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EXPANSIONS OF FILTERS IN R;-ALGEBRAS

Mvyunc IM DoH, YOUNG BAE JUN* AND XIAOHONG ZHANG

Abstract. The notion of expansions of filters in Rp-algebras is
introduced. Also the notion of o-primary filters in Rp-algebras is

discussed.

1. Introduction

In order to research the logical system whose propositional value is
given in a lattice from the semantic viewpoint, Xu [11] proposed the con-
cept of lattice implication algebras, and discussed some of their proper-
ties. Xu and Qin [12] introduced the notion of implicative filters in
a lattice implication algebra, and investigated some of their proper-
ties. Turunen [8] introduced the notion of Boolean deductive system,
or equivalently, Boolean filter in BL-algebras which rise as Lindenbaum
algebras from many valued logic introduced by Hajek [3]. Boolean fil-
ters are important because the quotient algebras induced by Boolean
filters are Boolean algebras, and a BL-algebra is bipartite if and only
if it has proper Boolean filter. In [9], Wang introduced the notion of
Ry-algebras in order to provide an algebraic proof of the completeness
theorem of a formal deductive system. We note that Rp-algebras are

different from BL-algebras because the identity z Ay = 2 © (z — y)
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holds in BL-algebras, but does not hold in Ry-algebras. Rg-algebras
are also different from lattice implication algebras because the identity
(x = y) -y = (y — z) — z holds in lattice implication algebras, but
does not hold in Rp-algebras. Although they are different in essence,
they have some similarities, that is, they all have implication operator
— . Therefore it is meaningful to generalize some aspects of lattice im-
plication algebras and BL-algebras to Rp-algebras. In [2], Esteva and
Godo introduced the MT L-algebra , The MTL-algebra is an exten-
sion of a BL-algebra, which is obtained by eliminating the condition
Ay =z (x—y)in BL-algebra. In fact, MT L-algebra is an algebra
induced by a left continuous ¢-norm and its corresponding residuum, but
BL-algebra is an algebra induced by a continuous t-norm and its corre-
sponding residuum. It is proved that an Rg-algebra is a particular type
of MTL-algebra and its t-norm © is a nilpotent minimum t-norm [2],
which is obtained by taking negation operator as 1 — z. Hence the the-
ory of Rp-algebras becomes one of the guides to the development of the
theory of MT L-algebras. Lianzhen and Kaitai [5] extended the notions
of implicative filters and Boolean filters to Ry-algebras, and considered
the fuzzification of such notions and gave characterizations of fuzzy im-
plicative filters. They also proved that fuzzy implicative filters and fuzzy
Boolean filters coincide in Ry-algebras.

In this paper, we introduce the notion of expansions of filters in Ry-

algebras, and discuss the notion of o-primary filters in Ry-algebras.

2. Preliminaries

Definition 2.1. [9] Let L be a bounded distributive lattice with
order-reversing involution — and a binary operation — . Then
(L,A,V,—,—) is called a Ry-algebra if it satisfies the following axioms:
(Rl) :L‘—)y:-ly—-—)-ﬂ,‘,

(R2) 1 -z =1z,
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R3) (y—2)A((z—=y)— (z—2)=y— 2
(R4) =
R5) z— (yVz)=(z—y Viz—2),
(R6) (z—y)V(z—=y) —(zVy)) =1

—(y—z)=y—(z—2),

Let L be a Ro-algebra. For any 7,y € L, we define 2Oy = ~(z — —y)
and z @y = -z — y. It is proved that ® and @ are commutative, asso-
ciative and z ®y = ~(—z © —y), and (L, A,V, 0, —,0,1) is a residuated

lattice.

Example 2.2. [5] Let L = [0,1]. For any z,y € L, we define z Ay =
min{z,y}, zVy = max{z,y}, ~z=1—1z, and
1 if z <y,
r—yi=
-zVy ifz>y.
Then (L, A, V, —,—) is an Rp-algebra which is neither a BL-algebra nor

a lattice implication algebra.
A Rg-algebra have the following useful properties.

Proposition 2.3. [7] For any elements z, y and z of an Ry-algebra
L, we have the following properties.
(al) z <y ifand only ifz — y =1,
(a2) z <y — 7,
(a3) ~z =z — 0,
ad) (z—y)V(y—z) =1,
ab) x <y impliesy — 2 <z — 2,

(
(
(a6) z <y implies z =z < z — Y,
(@7) (- y)—-y) my=2z—Y,
(a8) zVy = ((z—y) = y) Ay — ) — 2),
(a9) @2z =0andz® T =1,
(al0) z0y<zAyandzO(z—y) <TAY,
(all) (zOy) 2=z - (y — 2),

)

(al2) z <y — (zOY),
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3. Expansions of filters

In what follows let L denote an Ry-algebra unless otherwise specified.

Definition 3.1. [7] A nonempty subset F of L is called a filter of L

if it satisfies
(i) 1€ F,
(i) (VzeF) (Vyel)(z—yeF = yeF).

Definition 3.2. [7] A filter F' of L is said to be prime if it satisfies
(Va,be L)(a—be Forb—acF).
Proposition 3.3. [7] A filter F' of L is prime if and only if it satisfies:
(Va,beL)(avbe F = a€Forbe F).

Let F' be a nonempty subset of L. Then the least filter containing F
is called the filter generated by F, and denoted by (F.

The next statement gives a description of elements of (F).

Theorem 3.4. [4] If F is a nonempty subset of L, then

@ = (@ = (= (an o 2)e) = 1 }

for some a1,a0, - ,ap, € F

(F):{:reL

For any n € N, we define n(z) — y recursively as follows: O(z) —
y=91) —y=2—yand (n+1)x) - y = ¢ — (n(z) — y) for
all z,y € L. Using (R4), we know that y — (n(z) — y) = 1, that is,
y<n(zx) —yforalazye L.
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Proposition 3.5. Let F' be a filter of L and x € L. Then
(1) (FU{z}) ={y € L{n(z) — y € F for some n € N}.

Proof. Denote by € the right hand side of (1). If y € (F'U {z}),
then there exist aq,a2, -+ ,a, € F and m € N such that

(2) m(z) — (a1 = (aa = (- = (an —y) ) = L
Using (R4) repeatedly, (2) implies that
(3) a1 — (ag = (- = (an = (m(z) = y))---)) =1€F.

It follows from Definition 3.1(ii) that m(z) — y € F so that y € Q.
Thus (F U {z}) C Q. Conversely let y € Q;. Then n(z) — y € F for
some n € N. Since F' C (F'U {z}), it follows that

z— ((n-1)(z) —y) =n(z) >y e (FU{z}).
Since z € (F U {z}), we have (n — 1)(z) — y € (F U {z}) by Definition

3.1(ii). Repeating this process we get y = 0(z) — y € (F U {z}). Hence
Q0 C(FU{z}). This completes the proof. O

Definition 3.6. Let F(L) be the set of filters in L. By an expansion
of filters in L we shall mean a function o : §(L) — F(L) such that
(ol) (VG € F(L)) (G C o(Q)).
(02) (VG H € 3(L)) (G C H = o(G) C o(H)

Example 3.7. (1) The function og : §(L) — F(L) defined by 0¢(G) =
G for all G € F(L) is an expansion of filters in L.

(2) The function v that assigns the largest filter L to each filter of L
is an expansion of filters in L.

(3) For each filter F of L, let
M(F)=n{M | F C M, M is a maximal filter of L}.

Then 991 is an expansion of filters in L.
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(4) Let F,G € §(L) be such that F' C G. Then (FU{z}) C (Gu{z}).
Hence the function o, : §(L) — (L) given by o,(F) = (F U {z}) for
all F € §(L) and z € L is an expansion of filters in L.

Definition 3.8. Let o be an expansion of filters in L. Then a filter

G of L is said to be o-primary if it satisfies:
(Va,beL)(avbe G, a¢ G = be a(G)).

Note that a filter G of L is og-primary if and only if it is a prime
filter of L, where oy is the function in Example 3.7(1).

Theorem 3.9. If 0 and § are expansions of filters in L such that
d(G) C §(G) for every G € F(L), then every o-primary filter is also
d-primary.

Proof. Let F be a o-primary filter of L and let a,b € L be such that
avbe Fand a ¢ F. Then b € o(F) C 6(F) by assumption. Hence F' is
a é-primary filter of L. O

Corollary 3.10. Let o be an expansion of filters in L. Then every

prime filter of L is o-primary.

Proof. Let G be a prime filter of L. Then G is o¢-primary, and
00(G) = G C o(G). It follows from Theorem 3.9 that G is a o-primary
filter of L. O

Theorem 3.11. Let « and 3 be expansions of filters in L. Let ¢ :
S(L) — F(L) be a function defined by o(G) = o(G) N B(G) for all
G € §(L). Then o is an expansion of filters in L.

Proof. For every G € §(L), we have G C a(G) and G C B(G) b
(o1), and so G C a(G) N B(G) = o(G). Let G, H € F(L) be such that
G C H. Then a(G) C «a(H) and B(G) C B(H) by (02), which imply
that

5(G) = a(G) N B(G) C a(H) N B(H) = o(H).

Therefore ¢ is an expansion of filters in L. Wl
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Generally, the intersection of expansions of filters is an expansion of

filters.

Theorem 3.12. Let o be an expansion of filters in L. If {G; | i € D}
is a directed collection of o-primary filters of L where D is an index set,

then G := |J G; is a o-primary filter of L.
€D
Proof. Clearly G := |J G; is a filter of L. Let a,b € L be such that
ieD
aVbeGanda¢ G. Then there exists a g-primary filter G; such that
aVbe G;and a ¢ G;. Since G; is o-primary and G; C G, it follows that

be o(G;) C a(G) so that G is o-primary. O

Theorem 3.13. Let 0 be an expansion of filters in L. If P is a
o-primary filter of L, then

(VE,GeF(L)(FVGCP FLP = GCa(P)),
where FVG ={zVy|zeF,yec G}

Proof. Assume that P is a o-primary filter of L and let F,G € §(L)
be such that FVG C P and F' ¢ P. Suppose that G € o(P). Then there
exist a € F\ P and b € G \ o(P), which imply that avVbe FVG C P.
But a ¢ P and b ¢ o(P). This contradicts the assumption that P is

o-primary. Consequently, the result is valid. O

Theorem 3.14. If ¢ is an expansion of filters in L, then the function
E, : §(L) — F(L) defined by
E,(G):=n{HcF(L)|GCH, and H is o-primary}
for all G € F(L) is an expansion of filters in L.
Proof. Clearly, G C E,(G) for all G € §(L). Let F,G € §(L) be such
that ' C G. Then

E;(F) = n{HecF(L)|FCH and H is o-primary}
C N{H c3J(L)|GC H and H is o-primary}
= E,(G).
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Hence E, is an expansion of filters in L. ]

Example 3.15. Let 0 be an expansion of filters in L given in Ex-
ample 3.7(1). Then E,, : F(L) — F(L) defined by

Es(G) = N{HeF(L)|GCH and H is og-primary}
= {H€FL)|GC H and H is prime}

for all G € §(L) is an expansion of filters in L.
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