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A SOLUTION OF EGGERT’S
CONJECTURE IN SPECIAL CASES

SEGYEONG KIM AND JONG-YOULL PARK

Abstract. Let M be a finite commutative nilpotent algebra over
a perfect field k of prime characteristic p and let MP be the sub-
algebra of M generated by =P,z € M. Eggert[3] conjectures that
dimg M > pdim; MP.

In this paper, we show that the conjecture holds for M = Rt/I,

where R = k[X1, X2,---,Xt] is a polynomial ring with indetermi-
nates X1, X2, -, Xt over k and Rt is the maximal ideal of R
generated by X1, X2,---,X¢ and I is a monomial ideal of R con-
taining X2 xJ2 Lo X7t (ng > 0 for all d).

1. Introduction

Let k be a perfect field of prime characteristic p and let M be a finite
nilpotent algebra over k and let MP be the subalgebra of M generated
by zP,x € M.

In [3] , Eggert investigated between the algebra structure of M and
its quasi algebra group and he conjectured the following inequality

(1 - 1) dimkM > pdimkMp

He proved the inequality (1-1) of the cases dimgMP < 2 in [3] and Stark
also proved it of the same cases in [4]. In case dimzMP = 3, Bautista

proved in [1].
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In this paper, we show that the inequality (1-1) holds for a finite com-
mutative nilpotent algebra M = R* /I, where R = k[X1, X2, -+, X{] is

a polynomial ring with indeterminates X, Xs,--- , X; over k and R% is
the maximal ideal of R generated by X, Xs,--- , X; and I is a monomial
ideal of R containing X{**', X721 ... X7+ (n; > 0 for all §).

Now, we consider a polynomial ring R = k[X] with an indeterminate
X over a perfect field k£ of prime characteristic p and let Rt be the
maximal ideal of R generated by X and let I be an ideal of R generated
by X"+l Then we have a finite commutative nilpotent algebra M =
R*/I and the inequality (1-1) holds for this finite commutative nilpotent
algebra M.

THEOREM 1.1. Under the same notation as above, we have dim,M >
pdimkMp.

proof. If p > n, since MP = 0, we are done. Now, assume p < n
and n = pn’ +7(0 < r < p). As k—vector spaces, z,z2,--- ,z" is a
basis of M, where z is the image of X under the canonical projection
R* — M. Since the characteristic of k is p,zP,z%, ... zP" is a basis
of the k—vector space MP. Hence dimxM = n > pn' = pdim; MP. O

2. main theorem

Let k be a perfect field of prime characteristic p and let R = k[ X1, Xo,

-+-,X¢] be a polynomial ring with indeterminates X;, Xo, - - - , Xt over
k and let R* be the maximal ideal of R generated by X1, Xo, -+, X;.
For any monomial ideals I of R containing X[**! XJ2t! ... , Xpett

(ni; > 0 for all 4), we have a finite commutative nilpotent algebra M =
R*/I. In this section, we will show that the Eggert’s Conjecture is true

for those M. For the proof, we need a proposition and a lemma.

PROPOSITION 2.1. [ 2: Ch2.4, Lemma3] Let I be a monomial ideal
of a polynomial ring k[X), Xy, -+, X;] and let f € k[X;, Xy, --- , Xi).
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Then f € I if and only if f is a k—linear combination of monomials in
1.

Let Z4, = {(a1,a2, -~ ,a¢) | for all i,a; is a nonnegative integer }.
We say (a1;a2; e aat) > (blabQ) e 7bt) fOI' (a17a2a e aa’t)a (blab2) Ty
bi) € 7L, if, in (a3 — by, a2 — b, -+ ;a1 — b:), the left-most nonzero entry

is positive. By Proposition 4 of [2, Ch2.2] , > is a total order on tho .
Let (n1,n2, - ,ng) > (0,0,---,1) in Ztgo and let

D:{(alaa@a'“ 7at) GZtZO ! (ana al) S (a1,0,2,"‘ aat)

< (na,me, - ,me)},
Dijigipy = {(i1,82,++ 154=1,5) | 7= 1,2, -+ ;4 }
(0<i;<nj, j=1,2,---,t—1),
D° = {(i1,i2, -+ ,it-1,0) | (d1,42, - ,i¢-1,0) € D},
D' = {(i1,32, - ,it) € D | iy > mu},

and let

Dr = {(a1,a2, - ,a) € L8 | X" X532 --- X¢* ¢ I}.

Then we have a partition of D as the following by the Lemma2 of [ 2:
Ch2.4, ] .

LEMMA 2.2. Under the same notations as above, we have the follow-
ing;
i) (31,42, -+ yis—1) # (J1,72, - ,Jt—1) with 0 < ig,js < ng for all s =
1,2,---,t —1ifand only if D iy..i,_, N Dj gy jy_, = 9.
i) Dyiyoi,, ND° =@ and Dy, 4y..5,_, N D' = @ with 0 < &5 < n, for
alls=1,2,---,t—1.
iii) D°ND' = @.

iv)
D={ U Diyipie YU DY D'

0<is<ns(s=1,2,cdots,t—1)
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v) X X%... X% ] for all (iyig---4) € D'.
vi)
DI - { U Di1i2"'it-—1}UDO‘
0<is<ny(s=1,2,cdots,t—1)

Now we are ready to prove our main theorem.

THEOREM 2.3. Let k be a perfect field of prime characteristic p
and let R = k[X, X, -, X;] be a polynomial ring with indetermi-
nates X1, Xo,---, Xt over k and let Rt be the maximal ideal of R gen-
erated by X1, Xs,---,X;. For any monomial ideal I of R containing
XPH xpet XM (ny >0 for all i), M = R¥/I is a finite com-
mutative nilpotent algebra over k and dimgyM > p - dimy MP.

proof. We will do induction on the number ¢ of variables X, Xy, - - -,
X¢. Theorem 1.1 implies the initial step of this induction. Assume that
the assertion is true for all less number of variables than ¢ and assume t >
1. Let I be a monomial ideal of R containing X +!, XJ2+! ... xne+l
(n; > 0 for all ). We may assume that for all 7, X ¢ Iand Xi"i+1 eI
Let
Dr={(a1,a2, - ,a) € Zso | XP X5? - X ¢ I},

By Proposition 2.1, {z{'z3? ---z§* | (a1,a2, - ,a;) € Dy} is a basis of

M as a k—vector space, where z; is the image of X; under the canonical
projection R* — M. Since D; C D, by Lemma 2.2,

Dr={ U (D1 N Dyyiy, )} JD° N D).

0<i, <ny(s=1,2, t—1)

Since MP can be generated by

{xi’alxé’ad n "Tfat I (al,a2a aat) € DI}
B = {xlloalxga2 "'mfat l (alaa2"" aat) € D[a (pal>pa2a"' ,pat) € DI}

forms a basis of MP as a k—vector space. Put

DY ={(a1,aq, - ,a;) | xitzy? - xft € B}
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Since D¥ C D, again by Lemma 2.2,

Dy ={ U (DN Dyyiyi, ) (DT U DO).

0<is<ns(s=1,2,-- ,t—1)

Let Ry = k{X;, X5, -, X¢-1] be a polynomial ring with indetermi-
nates X, Xo, -+, X;_1 over k and let R1+ be the maximal ideal of R;
generated by X;, Xa, ---,Xy_; and let J be the inverse image of I
under the canonical inclusion Rj — R*. Then J is a monomial ideal
of R containing X™*1 xme*l ... x™* 4nd hence, My = R /J
becomes a finite commutative nilpotent algebra over k. By induction, we
have dim;M; > pdim;M? and by our construction of Dy, dim;M; =
Card(Dg N Dy) and dimM? = Card(Dgy N DY). Now, it is enough to
show that

Card(D; ] Di1i2---iz—1) > - Card(D? M Dili2.4.it__1)

for all (41,42, - ,4¢—1) between (0,0,---,0) and (n1,ng, -+ ,n4_1). Sup-
pose (ilaiQ’ ait—laj) € DI and (ilaiZ)"' ait~laj+1) ¢ DI' Then by
the choice of Dy, (41,92, ,i4—1,1) € Dy for 0 <4 < j and (41,19, - -,

it-1,1) ¢ Dy for j <i < n;. So we have
Card(Dr N Djy4pi, 1) 2D+ Card(D? N Diyigeiy_q)-

In case D N Dy = & we also have the same inequality. This

11827 Tg—1

completes the proofs. 0
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