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ABSTRACT. The aim of this paper is to establish the rate of convergence of Baskakov-
Durrmeyer operators for bounded variation function. We have given the better estimate
over the results due to Guo ([4]), Anial and Teberska ([1]) and Gupta and Srivastava ([8]).

1. Introduction

We first recall the construction of Baskakov-Durrmeyer operators. The
Baskakov-Durrmeyer operators L, is the linear positive operator defined on [0, c0)
by

Ln(fv $) = (n - ]-) an,k(m)/ pn,k(t)f(t)dta T e [07 OO)
k=0 0

where
n+k— 1) ak
(

pse) = (") g

see e.g. ([9]). In [3] Bojnic estimated the rate of convergence of Fourier series of
functions of bounded variation. Aniol and Taberska ([1]) and Guo ([4]) obtained
analogous results for Durrmeyer type operators. A lot of work has been done in this
direction by Vijay Gupta and collaborators (see e.g. [5], [6], [7], [8]). We remark
here that the rate of convergence for the modified Baskakov operators was obtained
by Gupta and Srivastava ([8]), but there is some misprint in the estimate of Rs3 in
their main result, also very recently Bastien and Ragalski ([2]) gave the optimum
bound for Baskakov basis function. This along with the improvement in the result
of Gupta and Srivastava ([8]) motivated us to study further on such type of opera-
tor. In the present paper, we study the rate of convergence of Baskakov-Durrmeyer
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operators for function of bounded variation.

2. Auxiliary results

We need some auxiliary results for proving the main theorem.

Lemma 2.1 ([2]). For all x € (0,00) and n,k € N there holds

C
n < —F
Pak(@) nx(l+ x)

where

1, if n=1

ig, if n>2, k=0

3\ %2 n3/2(n —1)n1
(2) (n+ %)n+1/2

C:
, if n>2, k>1.

Lemma 2.2 ([9]). Let the m*" order moment for the operator L, (f,x) be defined

by
Tyo() = (n — 1);:0;9”7,{(95) /O (t = 2)™pn o (t)dt
then
Toi(z) = %, n>2
2(n—1Dz(1+x)+2(1 + 22)?
Tn,Z(x) = (n — 2)(1’L — 3) , mn>3.

If particular, given any A > 2 and any x > 0 there is an integer N(\,x) > 2 such
that

Az(1
Tom(z) < Azl +2) for alln > N(\, x).
Next let
Kn(z,t) = (n = 1)) puk(@)pns(t), A>2 and n > N(X x),
k=0
then

(i) For0<y<x, we get

(2.1) /Oy Koz, t)dt < 22T
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(ii) Forz < z < oo, we get

(2.2) / K (z,t)dt < M(jz(lfx;”)

The proof of (2.1) and (2.2) are simple and are left for the readers.

Lemma 2.3. For every k € N, z € (0,00), we have

k
(@) = pno1j(@)
=0

C
. —
2y/nz(l + x)

The proof of the above lemma is simple just we have to apply Lemma 2.1.

3. Main results
In this section, we shall give our main results.

Theorem 3.1. Let [ be a function of bounded variation an every finite subinterval
of [0,00) and let

ft) = flz+), if v<t<oo

g:(t) =<0, if t==x

f@) = flz=), if 0<t<ux.
V2(gx) be the total variation of g, on [a,b]. If | f(t)| < M(1+t)™ fort € [0,00),
where M > 0, o € Ny and choose a number X > 2. Then for n > max{l +
a, N(\, z)}, we get

(1) |Lalo) - 5 (Pt + 5@} |
A+ (BA+ 1)z Z”: Vxﬂ/f(gz)

¢,
vnz(1+x) n = z/Vk

)

< | {fz) — fl@)} |

N AMK, (1 + z)ot?
nx

where C' is a constant defined in Lemma 2.1.

Proof. First, we have
(32) | L) = 5 L) + Fa)) |
< |L (9z, T ‘ +f| {f(z+) — f(z—)} | |Ln(sign(t—m),x) |

Thus to estimate (3.1), we need the estimates for L, (g, ) and L, (sign(t — ), z).
Now using Lemma 2.1, Lemma 2.3 and using the similar methods as given in [8],
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we have
2C
3.3 L, (sign(t —z),z) | £ —/———.
(3.3 | Lo Gsignit —).2) | £ s
Now to estimate L, (g, x),
Ly(gz,x) = / K, (x,t)g.(t)dt

= ([ + [+ [ )t g

= R1+R2+R3, say.
Where I; = [Ox—x/ﬂ Iy =[x —=z/yn,z+x/y/n] and I3 = [z + x/\/n,0).

Suppose Ap( fo (x,u)du. First, we estimate R;. Writing y = z — z/y/n
and using partlal 1ntegratlon we get
Y
R, = / 9 () Ky (z,t)dt
0

= /Oy gw(t)dt(/\n(mvt))
gw(y+))‘n(x7y) - /Oy )‘n(xat)dt (.%c(t))

Since
|92 (y+) | = | 92(y+) — g2 (2) | <V (92),
then by (2.1), we get

Bl S Vi) + [ e iV @)

‘@ﬂ(gm)zfilz@ + )‘w(anr 2) /0 ’ @ j t)th(_Vtx(gz».

IN

Integrating by parts, we have

o1 e Vi (ee) | VS (9s) v (Vi (gs))
[ e = G - e [

where ‘A/t“’(gw) is the normalized from of V;®(g,) and \A/tm(gx) = V{®(gs). Conse-
quently, we get

| Ry |
T T T z) | =V, (9a (G Y (VE(9a
< Vyﬁ(gx)A(ffy)g +2 (1; ) (xyfgz)JrVO;f - /0 ((‘; _(gt))g)dt]
_ Az(l+z) | Vi (g) Y (Vi (9a))
= - 0x2 _|_2/0 (-1'—15)3dt‘|.
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Replacing the variable y in the last integral by x — xz//n, we get

t gfﬁ) T T
= — - dt < — E ).
/O (.%‘ — t)?’dt 222 /1 Vm_m/ﬁ(g )t < 212 P Vf—x/\/ﬁ(g )

Hence

A1+ 2) = e
(3.4) | Ry | < % YV ()
k=1

Since f; didn(z,t) <1, for (a,b) C [0,00), therefore

n

1 TTT n
(3.5) [Re| <= VIR (g0).
k=0

Finally, we estimate R3, writing z = x — x/+/n, we have
Ry = / 9z (t) Ky (2, t)dt = / 9o (£)de (A (2, 1))
We define Q,(x,t) on [0,2x] as

1= Ap(z,t), f0<t<2
T 7t = .
@n(z.t) {O, if t = 2x.

Therefore

2z
(36) R3 - *\/2 gm(t)dt(Qn(xvt))

— g.(2x) K, (z,t)dt + / g (t)d; (/\n(a:,t))
2x 2x
= R31 + R3z + R33, say.

Using (2.2) and integrating partially the first term, we get

sz_(gw)Ax(l ha a:) + )\x(l i m) / N (x _1 t)zdt (Vt(gw))

| B |

IN

n(z — x)? n v
1 (oo}
+ §Vw2x_(gz) K, (z,u)du

2z

x x z) [
Vil et [ s (i)

IN

| Az (1l 4+ x)

Vo (g2) 2zzci 1_—1—96:;2) )\x(ln—i- x)

Vi (ge) Vi (ge  Vige
[P - e —(5)2) 2 / (@ Egt))?’

IA

dt|.
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Thus, by replacing the variable in the last integral by x + x//n, we get

Ax(l1+z . N ot
k=1
A1+ ) o=
< ¥va+ IVR(g).
ne
k=1
From (2.1), we get
Me(1+2z)  dx(l4z) & N/

) < g.(2 z+z/Vk ).
(38) Rz | < ga(20) = —5— + k;vz (92)
Finally for n > «, we obtain

0 [e%e}
[Raa] < Mn=1)3 pan(e) [ [0+07+ 1L+ pus(t)dr
k=0 2z

(i) If o = 0, then applying (2.1), we obtain

| Bss |

IA

2000 =1 (o) [ pslt)i
k=0 2z

2AM (1 + )

, forn> N(\ x).
nx

(ii) If & = 1, then by (2.1) and Lemma 2.2, for n > N(\, ), we get

| s |

IN

M=) puso) [ @420+t pat
k=0 2x

AM(1+ 2)(2 4 3x)
nx
SAM (1 + )2
nx '

(iii) If @ = 2, then for n > «

|Rss| < Mmn-1)1+2"")(1+2)*> pol@) /OO Pk (t)dt
k=0 2x

oo

+ M2 (n— 1)) polx) / Pk (t)(t — )% dt.

k=0 2z
Consequently in case a = 2

SAM (1 + x)3 N 22AMz(1 + x)
nw n

w7 for n > N(\ ).

nr

| s |




On the Rate of Convergence of Modified Baskakov Type 577

In general case, if « is even or odd then by Lemma 2.2, we may easily verify that
there exist a constant K, depending only on «, such that

AMK (1 + z)o+t
na

(3.9) | Rg3 | < , for all n > maz{(1+ «a), N(\,z)}.

Collecting the estimates of (3.2) to (3.9), we get the required result. O
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