Honam Mathematical J. 27 (2005), No. 3, pp. 353-367

INTUITIONISTIC FUZZY (1,2)-IDEALS OF
SEMIGROUPS

YounG BAE JuN, EUN HWAN ROH* AND SEOK ZUN SONG

Abstract. Some properties of the intuitionistic fuzzy (1,2)-ideal is
considered. Characterizations of an intuitionistic fuzzy (1,2)-ideal
are given. We show that every intuitionistic fuzzy (1,2)-ideal in a
group is constant. Using a chain of (1, 2)-ideals of a semigroup 5,

an intuitionistic fuzzy (1,2)-ideal of S is established.

1. Introduction

After the introduction of fuzzy sets by Zadeh [7], there have been a
number of generalizations of this fundamental concept. The notion of
intuitionistic fuzzy sets introduced by Atanassov [1] is one among them.
In [4], Kuroki gave some properties of fuzzy ideals and fuzzy bi-ideals in
semigroups. The concept of (1,2)-ideals in semigroups was introduced
by S. Lajos [5]. Jun and Lajos [2, 6] considered the fuzzification of
(1,2)-ideals in semigroups. In this paper, we investigate further prop-
erties of intuitionistic fuzzy (1,2)-ideal. We give characterizations of an
intuitionistic fuzzy (1,2)-ideal of a semigroup S. Using a chain of (1, 2)-
ideals of a semigroup S, we establish an intuitionistic fuzzy (1,2)-ideal
of S. We show that every intuitionistic fuzzy (1, 2)-ideal in a group is

constant.
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2. Preliminaries

Let S be a semigroup. By a subsemigroup of S we mean a non-empty
subset A of S such that A2 C A, and by a left (right) ideal of S we mean
a non-empty subset A of S such that SA C A (AS C A). By two-sided
tdeal or simply ideal, we mean a non-empty subset of S which is both
a left and a right ideal of S. A subsemigroup A of a semigroup S is
called a bi-ideal of S if ASA C A. A subsemigroup A of S is called a
(1,2)-ideal of S if ASA? C A. A semigroup S is said to be (2, 2)-regular
if z € z2Sz? for any x € S. A semigroup S is said to be regular if,
for each = € S, there exists y € S such that z = zyz. A semigroup S
is said to be completely regular if, for each x € S, there exists y € S
such that r = zyr and zy = yz. For a semigroup S, note that S is
completely regular if and only if S is a union of groups if and only if S is
(2,2)-regular. A semigroup S is said to be left (resp. right) duo if every
left (resp. right) ideal of S is a two-sided ideal of S

A function g : X — [0,1] is called a fuzzy set in a set X, and the
complement of y, denoted by f, is the fuzzy set in X given by ji(z) =
1 — p(z) for all z € X. An intuitionistic fuzzy set (IFS for short) A in
X (see [1]) is an object having the form

A= {<IE,/1.A(.’I?),’)’A(.T)> | MRS X}

where the functions g : X — [0,1] and v4 : X — [0, 1] denote the
degree of membership (namely p4(x)) and the degree of nonmembership

(namely y4(x)) of each element z € X to the set A, respectively, and
0 < pa(z) +7a(z) <1

for each z € X. For the sake of simplicity, we shall use the notation
A= (z,pa(x),va(z)) instead of A = {(z, pa(z),va(z)) |z € X}.

Definition 2.1. [3] An IFS A = (z, ua(x),v4(z)) in a semigroup S

is called an intuitionistic fuzzy subsemigroup of S if
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(i) (Vz,y € S) (palzy) > min{pa(z), pa(y)}),
(il) (Vz,y € S) (ya(zy) < max{ya(z),va(y)})-

Definition 2.2. [3] An IFS A = (z,pa(z),74(z)) in a semigroup
S is called an intuitionistic fuzzy left ideal of S if pa(zy) > pa(y)
and ya(zy) < yaly) for all z,y € S. An intuitionistic fuzzy right
ideal of a semigroup S is defined in an analogous way. An IFS A =
(x, pa(x),va(z)) in a semigroup S is called an intuitionistic fuzzy ideal
of S if it is both an intuitionistic fuzzy right and an intuitionistic fuzzy
left ideal of S.

Note that every intuitionistic fuzzy left (right) ideal of a semigroup

S is an intuitionistic fuzzy subsemigroup of S.

Definition 2.3. [3] An intuitionistic fuzzy subsemigroup A = (z,
pa(z), va(z)) of a semigroup S is called an intuitionistic fuzzy bi-ideal
of S if

(1) (Vw,x,y € S) (/JA(‘Twy) > min{ﬂA(I)) #A(y)})’
(it) (Vw,z,y € S) (ya(zwy) < max{va(z),va(y)})-

Note that every intuitionistic fuzzy left (right) ideal of a semigroup

S is an intuitionistic fuzzy bi-ideal of S.

3. Intuitionistic fuzzy (1,2)-ideals

In what follows, let S denote a semigroup unless otherwise specified.
Definition 3.1. [3] An intuitionistic fuzzy subsemigroup A = (z,
pa(z), ya(z)) of S is called an intuitionistic fuzzy (1,2)-ideal of S if
(i) (Vw,z,y,z € S) (palzw(yz)) 2 min{pa(z), pa(y), pa(2)}),
(i) (Vw,z,y,z € 5) (ya(zw(yz)) < max{ya(z),va(v),va(2)})-

Example 3.2. (1) Let S = {a,b,¢,d,e} be a semigroup with the
following Cayley table
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a b ¢ d e
ala a a a a
bla a a b ¢
cla b ¢ a a
dla a a d e
ela d e a a

An IFS A = (z, pa(z),va(z)) in S given by

is an intuitionistic fuzzy (1,2)-ideal of S (see [3]).
(2) Let S = {a,b,c,d, e} be a semigroup with the following Cayley
table

a b c d e
ajla a a a a
bla a a a a
cita a ¢ ¢ e
dia a ¢ d e
ela a ¢ ¢ e

An IFS B = (z, pp(z),ys(z)) in S given by

B = (z (%555 01 55 53): (3% 03 01 05 0%5))

is an intuitionistic fuzzy (1,2)-ideal of S (see [3]).

Note that every intuitionistic fuzzy left (resp. right, bi-) ideal is an
intuitionistic fuzzy (1,2)-ideal (see [3]). The following example shows
that an intuitionistic fuzzy (1,2)-ideal is not an intuitionistic fuzzy bi-

ideal in general.

Example 3.3. Let S := {a,b, ¢, z,y, 2} be the semigroup with Cayley

table as follows:
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a b c z y z
ala a a a a a
bla a a a a a
cla a a a a a
z|la a a a a b
yla a a a b c
zla a b a z a

Note that M := {a, z} is a (1,2)-ideal of S. Let A = (z, pa(z),va(x))

be an IFS in S given by
a b z z a b ¢ z
A=(z, (& 86562 G000
where m,n € (0,1) with m +n < 1. Then A = (z, pa(z),v4(z)) is an

intuitionistic fuzzy (1,2)-ideal of S but it is not an intuitionistic fuzzy

bi-ideal of S since
pa(zyz) = pa(b) = 0 <m=min{pa(z), pa(2)},
va(zyz) = ya(b) = 1 > n = max{ya(2),74(2)}-

Theorem 3.4. If {A; : i € A} is an arbitrary family of intuitionistic
fuzzy (1,2)-ideals of S, then NA; is an intuitionistic fuzzy (1,2)-ideal of
S, where NA; = {(z, Apa,(x), Vya,(z)) | = € S}

Proof. Let w,z,y,z € S. Then
A, (zy) = [\{min{pa, (z), pa,(y)}} = min{Apa, (), Apa ()},

Vya,(zy) < \/{max{ya, (@), 74, (¥)}} = max{Vya,(z), Vya: (¥)},
/\,uAi(xw(yz)) > /\{min{'u'/h (l’), HA; (y): NAi(z)}}
= min{Apa, (), Aa; (¥), Aa, ()},
Va, (zw(yz)) < V{max{ya,(2),74,(¥),74:(2)}}
= maX{VA/Ai(x)’ V'YAi(y)’ V’YAi (Z)}
Hence NA; is an intuitionistic fuzzy (1, 2)-ideal of S. O
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Let A = (z,pa(x),va(z)) be an IFS in S and let o, 8 € [0,1]. Then
the sets

Ulpase) :={z € S| pa(z) > a}, L(va; 8) := {z € S | ya(z) < 8}

are called a p-level set and a ~-level set of A, respectively.

Theorem 3.5. AnIFS A = (z, ua(z),v4(x)) in S is an intuitionistic
fuzzy (1,2)-ideal of S if and only if us and 34 are fuzzy (1,2)-ideals of
S.

Proof. It A = (x,pua(z),va(z)) is an intuitionistic fuzzy (1,2)-ideal
of S, then clearly 4 is a fuzzy (1, 2)-ideal of S and for any w, z,y,z € S,

we have
Yalzy) = 1= ya(zy) > 1 — max{ya(z),va(y)}
= min{l - v4(z),1 ~ va(y)} = min{Fa(z), ¥a(y)},
and
Falzw(yz)) = 1 - va(zw(yz)) > 1 - max{va(z),va(y),v4(2)}
= min{l - 7A(x)’ 1- ’YA(y)a 1- 'YA(Z)} = min{’?A(x)’;yA(y),:YA(z)}'

Hence 74 is a fuzzy (1, 2)-ideal of S. The converse is straightforward. O

Theorem 3.6. AnIFS A = (z, pa(z),v4(z)) in S is an intuitionistic
fuzzy (1,2)-ideal of S if and only if A and $A are intuitionistic fuzzy
(1,2)-ideals of S, where

DA = {{z, pa(2), ha(2)) | 7 € S}, OA = {{z,7a(2),7a(x)) | = € S}.

Proof. Assume that A = (x, pa(z),v4(z)) is an intuitionistic fuzzy
(1,2)-ideal of S. Since pg = iy and 34 are fuzzy (1,2)-ideal of S, it
follows from Theorem 3.5 that (JA and $ A are intuitionistic fuzzy (1,2)-

ideals of S. The converse is straightforward. 0

Theorem 3.7. If S is a group, then every intuitionistic fuzzy (1, 2)-

ideal of S is a constant function.
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Proof. Let A = (z, ua(z),v4(x)) be an intuitionistic fuzzy (1, 2)-ideal
of S and denote by e the identity of S. Then for any x € S, we have

pa(z) = palex(ee)) = min{ua(e), pale), pale)}
= pa(e) = palee) = pa((zz1)((2?)12?))
= pa(z(z™H(2?) ") (z2))
> min{pa(z), pa(z), pa(z)} = pa(z),

va(z) = va(ez(ee)) < max{vya(e),va(e),vale)}
= ya(e) = yalee) = val(zz™1)((z?)"12?))
= ya(e(z™}(2?) ) (zz))
< max{ya(z),74(z),va(2)} = va(2).
These show that pa(e) = pa(z) and v4(e) = v4(z) for all z € S. Hence
A = (z,p4(z),v4(z)) is constant. a

Theorem 3.8. If an IFS A = (x,pua(x),v4(z)) in S is an intuition-
istic fuzzy (1,2)-ideal of S, then the p-level set U(pa; ) and ~y-level set
L(va; ) of A are (1,2)-ideals of S for every o, 3 € Im(pa) NIm(y4) C
[0,1] witha+ 8 < 1.

Proof. Let «, 3 € Im(pa) NIm(y4) € [0,1] with @ + F < 1. Let
z,y € U{pa; ). Then pa(z) > o and pa(y) > a. It follows that

pa(zy) > min{pa(z), pa(y)} > a

so that zy € U(ua; a). If 2,y € L(v4; ), then ya(z) < fand ya(y) < B,

and so

va(zy) < max{va(z), va(y)} < B, i.e., zy € L(va; B).

Hence U(ua; @) and L(va;3) are subsemigroups of S. Let w € S and
z,Yy,2 € U(pa;a). Then pa(z) > o, pa(y) > @, and pa(z) > a. Using
Definition 3.1(i), we get

pa(zw(yz)) > min{pa(z), pa(y), palz)},
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and thus zw(yz) € U(pa;a), i.e., U(ua; @)SU(ua; a)? € U(pa; a). Fi-
nally let w € S and a,b,¢ € L(y4;08). Then y4(a) < 8, v4(b) < 3, and
7a(0) < f, and 50

va(aw(be)) < max{ya(a),va(b),va(c)} < B
by Definition 3.1(ii). It follows that aw(bc) € L(va; ), i.e.,
L(74; B)SL(74; 8)* € L(v4; 8)-
This completes the proof. O

We call U(pa; ) (resp. L(vya;3)) is called the p-level (1,2)-ideal
(resp. y-level (1,2)-ideal).

Corollary 3.9. Let a be a fixed element of S. If an IFS A = (z,
pa(x), ya(z)) is an intuitionistic fuzzy (1,2)-ideal of S, then the sets

u>a]:={z €S| palz) 2 pala)}
and
[v<a]:=={z € S|va(z) <vala)}

are (1, 2)-ideals of S.
Proof. Straightforward. O

Theorem 3.10. Let A = (z,pua(z),v4(z)) be an IFS in S such
that the nonempty sets U(ua; ) and L(vya; 3) are (1,2)-ideals of S for
all o, € [0,1] with a + 8 < 1. Then A = (z,pa(z),v4(z)) is an
intuitionistic fuzzy (1,2)-ideal of S.

Proof. Assume that Definition 2.1(i) is false. Then there exists zg, yg €
S such that pa(zoye) < min{pa(zo), a(yo)}. Taking

a0 = {iealsos0) +min{ua(zo), pa(w)))
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we get pa(zoyo) < ao < min{pa(zo), pa(yo)}. Hence zo,yo € U(pa; ao)
and zoyo ¢ U(ua; ap), which is a contradiction. Therefore Definition
2.1(i) is valid. Now suppose that there exists ag, by € S such that

Ya(aobo) > max{ya(ao),va(bo)}.

If we put Sy := %(7A(a0b0)+max{7,4(ao), va(bg)}), then ag, by € L{ya; o)
but agby ¢ L(va;00), a contradiction. Thus Definition 2.1(ii) holds.
Therefore A = (z, pa(x),va(z)) is an intuitionistic fuzzy subsemigroup
of S. Suppose that Definition 3.1(i) is not valid. Then

pa(zowo(Yozo)) < min{ua(zo), na(vo), 1a(zo0)}
for some zg, 0, 20, wo € S, and 80 xg, Yo, 20 € U(ua; ) and zowo(yozo)) ¢
U(pa;a) for every a € [0,1] with
pa(zowo(yoz0)) < a <min{ua(z - 0), na(yo), pa(z0)}-
This is a contradiction. Finally assume that Definition 3.1(ii) is false.
Then there exists ag, bg, ¢, ug € S such that
va(aouo(boco)) > max{ya(ao),va(bo),va(co)}-

Taking 8 := 3(7a(aouo(boco)) + max{ya(ao), v (bo),va(co)}), we have
ag, bo, co € L(ya;B) but agug(boco) ¢ L(va;3). This is a contradiction.
Consequently, A = (z, ua(z), v4(z)) is an intuitionistic fuzzy (1, 2)-ideal
of S. O

Theorem 3.11. Let M be a (1, 2)-ideal of S and let
A= (z,pa(z),v4(x)) be an IFS in S defined by

og if €M, Gy if zE€M,
pa(z) = . va(z) = .
o1 otherwise, (1 otherwise,

forailz € S and s, 3; € [0, 1] such that ap > an, fo < 1 and ;+5; < 1
fori=0,1. Then A = (z,pa(x),v4(z)) is an intuitionistic fuzzy (1, 2)-
ideal of S and U(pa;a0) = M = L(va; fo).
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Proof. Let z,y € S. If anyone of z and y does not belong to M, then
pa(zy) = a1 = min{pa(z), pa(y)},

Ya(ry) < B = max{ya(z),va(y)}.

Other cases are trivial, and we omit the proof. Hence A={(z, ua(z),va(x))
is an intuitionistic fuzzy subsemigroup of S. Now let w, z,y, z € S. If any-
one of x, y and z does not belong to M, then anyone of pa(z), pa(y)
and pa(z) is equal to ag; and anyone of y4(x), v4(y) and y4(2) is equal
to B1. It follows that

pa(zw(yz)) 2 o1 = min{pa(z), pa(y), na(z)},

va(zw(yz)) < A1 = max{va(z),v4(y), va(2)}-
Assume that z,y,z € M. Then zw(yz) € M because M is a (1, 2)-ideal
of S. Hence

pa(zw(yz)) = min{pa(z), paly), pa(2)},

va(zw(yz)) = max{ya(z),va(y),v4(2)}-
Therefore A = (z, pa(x),va(x)) is an intuitionistic fuzzy (1, 2)-ideal of
S and obviously U(pa; a0) = M = L(v4; 0o). O

Theorem 3.11 suggest that any (1, 2)-ideal of S can be realized as -
and v-level (1, 2)-ideals of some intuitionistic fuzzy (1, 2)-ideal of S. We

now consider the converse of Theorem 3.11.

Theorem 3.12. Let M be a nonempty subset of S. If an IFS A = (z,
pa(z), va(z)) in S which is given in Theorem 3.11 is an intuitionistic
fuzzy (1,2)-ideal of S, then M is a (1, 2)-ideal of S.

Proof. Let ,y € M. Then 114(z) = i (y) = a0 and 74(z) = 7a(y) =
Go. Thus

pa(zy) 2 min{pa(z), pa(y)} = ao,

va(zy) < max{ya(z),va(y)} = bo,
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and so zy € U(pa; a0) N L(va; B0) = M. Hence M is a subsemigroup of
S. Now let w € S and z,vy,z € M. Then pa(z) = pa(y) = pa(z) = @
and v4(z) = va(y) = 7a(2) = o It follows from Definition 3.1 that

pa(zw(yz)) > min{pa(z), pa(y), pa(z)} = o,

va(zw(yz)) < max{ya(z),7a(y),74(2)} = Bo

so that pa(zw(yz)) = ap and va(zw(yz)) = Bo- Therefore
zw(yz) € U(pas o) N L(va; 6o) = M,

and consequently M is a (1,2)-ideal of S. d

Theorem 3.13. Consider a chain of (1,2)-ideals of S
PhCcP C---CP, =5,

where C denotes proper inclusion. Then there exists an intuitionistic
fuzzy (1,2)-ideal of S whose p- and ~y-level (1,2)-ideals are exactly the

(1,2)-ideals in the above chain.

Proof. Let {o | k = 0,1,-+-,n} (resp. {Bx | kK = 0,1,---,n})
be a finite decreasing (resp. increasing) sequence in [0,1] such that
a; + 3 < 1fori=0,1,-,n Let A= (z,pa(z),7a(x)) be an IFS
in S defined by pa(Py) = ao, v4(Po) = Po, pa(Pr \ P 1) = o and
ya(Pe\ Pi1) =Bp for0<k<n. Letz,ye S. lfz,y€ P\ Pi_1, then
zy € Py, pa(z) = a = pa(y) and ya(z) = Bx = va(y). It follows that

pa(ry) > ap = min{pa(z), pa(y)}
and
va(zy) < B = max{ya(z), 7a(y)}-

Fori> j,ifz € P;\ Pi_y and y € P; \ Pj—1, then ps(z) = a; < aj =
pa(y), yalz) = 6i > B; = va(y) and zy € P;. Hence

pa(zy) > a; = min{pa(z), pa(y)}
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and

yalzy) < B; = max{va(z), va(y)}-
Thus A = (z,ua(z),va(x)) is an intuitionistic fuzzy subsemigroup of
S. Now let w,z,y,z € S. If z,y,2 € Py \ Py_1, then zw(yz) € Py,
pa(@) = pa(y) = pa(z) = ax and y4(z) = ya(y) = ya(2) = Br. Hence

pa(zw(yz)) 2 o = min{ua(z), pa(y), pa(z)}

and

va(zw(yz)) < Be = max{ya(z), va(y), ya(2)}.
Fori>j >k, ifxe P\ P_i,y€ P;\Pj_1,and z € B, \ Py_1, then
pa(z) = o < aj = pa(y) < ax = pa(z), yale) = 6 > f; = yaly) >
Br = v4(2), and zw(yz) € P;. Hence

pa(zw(yz)) > a; = min{pa(z), paly), pa(z)}

and
Yalzw(yz)) < Bi = max{va(x), 7a(y), va(z)}.

Therefore A = (x, ua(z), va(z)) is an intuitionistic fuzzy (1,2)-ideal of
S. Note that Im(pa) = {a0. @1, , an} and Im(y4) = {Bo, b1, -, Bn}.
It follows that the p-level (1,2)-ideals and the y-level (1,2)-ideals of
A = (x,pa(z),v4(x)) are given by the chain of (1,2)-ideals

Ulpasao) CU(pason) €+ CU(pason) = S
and

L(va;80) C L(va; 1) C -+ C L(va; 6n) = S,

respectively. Obviously, we have

L(v4; fo) = {z € S| ya(2) < fo} = Po.
We now prove that U(ua; ax) = Pr = L(va; B) for 0 < k < n. Clearly
P € U(pasax) and Py C L(va; Br). If £ € U(pa; o), then pa(z) >
o, and so z ¢ P; for i > k. Hence pa(z) € {a1,az, -+ ,ax}, which
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implies z € P; for some j < k. Since P; C Py, it follows that z € Pj.
Consequently, U(ua; ax) = Py for 0 < k < n. Now if y € L(y4; 0k), then

va(y) < Bk and thus y ¢ P, for i > k. Hence va(y) € {61,02,--- , Bk}
and so y € P; for some j < k. Since P; C P, we have y € Py. Therefore

L(va; Bx) = Py for 0 < k < n. This completes the proof. O

Theorem 3.14. Let {M, | a € A C [0, 3]} be a collection of (1,2)-

ideals of S such that X = |J M,, and for every o, € A, a < 3 if and
a€cl
only if Mg C M,. Then an IFS A = (z, pa(z),va(x)) in S defined by

palz) = \/{a €A|z e M,} and y4(x) = /\{a €Az e My}
for all x € S is an intuitionistic fuzzy (1,2)-ideal of S.

Proof. According to Theorem 3.10, it is sufficient to show that the
nonempty sets U(ua;a) and L(vya;5) are (1,2)-ideals of S for every
a, € [0,1] with a + 8 < 1. In order to show that U(ua; ) is a (1,2)-
ideal, we divide into the following two cases:

WHa=V{deA|d<a}and (i) a#V{d€A|d<al.
Case (i) implies that

z € U(ua;a) & x € M for all § < «

ST e m Ms,
d<ar
so that U(ua;a) = () Mjs, which is a (1,2)-ideal of S. For the case
i<a
(i), we claim that U(ua;a) = |J Ms. If x € | Ms, then z € M; for
> e

some 0 > «. It follows that pa(x) > § > a so that z € U(ua; ). This
proves that |J My C U(pa; ). Now assume that z ¢ () M;s. Then

§>a §>a

xz ¢ Ms for all § > «. Since a # \/{6 € A | § < a}, there exists € > 0
such that (o —¢,0) " A = (). Hence =z ¢ M; for all § > o — €, which
means that if ¢ € My then § < o —e. Thus pa(z) < a—€ < a, and
so x & Ulua;a). Therefore U(ua;a) = |J Ms. Next we show that

i>a
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L{va; B) is a (1,2)-ideal of S for all B € [y4(0),1]. We consider the

following two cases:
(i) B=A{0 € A| B < d}and (iv) B# AN{d € A| 3 < 5}
For the case (iii) we have

T € L{ya;8) e Msforall 3<d

S e m Mg,
f<é
and hence L(va;8) = () M;, which is a (1,2)-ideal of S. For the case
8<é
(iv), we will show that L(y4;8) = | M;s. If z € U Ms, then x € M;
B82>6 B=>é

for some 8 > §. It follows that y4(z) < 6 < 8 so that z € L(v4; B).

Hence |J) Ms C L(va; (). Conversely, if z ¢ |J M; then z ¢ Mj; for
B=>6 B>6
all 6 < 3. Since 8 # A{6 € A | B < 4}, there exists € > 0 such that

(B,8+€)NA =0, which implies that = ¢ M; for all § < 8+¢, that is, if
T € Ms then 6 > B +e. Thus ya(z) > B+¢ > 3, that is, z ¢ L(y4; ).

Therefore L(va; 8) C |J Ms and consequently L(va;8) = |J M;. This
B> %
completes the proof. O
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