∑
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(n1)m1k1

k1 !
An1,k1

∫ ∞

0
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Γ(ai)tρk1
w

q
rP
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Dβ−α{f(w)}dw

(tq + wq)
rP
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=
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(n1)m1k1

k1 !
An1,k1

∫ ∞

0
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r∏
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Γ(α + ρk1)
F 1:1,··· ,1

1:0,··· ,0




[β + ρk1; q, · · · , q] : [a1 : 1] : · · · : [ar : 1]

−
(

t

w

)q

, · · · ,−
(

t

w

)q

[α + ρk1; q, · · · , q] : [0 : 0] : · · · : [0 : 0]


 f(w)dw

=
[n1/m1]∑

k1=0

(n1)m1k1

k1 !
An1,k1

∫ ∞

0

r∏

i=1

Γ(ai)tρk1
w

q
rP

i=1
ai−α−ρk1

Dβ−α{f(w)}dw

(tq + wq)
rP

i=1
ai

where

(3.3) ξ(q : α + ρk1) =
(

α + ρk1

q
,

α + ρk1 + 1
q

, · · · ,
α + ρk1 + q − 1

q

)
, (q ∈ N).

Theorem 2. Let a1, · · · , ar, α and β be complex parameters such that Re
(

r∑
i=1

ai

)
>
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1 (i = 1, · · · , r) and Re(α) > Re(β) > 0 and q ∈ 1N, f ∈ ∫
. Then for all t > 0 and

g ∈ ∫
, the integral equation

[n1/m1]∑

k1=0

(n1)m1k1

k1 !
An1,k1

∫ ∞

0

w−β−ρk1tρk1

r∏
i=1

Γ(ai)Γ(β + ρk1)

Γ(α + ρk1)
(3.4)

F

[
a1, · · · , ar, ξ(q; β + ρk1); ξ(q; α + ρk1); −

(
t

w

)q

, · · · ,−
(

t

w

)q]
f(w)dw

= g(t)

has a solution given by

f(t) =
qΓ(a1 + · · ·+ ar)

r∏
i=1

Γ(ai)
Dα−β

t(3.5)


t

q(1−
rP

i=1
ai)+α+ρk1−1

D
1−

rP
i=1

αi

tn

{
(1 + t) lim

n′→∞
Ln′,tn [g(t)]

}



where

(3.6) Ln′,tn [g(t)] =
(−t)n′−1

n′(n′ − 2) !
d2n′−1

dx2n′−1
{tn′g(t)} (n′ = 2, 3, 4, · · · ).

Proof. By using Corollary 1 and making use of given result [12], [9] and [19], we
arrive at the result given in Theorem 2. ¤

4. Use of other methods

By resorting to the application of the Mellin transforms one-dimensional Fred-
holm integral equation (1.3) concerning the Fox’s H-function and a general class of
polynomials Sm

n [E] in the kernel can also be solved. We first prove the following
result, which we required in proving Theorem 3 below.

Lemma 2. Let

(i) u, v, B,D be positive integers such that 1 ≤ u ≤ D, 0 ≤ v ≤ B,

(ii) Re(α) > Re(β); Re

[
β + q

r∑
i=1

d
(i)
j

δ
(i)
j

]
> 0 (j = 1, · · · , u(i)); q > 0;

(iii) m, m1 be an arbitrary positive integer and the coefficients An,k (n, k ≥ 0),
An1,k1 (n1, k1 ≥ 0) be arbitrary constants, real or complex.

(iv) |arg(z)| < 1
2
πT ,
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where

T =
u∑

j=1

δj −
D∑

j=1+u

δj +
v∑

j=1

βj −
B∑

j=1+v

βj > 0.

Then

W β−α

{
w−αSm1

n1

[
A′

(
t

w

)ρ]
Sm

n

[
E′

(
t

w

)ρ]
Hu,v

B,D(4.1)



(bB ,ΦB)

z

(
t

w

)q

(dD, δD)








= w−β

[n1/m1]∑

k1=0

[n/m]∑

k=0

(−n1)m1k1

k1 !
(−n)mk

k !
An1,k1 An,k

(
t

w

)ρk1+ρk

A′
k1

E′k

×Hu,v+1
B+1,D+1




(1− β − ρk − ρk1 : q), (bB , ΦB)

z

(
t

w

)q

(dD, δD), (1− α− ρk − ρk1 : q)


 .

Proof. To prove Lemma 2, firstly we use the definition of Weyl fractional integral
given in (1.8), express the Fox’s H-function in a contour integral of Mellin-Barnes
type and a general class of polynomials, then we change the order of summation and
integrations (which is justified under the stated conditions), evaluate the t-integral
and reinterpreting the resulting Mellin-Barnes contour integral in terms of the H-
function, we get the desired result. ¤

Theorem 3. With the sufficient conditions (i), (ii), (iii) and (iv) of Lemma 2,

∫ ∞

0

w−β

[n1/m1]∑

k1=0

[n/m]∑

k=0

(−n1)m1k1

k1 !
(−n)mk

k !
An1,k1 An,k

(
t

w

)ρk1+ρk

A′
k1

E′k(4.2)

×Hu,v+1
B+1,D+1




(1− β − ρk − ρk1 : q), (bB , ΦB)

z

(
t

w

)q

(dD, δD), (1− α− ρk − ρk1 : q)


 f(w)dw

=
∫ ∞

0

w−αSm1
n1

[
A′

(
t

w

)ρ]
Sm

n

[
E′

(
t

w

)ρ]
Hu,v

B,D




(bB , ΦB)

z

(
t

w

)q

(dD, δD)




Dβ−α{f(w)}dw.
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Proof. Theorem 3 can be proved with the help of Lemma 2 and the equation (1.8),
on proceeding on similar lines as given in the proof of Theorem 1. ¤

Theorem 4. Suppose that f ∈ ∫
, Dα−βf(w) exists q > 0, t > 0, |arg(z)| < 1

2
πT ,

T > 0 (T given in Lemma 2), Re(α) > Re(β) > 0 and Sm
n [A] be defined by (1.6),

then the solution of the integral equation

∫ ∞

0

w−αSm1
n1

[
A′

(
t

w

)ρ]
Sm

n

[
E′

(
t

w

)ρ]
Hu,v

B,D(4.3)



(bB , ΦB)

z

(
t

w

)q

(dD, δD)


 f(w)dw = g(t), (0 < 1 < ∞)

is as follows

f(t) =
[n1/m1]∑

k1=0

[n/m]∑

k=0

(−n1)m1k1

k1 !
(−n)mk

k !
An1,k1 An,kA′

k1
E′k tα−ρk1−pk(4.4)

× lim
ρ′→∞

∫ σ′+iρ′

σ′+iρ′

[
θ

(−pk − ρk1 − s

q

)]−1

t−szρk+ρk1+sΦ(s) ds,

exists when

(4.5) max{Re[(a` − 1)/Φ]} < Re
(

pk + s

q

)
< min

{
Re

(
dj

dj

)}
,

(j = 1, · · · , u), (l = 1, · · · , v).

Proof. Making use of Theorem 3, Lemma 2 along with the known results ([18], [5]
and [6]), we have the required result. ¤

Letting n1 → 0 and n → 0, Theorem 4 seen to correspond to a result given
by Srivastava and Raina [17] under less stringent conditions. Also, for n1 → 0,
Theorem 4 reduces to a Theorem recently established by Chaurasia and Patni [3].

The importance of our results lies in the manifold generality. In view of the
generality of the functions and polynomials, the results encompass several special
cases interest scattered hitherto in the literature.
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ration of this paper.
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