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GENERALIZED T-SPACES AND DUALITY

YEON S00 YOON

Abstract. We define and study a concept of Ts-space which is
closely related to the generalized Gottlieb group. We know that X
is a Ta-space if and only if there is a map r : L{A, X) — Lo(A4, X)
called a T4-structure such that 7 ~ 11,4, x). The concepts of Txg-
spaces are preserved by retraction and product. We also introduce

and study a dual concept of Ta-space.

1. Introduction

Let A be a compact CW complex. Let L(A, X) be the space of maps
from A to X with the compact open topology. Let L(A, X) be the
space of base point preserving maps in L(A, X). Throughout this pa-
per, space means a space of homotopy type of connected locally finite
CW complex. According to a well known result of Milnor [8], L(A4, X)
and Lg(A, X) have the homotopy type of CW complexes. Clearly the
evaluation map p : L(A, X) — X is a fibration. In 1987, Aguade intro-
duced and studied T-spaces in [1]. A space X is called [1] a T-space if
the fibration Ly(S?, X) — L(S!, X) — X is fibre homotopically trivial.
It is easy to show that any H-space is a T-space. However, there are
many T-spaces which are not H-spaces in [11]. £X denote the reduced
suspension of X and X denote the based loop space of X. The adjoint
functor from the group [£X, Y] to the group [X, QY] will be denoted by
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7. The symbols e and €’ denote 77!(1gx )and 7(1xx) respectively. On
the other hand, we introduced and studied co-T-spaces in [11]. A space
X is called co-T-space [11] if ¢/ : X — Q¥X is cocyclic. It is also easy
to show that any co-H-space is a co-T-space.

In this paper, we introduce a Ts-space which is a generalization of
T-space, and study some properties of a Txy-space. Also, we introduce
and study some properties of a co-T4-space which is a dual concept of
T4-space. In section 2, we show that X is a T4-space if and only if
there is a map r : L(A, X) — Lo(A, X) such that 7i ~ 174 x). We call
such a retraction r a T4-structure. The set Sp, of homotopy classes of
T s-structures can be identified to the Gottlieb set G(X, Lo(A, X)). We
show that any H-space is a T-space, and any T-space is a Tx.g-space for
any compact space B. We also show that if a Txp-space X dominates
Y, then Y is also a Tx,g-space. Moreover, we know that X xY isa Typ-
space if and only if X and Y are Txp-spaces. We know that for any
(£], lg] € ma(S?), L(S?, S% f) and L(S3,5?; g) have the same homotopy
type. In section 3, we introduce and study a co-T4-space which is a dual
concept of Ts-space. We show that if a co-T4-space X dominates Y,
then Y is also a co-T'4-space. Also, we show that X VY is a co-Ts-space

if and only if X and Y are co-T4-spaces.

2. T4-spaces and some properties

In this section, we introduce a T4-space which is a generalization
of T-space, and study some properties of a T4-space. A based map
f: B — X is called cyclic [10] if there exists a map F': X x B — X
such that Fj ~ V(1V f),where j: X VB — X x B is the inclusion
and V: X VX — X is the folding map. We call such a map F' an
associated map of f. The Gottlieb set denoted G(B, X) is the set of all
homotopy classes of cyclic maps from B to X. In 1982, Lim obtained a

result [6] which was an H-space may be characterized by the Gottlieb
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sets and cyclic maps as follows; X is an H-space if and only if 1x is
cyclic if and only if G(B,X) = [B, X] for any space B. It is known
[10] that if ¢ : X — Y is cyclic and f : A — X is any map, then
gf A=Y is cyclic. From the above fact, we can obtained a result [11]
which characterizes a T-space by means of the Gottlieb sets and cyclic
maps as follows; X is an T-space if and only if e: XQX — X is cyclic
if and only if G(ZC, X) = [2C, X] for any space C. For a co-H-space
X, there is a map s : X — XQX such that es ~ 1.Thus we can easily
know that in the category of co-H-spaces, H-spaces and T-spaces are
equivalent. It is also well known [16] that X is an H-space if and only if
for any spaces M, L, i*: [M x L,X] — [M V L, X] is surjective, where
i: MV L— M x L is the inclusion.

For a locally compact space A, it is well known fact that there is a nat-
ural equivalence 7 : [A A B, X| = [B, Lo(A, X)] given by (7(f)(b))(a) =

f < a,b>. From now on, let A be a compact CW complex.

Theorem 2.1. The followings are equivalent;

(1) ea: AN Lo(A, X) — X is cyclic, where eq = 77 (11,(4.x))-
(2) G(AAB,X) =[ANAB,X] for any space B.
(3) For any spaces M,L,i* : [M x (ANL),X] = [MV(AANL),X]is

surjective.

Proor. (1) implies (2). Let f : AANB — X be a map. Then
we know, from the fact that f = e4s(1 A 7(f)) and eys is cyclic, that
f:AANB — X is cyclic. (2) implies (3). Let f: MV(AANX) - X
be a map. Let fi = fipr * M — X and fo = flaax : ANX — X,
Since fy is cyclic, there is a map F' : X x (AAX) — X such that
Fj~V(AV/fy) Letg=F(fix1l):Mx(AANL) - X. Then
i*[g] = [gi]) = [F(fix 1)i] = [fland i* : [M x AANL, X] = [MVAAL, X]
is surjective. (3) implies (1). Take M = X and L = Lo(A, X). Consider
V(1Ves): XV (AALy(A, X)) — X. Since ¢* is an epimorphism, there
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isamap E: X x (AALy(A, X)) — X such that Ei ~ V(1Veyu). Thus
eq is cyclic. O

Definition 2.2. Let A be a compact CW complex. A space X is
called a T4-space if the fibration Lo(A, X) — L(A4,X) — X is fibre

homotopically trivial.

Proposition 2.3. [2] Let p: E — B,p’ : E/ — B be fibrations and
h:E — E amap with p’h = p. Then
(1) h : E — E’ is a fiber homotopy equivalence if and only if the
restriction of h to every fiber, b € B, hy,-14 : p~(b) — p' 7 (b)
is a homotopy equivalence.
(2) h: E — E'is a fiber homotopy equivalence if and only if h : E —

E' is a homotopy equivalence.

Remark 2.4. From the above result, it is clear that X is a T4-space if
and only if there is a homotopy equivalence h : L(A, X) — X x Lo(A, X)

such that the diagram
Lo(A,X) —— LA X) I X
H gl |
Lo(A,X) —25 X x Lo(A, X) —2 X

is homotopy commutative.

Theorem 2.5. X is a T4-space if and only if there is a map r :
L(A, X) — Lo(A, X) such that 71 ~ 114 x)-

PROOF. Suppose that X is a T4-space. Then by the above remark,
there is a homotopy equivalence h : L(A, X) — X x Ly(A, X) such that
hi ~ ’ig. Let

roD(A,X) D X x Lo(A, X) 3 Lo(A, X).

Then ri = pohi ~ paia ~ 1,4 x)- On the other hand, suppose that
there is a map r : L(A, X) — Lo(A, X) such that ri ~ 1,4 x). Define
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h:L(A X)— X x Lo(A, X) by h(f) = (p(f),7(f)). Then we have the

following homotopy commutative diagram;

Lo(A,X) —~ LA X) -2, x

| g |

Lo(A, X) 2 X x Lo(A, X) -2, X,
Thus A induces an isomorphism of homotopy groups, and as all spaces
are homotopy equivalent to CW complexes, it follows that A is a homo-
topy equivalence. Moreover we have prh = p. Thus we know, from the

result of Dold, that A is a fibre homotopy equivalence. O

For a Ty-space X, a retraction r : LA, X) — Ly(A, X) is called a
T's-structure on X. It is clear that a Ta-space will in general admit
many different T4-structures. The set St, of homotopy classes of T4-
structures can be identified to the Gottlieh set G(X,Lo(A, X)).

Theorem 2.6. Let X be a T's-space. Then there is a bijection ¢ :
Sty — G(X, Lo(A, X)), where ST, ={[r] € [L(A, X), Lo(A, X)llroi ~

Lro(axy}

PROOF. Since X is a Ta-space, there is a homotopy equivalence
ht L(A,X) — X x Ly(A, X) such that hoi ~ i9. Let k : X x
Lo(A, X) — L(A,X) be a homotopy inverse of A. Define a map ¢ :
Sty — G(X, Lo(A, X)) by #([r]) = [rokoiy], where i; : X — X x
Lo(A, X) is the inclusion. Since TokiLy(a,x) = rokoiy ~ roj ~ LLg(a,x)
and 7ok : X x Lo(A, X) — Lo(4, X), ¢(r]) = [rokoiy] =[ro kx] e
G(X, Lo(A, X). On the other hand, define a map v : G(X,Ly(A, X) —
Sty by ¥([f]) = [Foh], where F : X x Lo(A, X) — L(A, X) is an associ-
ated map of f. Since Fohoi ~ Foiy ~ Lgaxy, ¥([f]) = [Foh] € Sr,.
Moreover, we have that 1o ¢([r]) = Y([rokoir]) = [rokoh] = [r] = 1([r)
for any [r] € S, and ¢ o ¢([f]) = [Fohl) =[Fohokoiy] =
[Foiy] = [f] = 1([f]) for any [f] € G(X,Lo(A, X). Thus we know that
¢ 51, — G(X, Lo(A, X)) is a bijection. 0
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The following theorem says that if X is an H-space, then X is a
T 4-space for any compact CW complex A.

Theorem 2.7. Ifey : AN Ly(A, X) — X is cyclic, then X is a
T'y-space.

PROOF. Since ey : AN Lg(A, X) — X is cyclic, there exists a map
E:(ANLo(A, X)) x X — X of eq such that Ej = V(e4V1yx). Consider

the map
, v (gx1) E
Eo(gx1):Ax Ly(A, X)x X "5 AANLy(A, X)x X = X,

where ¢ © A x Lo(A, X) — A A Lo(A, X) is the quotient map. Let
k: Lo(A, X)xX — L(A, X) be the adjoint of Eo(gx 1) : Ax Ly(A, X) x
X — X. Then pk = py and i = ki;. Thus we know, by the result of
Dold, that k: Lo(A4, X) x X — L(A, X) is a fiber homotopy equivalence
and X is a Ty-space. |

We do not know whether the converse of the above theorem holds.
However, we showed [14] that the converse of the above theorem is true
for the case of a suspension A = ¥ B. Thus we know that a concept of

1% p-space can be characterized by the generalized Gottlieb group.

Corollary 2.8. [14] X is a Txp-space if and only if exp : £B A
Lo(EB,X) — X is cyclic if and only if G(EBANC, X) = [EBAC, X] for
any space C.

Remark 2.9. Any T-space X is a Tx;g-space. Since X is a T-space,
we have that G(XC, X) = [ZC, X] for any space C. Take C = B A
Lo(E¥B,X). Then we know that the map exp : ZB A Ly(2B,X) — X

is cyclic. Thus X is a Ty;p-space.

From the above remark, we know that any H-space is a T-space, and

any T-space is a Ty g-space for any compact space B.

Theorem 2.10. If a Tsz-space X dominates Y, then Y is also a

1% p-space.
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Proor. Since X dominates V', there are maps 7 : X — Y and ¢ :
Y — X such that ri ~ 1y. Consider the commutative diagram

INLo(z)
_

LB A Ly(XB,Y) LB A Ly(EB, X)
EBl 'SB“
Y — X.

Since ey : UB A Lo(EB,X) — X is cyclic, iefgy = efg(1 A Lo(i))
LB A Ly(EB,Y) — X is cyclic. It is known [10] that if g : X — Y has
a right homotopy inverse and f : A — X is cyclic, then gf : 4 —» Y
is cyclic. Thus we have that el ~ r(iekz) : EB A Ly(EZB,Y) — Y is
cyclic and Y is a Ty g-space. |

Theorem 2.11. X x Y is a Tx:g-space if and only if X and Y are

Tx;p-spaces.

PROOF. Suppose X x Y is a Typ-space. Then we know, from the
above theorem, that X and Y are Ty g-spaces. On the other hand, let
X and Y be Txp-spaces. We show that G(EBAC, X xY) = [EB A
C, X xY)] for any space C. Let f: EBAC — X x Y be a map. Since
X and Y are Tyg-spaces, p1f : EBAC — X and pof : EBAC — Y are
cyclic maps. It is known [6] that if f; : Ay — X and fo: Ay — X, are
cyclic, then sois fi x fo: Ay x Ao — X7 x Xo. Thus f = (p1f X paf)A :
YBAC — X xY is cyclic. O

Example 2.12. S' x S, S1 x 83, 83 x §7 ... are Tq1-spaces

(equivalently T-spaces) because S, 5%, S7 are T:-spaces.

Theorem 2.13. If there exists a space Y such that X is a homotopy
equivalent to K x Y for a Ty,g-space K, then there are mapsr : X — K
and i : K — X such that ri ~ 1 and iefy : SBA Lo(XB,K) — X is

cyclic.

PrROOF. Let f: X — K xY, g: KxY — X be maps such that gf ~
lyand fg~1gxy. Letr=Pf: X — K and i = giy : K — X, where
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11 : K — K xY is the inclusion and p; : K x Y — K be the projection.
Then ri = py fgi1 ~ p1i1 = 1. Moreover we have, from the fact that K
is a Ty p-space, that there exist a map F: EBA Ly(EB,K) x K — K
such that ej = V(ef; v 1). Consider the map F = go (E x 1) o (1 x
[) i EBALy(EB,K) x X —» X. Then Fj ~ V(ie¥; v 1). Thus
’LC?B :UBALy(XB,K) — X is cyclic. O

For a based map f: A — X, let L(A, X;f) be the path compo-
nent of L(A, X) containing {. Lo(A, X; f) will denote the space of base
point preserving maps in L(A, X; f). In general, the components of
L(¥B, X) almost never have the same homotopy type. It is well known
fact that L(S% 8% %) and L(S? 5% 1) have different homotopy type.
Under what condition on X, do L(XB, X f) and L(XB, X; g) have the
same homotopy equivalence for any {f], [g] € Lo(XB,X)? For any
[f] € Lo(E£B, X), clearly the evaluation map p: L(EB, X; f) — X is a
fibration with fiber Lo(XB, X; f).

Proposition 2.14. [12] The following statements are equivalent;

(1) f:¥B — X is cyclic.
(2) L(¥B,X; f) is fiber homotopy equivalent to L(L B, X; *).

We have, from the fact that X is an H-space iff G(C, X) = [C, X] for

any space C, the following corollary.

Corollary 2.15. [4] If X is an H-space,then L(SP, X; f) and
L(S?, X g) have the same homotopy type for arbitrary f and g in 7,(X).

Moreover, we know, from the fact that the generator no € 73(S?) is
cyclic and the sum of two cyclic maps is cyclic, that G(S%, §%) = [S2, §2].

Thus we have the following corollary.

Corollary 2.16. For any [f], [g] € 73(S?), L(S3,5%; f) and
L(5%, 8% g) have the same homotopy type.
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Lemma 2.17. [5] For any [f] € Lo(XB, X), Lo(EB, X; f) is homo-
topy equivalent to Lo(XB, X; %).

Lemma 2.18. [13] If X is a Txp-space, then any [f] € Lo(EB, X),
the fibration Lo(XB,X;f) — L(XB, X, f) — X Is fibre homotopically

trivial.

From the above two lemmas, we have an answer of the above question

as follows;

Proposition 2.19. If X is a Typ-space, for any [f], [g] € Lo(EB, X),
L(¥B, X; f) and L(XB, X; g) have the same homotopy type.

3. co-T4-spaces and some properties

In this section, we would like to study some properties of co-T4-space
which is a dual concept of T4-space.

A based map f: X — A is called cocyclic[10] if there exists a map
¢: X — XV Asuch that jo ~ (1 x f)A, where j: XVA — X x Ais the
inclusion and A: X — X x X is the diagonal map. We call such a map
¢ a coassociated map of f. The dual Gottlieb set denoted DG(X, A) is
the set of all homotopy classes of cocyclic maps from X to A.

A space X is called co-T-space [11] if ¢ : X — QXX is cocyclic. It is
also easy to show that any co-H-space is a co-T-space.

In 1987, Lim also obtained a result [7] which was a co-H-space may
be characterized by the dual Gottlieb sets and cocyclic maps as follows;
X is a co-H-space if and only if 1x : X — X is cocyclic if and only if
DG(X,C) = [X, C] for any space C. It is known [10] that if f: X — A
is cocyclic and g : A — B is any map, then gf : X — B is cocyclic.
From this fact, we can obtained a result [11] which characterizes a co-
T-space by means of the dual Gottlieb sets ag follows; X is a co-T-space
if and only if GD(X,QB) = [X,QB] for any space B.
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Definition 3.1. A‘space X is called co-Ty-space if ¢/, : X — Lg
(A, AN X) is cocyclic, where €'y = 7(1anx).

Theorem 3.2. The followings are equivalent;
(1) X is a co-T4-space.
(2) DG(X, Lo(A, B)) = [X, Ly(A, B)] for any space B.
(3) For any spaces M, L, i, : [X,MV Lo(A,L)] — [X,M x Ly(A, L)] is
surjective, where i : MV Lo(A, L) — M x Lo(A, L) is the inclusion.

Proor. (1) implies (2). Let f: X — Lg(A, B) be a map. Then
there is a map 7 1(f) : AAX — B. Then we know, from the fact
that f = Lo(77!(f)) o €, and €/, is cocyelic, that f: X — Lo(A, B) is
cocyclic. (2) implies (3). Let f : X — M x Lo(A, L) be a map. Let
fi=pif: X —=Mand fo =psf : X — Lo(A4, L). Since f; is cocyclic,
there is a map 6 : X — X V Lo(A, L) such that j0 ~ (1 x f2)A. Let
9= (V1)0: X — MVLy(A, L). Then i.([g]) = lig] = [i(fsV1)0] = [/]
and i, : [X, MV Ly(A, L)] — [X, M x Ly(A, L)] is surjective. (3) implies
(1). Take M = X and L = AAX. Consider (1 x e/))A : X —
X x Lo(A, AN X). Since i, is an epimorphism, there is a map 6 : X —
XVLo(A, ANX ) such that 70 ~ (1 xe,)A. Thuse/y : X — Lo(A, ANX)

is cocyclic. |

Corollary 3.3. If X is a co-H-space, then for any space A, X is a

co-T s-space.

Corollary 3.4. If X is a co-T-space, then for any space B, X is a

co-Tx g-space.

Proor. Let C be any space. Then there is a homoeomorphism A :
Lo(EB,C) — QLy(B,C) given by h(f)(s)(b) = f(< s,b >. Let f :
X — Ly(EB,C) be a map. Since X is co-T-space, [X,QLo(B,C)] =
DG(X,QLy(B,C)). Thus we know that hf : X — QLo(B, C) is cocyclic
and f = h™Y(hf) : X — Lo(EB,C) is cocyclic. Therefore X is a co-
Ty g-space. O
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Thus we know that any co-H-space is a co-T-space, and any co-1-

space is a co-1xp-space for any space B.

Theorem 3.5. If a co-T4-space X dominates Y, then Y is also a

co-T'4-space.

Proor. Since X dominates Y, there are maps r : X — Y and 7 :

Y — X such that ri ~ 1y. Consider the commutative diagram

X — 14
Lo(A, An X) 22U oA ANY).

Since €% : X — Lo(A, AA X) is cocyclic, e r = Lo(LAT)ey + X —
Lo(A, AANY) is cocyclic. It is known [10] that if f : X — A is cocyclic
and 7 : Y — X has a left homotopy inverse, then fi:Y — A is cocyclic.
Thus we have that e} ~ (eX7)i:Y — Lo(4, AAY) is cocyclic and ¥

is a co-T4-space. O

Theorem 3.6. X VY is a co-Ta-space if and only if X and Y are

co-T 4-spaces.

PRrROOF. Suppose X VY is a co-Ts-space. Let r{y =p1j: XvY — X
and 70 = pj : X VY — Y, where j: X VY — X x Y is the inclusion
and p1 : X XY — X, po: X xY — Y are projections. Then r7; = 1x
and 79ty = 1y. Then we know, from the above theorem, that X and
Y are co-T4-spaces. On the other hand, let X and Y be co-T4-spaces.
Then €/{ and e} are cocyclic maps. It is known [L2] that if f: X — A
and g : Y — B are cocyclic, thensois fvg: XVY — AV B. Thus
we know that e'F Vel 1 X VY — Lo(A,ANX)V Lo(A, AANY) is
cocyclic. Let h : AN(XVY) - (AANX)V (AAY) be the natural
homeomorphism. Define a map k : Lo(4,AA X))V Lo(A,ANY) —
Lo(A,(ANX)V (ANY)) by k(f,*) = i1 0 f, k(*,9) = iz 0g, where
i1 AANX - (AANX)V(AAY), i9: AANY - (ANX)V(ANY) are
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natural inclusions. Then we have the following commutative diagram;

e/ XVY
XVY A Ly(AAN(XVY))
eXveY Lg(h)l

Lo(A,ANX)V Lo(A,ANY) —5 0 Lo(A,AANXVAAY).
Since €'F Ve is cocyclic and Lo(h) o e'fVY = ko /X Ve, we know
that Lo(h) o €5VY is cocyclic. Since Ly(h) is a homotopy equivalence,
we have that ¢/{VY ~ Lo(h) ™! o Lo(h) o e’FVY is cocyclic and X VY is

a co-1'4-space. d

Theorem 3.7. If there exists a space Y such that X is a homotopy
equivalent to YV K for a co-Ts-space K, then there are mapsrT : X — K
andi: K — X such that ri ~ 1 and ¢fr : X — Lo(A, AAK) is cocyclic.

Proor. Let f : X - Y VK, g:Y VK — X be maps such that
gf ~1x and fg~1lyyr. Let r=PFPf X - Kandi¢=giy: K — X,
where 79 : K — Y Vv K is the inclusion and py : YV K — K be the
projection. Then 7i = pofgis ~ poia = 1x. Moreover we have, from
the fact that K is a co-Tg-space, that there exist a map p : K —
KV Lo(A, A A K) such that ju ~ (1 x ¢/K)A. Consider the map p =
(gv1)o(Ivp)of: X — XV Ly(A AANK). Then jp ~ (1 x efr)A.
Thus ’fr 1 X — Lo(A, AA K) is cocyclic. O

On the other hand, on the category of spaces of homotopy type of
1-connected locally finite CW complexes, we studied in [14] that some
properties of T'-space which is another dual concept of T-space, and we
also studied in [15] that some properties of T, which is a generalized

concept of T"-space.
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