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ABSTRACT. In this expository paper we survey basic results on isotropic immersions.

1. Introduction

An n-dimensional real space form M™(c;R) is a Riemannian manifold of con-
stant sectional curvature ¢, which is locally congruent to either a standard sphere
S™(c), a Euclidean space R™ or a real hyperbolic space RH"(c), according as c is
positive, zero or negative.

We recall the notion of isotropic immersions introduced by O’Neill [18]. An
isometric immersion f : M — M of a Riemannian manifold M into an ambient
Riemannian manifold M (with metric ( , )) is said to be isotropic at x € M if
llo(X, X)||/]IX||?(= A(z)) does not depend on the choice of X (# 0) € T, M. If the
immersion is isotropic at every point, then the immersion is said to be isotropic.
When the function A = A(z) is constant on M, M is called a constant (A-)isotropic
submanifold. We note that a totally umbilic immersion is isotropic, but not wice
versa. The class of isotropic submanifolds gives nice examples in submanifold theory.
For example, take a G-equivariant isometric immersion f of a rank one symmetric
space M (= G/K) into an arbitrary Riemannian homogeneous space M (= G/K).
Then this submanifold (M, f) is a (constant) isotropic submanifold. We here em-
phasize the fact that for each geodesic v = 7(s) on the submanifold (M, f) the curve
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f o~ is a one-parameter subgroup of the isometry group of the ambient space M.
This fact tells us that study of isotropic immersions is one of the most interesting
objects in submanifold theory.

The purpose of this paper is to survey fundamental results related to the fol-
lowing four problems:

Problem 1. Find a necessary and sufficient condition for an isotropic immersion
of M to be totally umbilic in an arbitrary Riemannian manifold M.

Problem 2. Give a geometric meaning of a constant isotropic immersion of M into
an arbitrary Riemannian manifold M.

Proclaim 3. Classify isotropic immersions of M™ with low codimension p into a
real space form M™P(c;R).

Problem 4. Give a sufficient condition that an isotropic immersion of a rank one
symmetric space M into a real space form M (c;R) has parallel second fundamental
form.

In section 2, we give an answer to Problem 1 in terms of shape operators of
M in the ambient space M (Theorem 1). In section 3, we provide an answer to
Problem 2 by studying circles on the submanifold M (Theorem 2). In section 4,
we solve Problem 3 in the case of p < (n + 2)/2 (Theorem 3). In section 5, we
study Problem 4 one by one for each rank one symmetric space M by using an
inequality related to the codimension p of M (Theorems 4, 5, 6 and 7). In section 6
we investigate Problem 4 from a different point of view. We solve this problem by
using inequalities related to mean curvatures of these submanifolds (Theorems 8, 9,
10 and 11). In the last section we pose some open problems on isotropic immersions.

2. Characterization of totally umbilic immersions

In this section we investigate the second fundamental form at one point. Let
V and W be Euclidean vector spaces with inner products ( , ), whose dimensions
are n and k, respectively. We abstract the second fundamental form at one point
to a symmetric bilinear form o : V x V' — W. We adopt for ¢ the usual notation
and terminology of isometric immersions. Let S2(V) be the space of all symmetric
endomorphisms of V. Then we define the linear map A : W — S?(V) by (A¢x,y) =
(o(z,y),&) for x,y € V and £ € W. We say that o is A-isotropic if there exists a
real constant A such that ||o(x,x)|| = A for every unit vector € V. We prepare
the following without proof for the later use ([18]):

Lemma 1. Let 0 : V x V. — W be a symmetric bilinear form. Then the following
are equivalent:

(1) o is A-isotropic,

(2) (o(z,z),0(x,y)) =0 for each orthogonal pair of vectors x,y € V,
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(3) (o(z,y),0(z,w) + (o2, 2), 0 (y, w)) + (o2, w),0(y,2)) = N((z,y)(z,w) +
(z,w)(y, z)) for any vectors x,y,z,w € V.
We provide a characterization of umbilic bilinear forms ([17]):

Proposition 1. Let o : V XV — W be a symmetric bilinear form. Then the
following are equivalent:

(i) o is umbilic,
(ii) o is isotropic and for any §,n € W AcA, = A, A;.

Proof. (i) = (ii): By assumption we have A¢ = (£, h)Id for any £ € W, where b is
the mean curvature vector. Hence A¢ and A, commute for any &,n € W.

(ii) = (i): Suppose that o is A-isotropic. We take a unit vector z € V and
put & = o(z,z) € W. It follows from the statement (2) in Lemma 1 that = is an
eigenvector of A¢ with eigenvalue A2. We choose an orthonormal basis {e1, -+ ,e,}
of V satisfying that Ace; = Nje; (i =1,--- ,n), where ey = 2 and A\ = A2, We fix
i(2 2). By the statement (3) in Lemma 1 we find that

(o(z,e:),0(x,e;)) = (A2 — N\;)/2-8;; for any j,
and hence A, (; )z = (A2 — X;)/2 - €;. Since A¢Aq(ye)T = Ag(z,e;)Ac, We obtain
(A2 = 2)Ni/2 = (A2 = X)A?%)/2

so that A\; = A% for i = 2, that is, V is the eigenspace of A¢ with eigenvalue \?.
Therefore we find that ¢ is umbilic. O

As an immediate consequence of this proposition we have the following ([17]):

Theorem 1. Let M be a Riemannian submanifold in a Riemannian manifold M.
Then the following are equivalent:

(i) M is totally umbilic in M,
(ii) M is isotropic in M and for any normal vectors €, nn on M A¢A, = A, A
holds.
Let the ambient space M be a real space form M (¢;R) of curvature c¢. Then it

follows from Theorem 1 that

Corollary. Let M be a Riemannian submanifold in a real space form M(c; R).
Then the following are equivalent:

(i) M is totally umbilic in M(c;R),

(i) M is an isotropic submanifold with flat normal connection in M (c;R).
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3. Geometric meaning of constant isotropic immersions

A smooth curve 7 = v(s) parametrized by its arclength s in a Riemannian
manifold M is called a circle if there exist a field Y = Y, of unit vectors along
and a constant k(= 0) satisfying

(3.1) { Vi =KY

V:YY = —Ii"y,

where 4 denotes the unit tangent vector of v and V the covariant differentiation
along y with respect to the Riemannian connection V of M. The constant « is called
the curvature of the circle. A circle of null curvature is nothing but a geodesic. For
each point z € M, each orthonormal pair (u,v) of vectors at 2 and each positive
constant k, there exists locally a unique circle v = (s) on M with initial condition
that v(0) = z,%(0) = v and V47(0) = xv. The purpose of this section is to prove
the following ([15]):

Theorem 2. Let M be a connected Riemannian submanifold of a Riemannian
manifold M through an isometric immersion f. Then the following are equivalent:

(i) M is a constant (\-) isotropic submanifold of M,

(ii) there exists k > 0 satisfying that for each circle v of curvature k on the

submanifold M the curve f o~ in M has constant first curvature k1 along
this curve.

Proof. (i) = (ii): Let f : M — M be a constant A-isotropic immersion. In the
following, for simplicity we also denote f o~ by 7. It follows from equation (3.1)
and the formula of Gauss VxZ = VxZ + o(X, Z) that

(3:2) Vioi(s) = 1Ya + 0(3(s),4(s), s el

Here V is the Riemannian connection of the ambient space M and T is some open
interval on R. Then from (3.2) we can see that the first curvature k; = ||V4%| of
the curve f o~ is equal to v'k? + A2, which is constant on I.

(ii) = (i): Let f: M — M be an isometric immersion satisfying the condition
(ii). We take a point € M and choose an arbitrary orthonormal pair of vectors
u,v € TyM. Let v = v(s),s € I be a circle of curvature x on the submanifold
M with initial condition that v(0) = z,%(0) = u and V;%(0) = xv. By condition
(ii) the first curvature £y = || V44| of the curve f o~ is constant, so that equation
(3.2) implies ||o(¥,4)]|| is constant on I. Hence, denoting by D the connection of
the normal bundle of M in M, from (3.1) we obtain

_d SANTE:
(33) 0 = —llo(3, )l

2<D"/ (U(’y, ’7))3 0(77 7)>
2((V50)(
o)(

\% ’Ya’y) + 20(v7777)30(777)>
2((V40)

Y9, 0(3,9)) +4rlo (1, 9), (5, Y)).
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Evaluating equation (3.3) at s = 0, we get

(3.4) (Vyo)(u,u),o(u,u)) + 26{c(u,u),o(u,v)) = 0.

On the other hand, for another circle p = p(s) of the same curvature x on the
submanifold M with initial condition that p(0) = x, p(0) = v and V;p(0) = —kv,
we have

(35) ((vua)(u,u), U(uvu)> - 2H<U(u7u)a O’(U,U)> =0

which corresponds to equation (3.4). Thus, from (3.4) and (3.5) we can see that
(o(u,u), o(u,v)) =0 for any orthonormal pair of vectors u, v at each point x of M,
so that the submanifold M is (\-) isotropic in M through the isometric immersion
f by Lemma 1.

Next, we shall show that A : M — R is constant. It follows from (3.4) and (3.5)
that

{(Vyo)(u,u),0(u,u)) =0 for every unit vecor u at each point x of M".

Then, for every geodesic 7 = 7(s) on the submanifold M we see that A = A(s) is
constant along 7. Therefore we can conclude that A is constant on M. O

4. Isotropic submanifolds with low codimension in a real space form

We shall give a classification theorem of isotropic submanifolds with low codi-
mension in a real space form ([17]). For this purpose we prepare the following
algebraic lemma ([22]):

Lemma 2. Let V and W be FEuclidean vector spaces with inner products { , ),
where dimV =n. Let o : V. xV — W be a A-isotropic symmetric bilinear form.
Suppose that dim W < (n+ 2)/2. Then o satisfies one of the following.

(i) o is umbilic, that is, there exists & € W satisfying o(z,y) = (z,y)&.

(ii) n=2,4,8,16 and dim W = (n +2)/2.
In addition, in case of (ii), the following statements (a) and (b) hold.

(a) For each unit vector x € V there exists an orthonormal basis {e1 =

x, e, -+, en} forV satisfying o(e;,e;) = o(x,z) for 1 £ i < n/2 and
o(ej,ej) = —o(z,z) for (n+2)/2=j = n.
(b) For each unit vector & € W there exists an orthonormal basis {e1,- - ,en}

for V' satisfying Ace; = Xe; for 1 < i < n/2 and Ace; = —Ne; for
(n+2)/2% ] <n.

Proof. For & € W we set a symmetric endomorphism A¢ : V. — V defined by
(Aez,y) = (o(x,y),&). In order to prove our Lemma we shall check several facts.
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Fact 1. For each unit vector x € V we have —\? < (eigenvalues of Ao(za)) = A2,
Moreover, if we put Ay )y = A%y (resp. Ag(za)y = —A2y) for a unit vector y,
then o(y,y) = o(z,z) (resp. o(y,y) = —o(x,x)).

We check this fact. Let m < (eigenvalues of A,(;4)) = M. Then it is well-
known that

m = mi=nl<Ag(x,z)y,y>=minl<0(w,w),0(y,y)>

maX<AU(:v,z)ya y> = na <0'(.’IJ,.’L’), U(yay»
lyl=1 ly|=1

So we have (o(z,),0(y,y)) = —|lo(x,2)|||e(y,y)|| = —A? and this equality sign
holds if and only if o(y,y) = —o(z,x). Similarly we see that (o(z,x),0(y,y)) <
llo(x, z)|||e(y, )|l = A? and this equality sign holds if and only if o(y,y) = o(z, x).

Next, for a unit z € V' we consider a linear subspace V, = {y € V]|A;uy =
A?y}. Then as a corollary of Fact 1 we can see that

(i) If there exists a unit vector z € V with V, =V, then o is umbilic.
(i) ¥V, NV, # {0} for Iz,y € V, then V, = V,,.

Fact 2. For each unit € V we know that dim V,, 2 1 and o(y, 2) = (y, 2)o(z, z)
for Vy,z € V.

In fact, it follows from x € V,, that dimV,, = 1. Fact 1 implies that o(y,y) =

(y,y)o(z,x) for Yy € V.. Hence, symmetrizing this equation, we obtain Fact 2.
We consider a linear subspace V, = {y € V|A, (s, )y = =A%y} for a unit z € V.
Fact 2'. 1f V] # {0}, then for any unit y € V] we see V] = V,,.

It follows from Fact 1 that for unit y € V] we see o(z,2) = (z,2)o(y,y) for
Vz € VJ, so that V] = V.

Fact 2”. We denote by p the minimum eigenvalue of A, ;) for a unit z € V.
Let y be a unit eigenvector of A,(, ,) with eigenvalue p. Suppose that u # A2,
Then every unit z € V) is an eigenvector of A,(, ) with eigenvalue y, so that in
particular V1V,

Note that o(z,2) = o(y,y). So (Ay(x2)2,2) = (o(z,2),0(y,y)) = p. This,
together with the assumption on u, shows that z is an eigenvector with the same
eigenvalue p.

Fact 8. f dimV,, < dimV for a unit € V, then dim W = max{r+1,n—r+1},
where dimV, = r and dimV = n.

We consider a linear mapping o, : V' — W defined by o, (y) = o(z,y) fory € V.
Then we find kero, = {y € V,|(z,y) = 0}.
In fact, Lemma 1(3) tells us that y € ker o, is equivalent to

2/\2<1',y>2 + {)‘2<y’ y> - <O’(Z‘,Z‘),O’(y,y)>} =0.
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Note that these two terms of the left-hand side of the above equation are nonnega-
tive. Thus we have (z,y) =0 and y € V.
Hence

dimW 2 dimImo, = dimV — dimkero,
= n—(r—1)=n—-r+1.

On the other hand, by assumption there exists a unit y ¢ V... Then Fact 1
yields that V, NV, = {0}. So dimV,, £ n —r. Again by applying our argument to
a linear mapping oy, we get dimW = n — (n —r) + 1 = r + 1. Therefore we obtain
Fact 3.

We shall prove our Lemma from now on by using the above facts. Suppose that
o is not umbilic. Take a unit vector z € V. Note that dimV, = r < n. It follows
from our assumption dimW < (n + 2)/2 and Fact 3 that r +1 < (n + 2)/2 and
n—r+1< (n+2)/2. Thus we see that r = n/2 and dim W = (n + 2)/2. In the
following, we put n/2 = m. We take an orthonormal basis {e; = x,e9, - , €, } of
Vy. Fact 1 yields o(e;, e;) = d;50(x,x) for i,5 € {1,--- ,n}. Let u be a unit vector
of VX (# ¢). We set (o(u,u),o(x,z)) = p. We remark that u < A\2. From Lemma
1(3) we find that

(o e0), o)) = 50 = s,

(o(u,e;),0(x,2)) = (o(u,e;),0(es,e;)) =0 fori=1,--- ,m.

These imply that {o(z,z),0(u,e1),- - ,0(u, en)} is an orthogonal basis of W. On
the other hand, (o(u,u),o(u,e;)) =0 for i = 1,--- ,;m. Then o(u,u) = —o(z,x).
So we obtain (a) in our Lemma.

We next prove (b). Our vector space V' is decomposed as: V =V, & V| where
Vi =A{u € V|As(z;yu = —N*u}. We consider a mapping ¢ : S"~1(1)(C V) —
S™(1)(C W) defined by () = (1/\)o(x,x). We shall show that the mapping ¢ is
surjective:

We easily see that the differential at = of ¢ is given by dp,(u) = (2/A\)o(z,u) =
(2/N)oz(u) for u € T,S" 1 = {u € V[{u,z) = 0}(D V/). We note that o, is
injective on V, because kero, = {y € V;|{(z,y) = 0}. Hence rank dp, = m for
Va € S"~!, which implies that ¢(S™~1(1)) is open and closed in S™(1). Therefore
 is surjective. So we obtain (b) in our Lemma.

We finally prove that n = 2,4,8,16. Let W’ = {£ € W|{{,0(x,z)) = 0} for a
fixed unit € V. Remark that dim W’ = m. For each unit y € V. we see that
{0y, v), 0(x,2)) = {0y, v),7(y, 5)) = 0. So we get

o(y,v) e W' foryeV,, veV,.
Moreover we have the following equations:

(o(y,u),0(y,v)) = \2{u,v) for unit y € V, and u,v € V,
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and
(o(y,v),0(2,v)) = Ay, 2) fory,z €V, and unit v € V.

By virtue of these equations we can continue our argument as follows.

Let {e; = x,e9, -+ ,em,} be an orthonormal basis of V. We consider a linear
isometry ¢ : V! — W’ defined by ¢(v) = (1/A)o,(v) = (1/N)o(x,v) for v € V.
Then the mapping ¢ induces an isometry on the sphere S™~!(1). For the sake of
simplicity we denote by the same letter ¢ this isometry. We define a global field of
orthonormal frames Ey,--- , E,,_1 on S™7 (1) as:

E,(6) = solej g™ (€) forj =1, m—1

Then our sphere S™~1(1) is parallelizable, so that m—1=0,1,3,7 (see [1]). There-
fore we can see that n = 2m = 2,4, 8, 16. O

Our aim here is to prove the following ([17]):

Theorem 3. Let f be an isotropic immersion of an n(Z 3)-dimensional connected
Riemannian manifold M™ into an (n + p)-dimensional real space form M"“’(c; R)
of curvature c. Suppose thatp < (n+2)/2. Then M has parallel second fundamental
form, so that either f is totally umbilic or f is locally congruent to one of the first
standard minimal immersion of M™ into M"™*P(¢;R) :

(1) M™ = CP2(4¢/3), M"+P(c;R) = S7(c),
(2) M™ =HP?(4c/3), M"+P(¢; R) = §13(c),
(3) M™ = CayP?(4¢/3), M"P(c;R) = S25(c),

where CP%(4c/3), HP?(4c/3) and CayP?(4c/3) denote projective planes of maz-
imal sectional curvature 4c/3 over the complex, quaternion and Cayley numbers,
respectively.

Proof. First we note that our manifold is totally umbilic in M”*p(c; R) in
the case of p < (n + 2)/2 (see Lemma 2). In the following, we consider
the case that p = (n 4+ 2)/2 and f is not totally umbilic. Let U = {x €
M | x is an umbilic point of the isometric immersion f} and U® = M — U. Need-
less to say U¢ # ¢. We shall show that U¢ = M and the second fundamental form
of f is parallel. We denote by R and S the curvature tensor and the Ricci tensor
of M, respectively. Then it follows from the following Gauss equation

(4.1) (0(X,Y),0(Z,W)) = (6(Z,Y),0(X,W))
= (R(Z,X)Y, W) — c((X,Y)(Z, W) = (Z,Y){X, W))
that S(X,Y) = (n—1)(c+ A?)(X,Y) on U. On the other hand, by virtue of (4.1),

Lemma 1(3) and the fact that the immersion f is minimal on the open set U¢ (see the
statement (ii) in Lemma 2) we know that S(X,Y) = {(n—1)c—(n+2)/2-\2}(X,Y)
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on U¢. These, together with the hypothesis dim M = 3, imply that M is Einstein.
Hence M = U*. In addition, A is constant so that

(4.2) (Vyo)(X,X),0(X,X))=0 for any X,Y.

Here the covariant differentiation V of the second fundamental form o with respect
to the connection in (tangent bundle)®(normal bundle) is defined as follows:

(Vxo)(Y,Z) = Dx(o(Y,Z)) —o(VxY,Z) — o(Y,VxZ).
Similarly, from Lemma 1(3) we have
(4.3)  ((Vxo)(X,X),0(X,Y))+ (0(X, X),(Vxo)(X,Y)) =0 for any X,Y.

It follows from (4.2), (4.3) and the Codazzi equation (Vxo)(Y,Z) = (Vyo)(X, Z)
that ((Vxo)(X, X),0(X,Y)) =0 for all X, Y. We here recall the fact that the first
normal space N!:= {o(X,Y)| X,Y € TM}g of f spans the normal space of M at
its each point (see the proof of Lemma 2). Hence, (Vxo)(X, X) = 0 for any X, so
that Vo = 0. Therefore, by virtue of the works [8], [21] we can get the conclusion.
O

5. Characterization of parallel immersions of rank one symmetric spaces
(D

In this section, motivated by Theorem 3, we characterize parallel immersions
of every rank one symmetric space M™ into a real space form M"1?(¢;R) by using
inequalities related to the codimension p. For this purpose we prepare the following
two lemmas:

Lemma 3 ([18]). Let f be a A(> 0)-isotropic immersion of a Riemannian manifold
M™ into a Riemannian manifold M"+P. The discriminant A, at x € M is defined
by A, = K(X,Y) — K(X,Y), where K(X,Y) (resp. K(X,Y)) represents the sec-
tional curvature of the plane spanned by X, Y € T, M for M (resp. M) Suppose
that the discriminant A, at x € M is constant. Then the following inequalities hold

at x:
n+2

“2(n—1)
Moreover,
(i) Ay, = Ax)® < [ is umbilic at x < dim N! = 1,

(i) Ay = —{(n+2)/2(n — 1)}\(z)* < [ is minimal at x
< dim N} = (n(n+1)/2) - 1,

(iii) —{(n+2)/2(n — )IA(x)* < Ay < A(z)® < dim N} = n(n +1)/2.



372 N. Boumuki and S. Maeda

Here, we denote by N} the first normal space at x, that is N} = Spang{c(X,Y) :
X, Y eT, M}.

Lemma 4. Let M™ be a constant A-isotropic submanifold in a real space form
M"™P(¢;R). Suppose that M is locally symmetric and the first normal space spans
the normal space at any point of M. Then second fundamental form of M™ in
M"™P(c;R) is parallel.

Proof. Tt follows from (3) in Lemma 1 and (4.1) that

6.1 {o(X,Y),0(Z,W)) = (1/3)(R(Z, X)Y, W)+ (R(Z,Y)X,W))
= (€/3)2X, Y)(Z, W) — (Y, 2)(X, W)
—(Z, X)(Y,W)) + (X*/3) (X, Y )(Z, W)
+ (X, 2)(YV, W) + (X, W) (Y, Z)).

Since A is constant and M is locally symmetric, differentiating (5.1) with respect
to any tangent vector field 7" on M, we have

(5.2) <(vTU) (X,Y),0(Z,W)) = —(0(X,Y), (vTU)(Z7 W)).

By using (5.2) and the Codazzi equation (Vxo)(Y,Z) = (Vyo)(X, Z) repeatedly,
we find

<(VTU)(X7Y)7U(Z7 W)> = _<U(X7 Y):(VZU)(Tv W)>
= <(?XU)(Z’ Y)’U(T’ W)> = _<U(Z’ Y)7(?WU)(Xa T)>
= ((Vyo)(Z,W),0(X,T)) = —(o(Z,W),(Vro)(X,Y)).

So we see that ((Vr0)(X,Y),0(Z,W)) = 0, which, together with the hypothesis
that the first normal space spans the normal space at any point of M, shows that
the second fundamental form of our immersion is parallel. |

We first characterize parallel immersions of real space forms into real space
forms with low codimension ([2], [10]).

Theorem 4. Let f be a A-isotropic immersion of an n(2 2)-dimensional real space
form M"™(¢;R) into an (n + p)-dimensional space form M"?(¢;R). Suppose that

1
p < 5n(n+1)—1.

Then f is a parallel immersion and locally equivalent to one of the following:

(1) f is a totally umbilic immersion of M™(c;R) into M"+P(&R), where ¢ = ¢
and p < (n(n+1)/2) — 1,

(2) f is the second standard minimal immersion of M™(c;R) = S™(c) into
M"™P(¢;R) = S"P(¢), where ¢ = 2(n+ 1)¢/n and p = (n(n+1)/2) — 1.
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Proof. First, we consider the case that f is a totally geodesic immersion. Then this
case is included in (1) of our Theorem.

Next, we investigate the case that f is not a totally geodesic immersion. Since
A is a continuous function on M™(¢;R), we have only to study on the open dense
subset U(= {x € M"(¢;R)|A(z) > 0}) from now on. It follows from Lemma 3, the
assumption of our Theorem and the continuity of A that the function \ is constant
on U, so that A2 =c—¢or A2 =2(n—1)(¢—c)/(n+2). In case of A2 = ¢ — ¢, this
case is included in (1) of our Theorem. In case of A\? = 2(n —1)(é¢—c)/(n+2), from
Lemma 3 we know that dim N} = (n(n +1)/2) — 1 for all z € U. Hence by virtue
of Lemma 4 we can see that our immersion has parallel second fundamental form.
Therefore we get the case (2) of our Theorem (cf. [8], [21]). O

A complex n-dimensional complex space form M"(¢;C) is a Kéhler manifold
of constant holomorphic sectional curvature ¢, which is locally congruent to either
a complex projective space CP"(c), a complex Euclidean space C"(= R?") or a
complex hyperbolic space CH™(c¢), according as c¢ is positive, zero or negative.

The following lemma shows a necessary and sufficient condition that the iso-
metric immersion of a complex space form into a real space form has parallel second
fundamental form ([8], [9], [21]):

Lemma 5. Let M be a complex n-dimensional connected Kdahler manifold with
complex structure J which is isometrically immersed into a real space form
M?"+P (& R). Then the following two conditions are equivalent:

(i) The second fundamental form o of M in JT/I/Q"“J(E; R) is parallel,
(i) o(JX,JY)=0(X,Y) for all X,Y € TM.

We characterize parallel immersions of complex space forms into real space
forms with low codimension ([4], [12]).

Theorem 5. Let [ be a A-isotropic immersion of a complex space form M™(4c; C)
(n = 2) of constant holomorphic sectional curvature 4c into a real space form

MQ”“’(E; R) of constant sectional curvature é. If p < n? +n — 2, then f is a
parallel immersion and locally equivalent to one of the following:

(1) f is a totally geodesic immersion of C"™(= R?") into R®"*P where p < n? +

n—2,
(2) f is a totally umbilic immersion of C™(= R?") into RH?"*P(&), where p <
n?+n—2,

(3) is the first standard minimal immersion of CP"(4c) into S*"TP(&), where
p=n?—1and¢=2(n+1)c/n,

(4) f is a parallel immersion defined by

f=fao fi: CP™(4e) L5 §72n=1(0(n 4 1)e/n) L MPPHP (& R),
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where fy is the first standard minimal immersion, fo is a totally umbilic
immersion, n> <p <n?+n—2 and 2(n+ 1)c/n = ¢é.

We need the following lemma in order to prove Theorem 5.

Lemma 6. The value of A in our Theorem 5 is the following:
() A=0, (2) \2=-¢ (3), (4) N2 =4c—¢.
Proof. (1) and (2) are clear from Lemma 3. We shall consider the cases (3) and
(4). Let ¢ be a totally real totally geodesic immersion of a real projective space
RP™(c) into CP™(4c). We denote by f a A-isotropic minimal immersion of CP"(4c)
into S™*+2n=1(2(n 4 1)¢/n) (with parallel second fundamental form o) and by J
the complex structure on CP"(4¢). We choose a local field of orthonormal frames
{e1,--- ,ent on RP"(c). Then{ey, - ,en, ey, -+, Jey} is alocal field of orthonor-
mal frames on CP"(4c). Since RP™(c) is totally geodesic in CP™(4c), we can denote
by the same letter o the second fundamental form of RP"(c) in the ambient space
S§m*+2n=1(2(n 4 1)¢/n) through f o . We here remark that o(e;, e;) = o(Jes, Je;)
for 1 < ¢ < n (see Lemma 5). This, together with the fact that CP™(4c) is min-
imal in S”2+2”_1(2(n + 1)¢/n), implies that our manifold RP"(c) is minimal in
§n°+2n=1(9(pn 4 1)¢/n). Therefore, by virtue of our discussion, we know that f o .
is a A-isotropic minimal immersion of RP™(c) into S"2+2”_1(2(n + De/n).

Using (ii) in Lemma 3, we can see that

22 2(n —1) (C 2+ 1)c>

B n+2 n

2 1
_ g 2ot De g
n

Thus, we can check the case (3).
Let g be a totally umbilic immersion of $™ *27=1(2(n + 1)c/n) into
M?+P(¢R). Then g is \/2(n + 1)c/n — é-isotropic. Hence the above computation

yields that
N2 (40_ 2(n + 1)0) N (2(n+ e é)
n n

= 4c—c¢.

So we can check the case (4). O

We are now in a position to prove Theorem 5:
Proof of Theorem 5. Let J be the complex structure on M™(4c;C). Then the
curvature tensor R of M"(4¢;C) is given by
(5.3) RX,)Y)Z = Y, 2)X —(X,2)Y +{JY,Z)JX
—(JX,Z2)JY + 24X, JY)JZ}
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for all vector fields X,Y and Z tangent to M"(4¢;C). It follows from (4.1) and
(5.3) that

2 c—¢
G4 (X V)ozw) = “ 2D vy w)

AN —(c—0)
+ (X W)Y, 2) + (X, Z2) (v, W)}

+ {(JX, WYY, Z) + (JX, Z){(JY,W)}

for all vector fields X, Y, Z and W tangent to M"(4c;C).

We have only to consider the case that M™(4c; C) is not totally geodesic in
M2+ (& R). We shall study on the open dense subset U(= {z € M"(4¢; C)|A(z) >
0}) from now on. Our discussion is divided into the two cases:

() W) £ c— &
(i) A\%(z)=c—e¢.

(i) In the following, we study at an arbitrary fixed point « of U. Note that
A\2(x) # c—¢. Now we investigate the first normal space N} at the point x by using
(5.4). We choose an orthonormal basis {e1, -+ ,en,ent1 = Je1, -+, €2, = Jep} of
T, M™(4c; C). Equation (5.3) shows that (R(e;,ej)e;,e;) =cfor 1 <i#j < n. So,
we may apply Lemma 3 to the linear subspace of T, M™(4¢; C), which is generated
by {e1,--- ,en}. Thus either the case (ii) or the case (iii) of Lemma 3 must hold at
x.

Straightforward computation, by virtue of (5.4), yields the orthogonal relations.

A —(c—¢
(5.5) (o(ei, Jej),o(ek, Jeg)) = i (0] 051050
forl<i<j<nand1<k<{<n.
(5.6) (o(es,e5),0(ern, Jeg)) =0 for1<i<j<n and 1=k<{=Zn.

Then, in consideration of Lemma 3, (5.5) and (5.6), the codimension p satisfies
p=nn+1)/2—-1+nn-1)/2=n>-1

at the fixed point 2. We note that x is not an umbilic point, since o(e;, Je;j) # 0
for 1 <4 < j < n. Here we take n vectors o(e;, Je;) (i =1,--+ ,n).
Similar computation shows the following orthogonal relations.

A2 — (4c —¢)

(57) <O’(6i,J€Z‘),O'(€j7J€j)> = 3 (5”

for 4,j=1,---,n.

(5.8) (o(ei ej),o(en, Jex)) =0 for 1<i<j<n and 1=Zk<n.
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(5.9) (o(ei, Jej),o(ex, Jex)) =0 for 1Si<j<n and 1Z k< n.

Now suppose that A\? # 4c — & Then, in view of (5.7), (5.8) and (5.9), we find that
p = (n? — 1) + n, which contradicts our assumption p < n? +n — 2. And hence we
have

(5.10) M\ =4c—¢.
Substituting (5.10) into the right-hand side of (5.4), we obtain

(5.11) (0(X,Y),0(Z,W))
= (2e— (X, YNZ, W)+ {(X,W)(Y, Z)
(X, ZWY, W) + (JX, WWJIY, Z) + (JX, Z){JY, W)}

for all vector fields X, Y, Z and W tangent to M™(4c; C).
Equation (5.11) implies the following.

(5.12) (0(X,Y),0(X,Y)) = (o(JX,JY),0(JX,JY))
= (Bc— X)) +{IXIPIY)? - (JX,Y)?}
(5.13) (o(X,Y),0(JX,JY)) = (Bc—a)(X,V)> +c{||X|?|Y]? - (JX,Y)?}.

Thus, in view of (5.12) and (5.13), we can get o(X,Y) = o(JX,JY) for all X, Y.
And hence, from Lemma 5, we find that the second fundamental form of our im-
mersion is parallel on U. Therefore, due to the works of [8], [9], [21], there occurs
the case (3) and (4) of our Theorem 5.

(ii) Lastly, we consider the case of A\?(x) = ¢ — é. The above discussion asserts
that the continuous function A on U is A2 = 4¢ — & or A2 = ¢ — é&. And hence, we
have only to consider the case that A2 = ¢ — & on U. Let ¢ be a totally real totally
geodesic immersion of a real space form M"(¢;R) into M™(4c; C). It follows (i) of

Lemma 3 that our manifold (M™(c;R), f o) is totally umbilic in M2"+P (& R).
Here, we take an arbitrary geodesic v in M"(4¢;C). Since M™(4¢;C) is a
FEuclidean space or a Riemannian symmetric space of rank one, we may think that
the curve 7 is a geodesic in M"(¢;R). Hence the curve (f ot) o~ is a circle in
M2"+p(6; R), so that the curve f o« is a circle in the ambient space MQ"“’(E; R),
which implies that the immersion f has parallel second fundamental form (see [19]).
Thus we know that our immersion f is one of (2), (3) and (4) of our Theorem.
However there occurs only the case (2). In fact, in both of cases (3) and (4), we
know that A\? = 4¢ — ¢ (see Lemma 6). On the other hand, in our case, \? = ¢ — ¢.
This is a contradiction, because ¢ > 0. Therefore, we can get the conclusion. O

A quaternionic n-dimensional quaternionic space form M"(¢; Q) is a quater-
nionic Kéhler manifold of constant quaternionic sectional curvature ¢, which is
locally congruent to either a quaternionic projective space QP™(c), a quaternionic
Euclidean space Q" (= R*") or a quaternionic hyperbolic space QH"(c), according
as c is positive, zero or negative.
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We next investigate isotropic immersions of quaternionic space forms into real
space forms with low codimension. Our aim here is to prove the following theorem

([4], [13]).

Theorem 6. Let f be a \-isotropic immersion of a quaternionic space form
M"™(4c;Q) (n = 2) of constant quaternionic sectional curvature 4c into a real space
form M4"+p(é; R) of constant sectional curvature é. If p < 2n% +2n — 2, then f is
a parallel immersion and locally equivalent to one of the following:

(1) f is a totally geodesic immersion of Q"(= R*") into RA"*+P where p < 2n? +

2n — 2,
(2) f is a totally umbilic immersion of Q" (= R") into RH" P (&), where p <
2n? +2n — 2,

(3) f is the first standard minimal immersion of QP"(4c) into S*"TP (&), where
p=2n2—n—1andc¢=2(n+1)c/n,

(4) f is a parallel immersion defined by
f=fa0 fi:QP"(4c) Lo S on + )e/n) L MG R),
where f1 is the first standard minimal tmmersion, fo is a totally umbilic
immersion, 2n®> —n < p < 2n% +2n — 2 and 2(n + 1)c/n = ¢.
Here, we prepare the following similar lemmas in order to prove Theorem 6.

Lemma 7 ([8], [13], [21]). Let M be a quaternionic n-dimensional connected
quaternionic Kdhler manifold with canonical local basis {I,J, K} which is isomet-

rically immersed into a real space form M4”+p(5; R). Then the following two con-
ditions are equivalent:

(i) The second fundamental form o of M in M4"+p(é; R) is parallel,
(i) o(IX, 1Y) = o(JX,JY) = o(KX,KY) = o(X,Y) for all X,Y € TM.

Lemma 8. The value of A in our Theorem 6 is the following:
(HA=0, (2) \2=-¢ (3), (4) N2 =4c—¢c.
Proof. Let 1 be a totally real totally geodesic immersion of a real projective space
RP™(c) into QP™(4c). The rest of the proof is similar to that of Lemma 6. O
Now we shall prove Theorem 6:
Proof of Theorem 6. Let {I, J, K} be the canonical local basis on M"(4c; Q).
Then the curvature tensor R of M"(4c; Q) is given by
(5.14) R(X,Y)Z
= Y, 2)X —(X,2)Y +(IY,Z)IX — (IX,Z)IY
+(JY, Z2)JX —(JX,Z)JY +(KY,Z)KX — (KX, Z)KY
+2(X, IVYIZ 4+ 2(X,JY)JZ + 2(X,KY)KZ}
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for all vector fields X, Y and Z tangent to M"(4c; Q).
It follows from (4.1) and (5.14) that

(6.15) (o(X,Y),0(Z,W))
_ A +23(C_C)<X,Y><Z,W>+>\ —g)c—c)

+ {(IX, WYY, Z) + (IX, Z)(IY, W)
+ (JX, WYY, Z) + (JX, Z)(JY, W)
+ (KX, WYKY, Z) + (KX, Z)(KY,W)}

{(X, W)(Y, 2) + (X, 2)(Y, W)}

for all vector fields X, Y, Z and W tangent to M™(4c; Q).

It suffices to study on the open dense subset U(= {z € M"(4¢; Q)|\(x) > 0}).
Our discussion is divided into the two cases: (i) A\?(z) # ¢ — ¢, (ii) A?(z) = ¢ — ¢.

(i) In the following, we study at an arbitrary fixed point z of U. Note that
A2(x) # ¢ — ¢ Now we investigate the first normal space N} at the point x by
using (5.15). We choose an orthonormal basis {e1, - ,en,enr1 = Tey, -+ a9y =
Ten,eant1 = Jer, -+ ,esn = Jep,esnp1 = Key, -+ ,eqn = Kep} of T,M™(4¢; Q).
Equation (5.14) shows that (R(e;, ej)e;,e;) = cfor 1 £ i # j < n. So, we may apply
Lemma 3 to the linear subspace of T,, M (4¢; Q), which is generated by {e1, - , e, }.
Thus either the case (ii) or the case (iii) of Lemma 3 must hold at z.

Straightforward computation, by virtue of (5.15), yields the orthogonal rela-
tions.

(5.16)  (o(eisej),o(ex, Lee)) = (o(eiej),o(ex, Jer))
= (o(ei,ej),o(er, Keg)) = 0
forit<i<j<nand1<k</{<n.

(5.17)  (o(e;, Lej),0(en, Jer)) = (o(e;, Jej),o(ex, Kep))
= (o(e;, Kej),o(ex,Ieg)) = 0
forl<i<j<nand1<k</{<n.

(5.18) (o(ei, Iej),o(en,leg)) = (o(ei, Jej),0(ex, Jer))
= (o(e;, Kej),o(er, Ker))
N —(c—¢

% Okl
forl<i<j<nandl1=<k</{<n.

Then, in consideration of Lemma 3, (5.16), (5.17) and (5.18), the codimension p
satisfies

p=nn+1)/2—1+3n(n—-1)/2=2n>-n—-1
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at the fixed point . We note that x is not an umbilic point, since o(e;, Je;) # 0
for 1 < i < j £ n. Here we take 3n vectors o(e;, le;),o(e;, Je;) and o(e;, Ke;)
(i=1,---,n). Similar computation shows the following orthogonal relations.

(5.19) (o(ei ej),o(ex, Ieg)) = (o(ei,ej),o(ex, Jex))
= (o(ei,ej),o(er, Keg)) = 0
forl1<i<j<nand1<k<n.
(o(ei, Jej),o(ex, Jeg))
= (o(e;, Kej),o(ex,Keg)) = 0
fori<i<j<nand1<k<n.

(5.20) (o(ei, Iej), o(er, Ieg))

(521) <U(ei7 Iei)a U(ejv Jej)> = <0(ei7 Jei)a U(ejv Kej)>
= (o(e;,Ke;),0(ej,Ie;)) = 0
fori,j=1,---,n.
(5.22) (o(ei,Ie;),o(e;, Jer)) = (o(ei, Ie;), o(e;, Kex))

)
(e5,Jei), 0(ej, Lex)) = (o(e;, Je;),0(ej, Keg))
(o(ei, Kei),o(ej, Iex)) = (o(e;, Ke;),0(ej, Jeg)) = 0
<i<nand1<j<k<n.

(5.23)(o(ei, Ie;),0(ej, Iej)) (o(ei, Je;),o(ej, Jej))

A2 — (4c— @)

= (oles, Kei),o(ej, Kej)) = =

b
fori,j=1,---,n.

Now suppose that A% # 4c — ¢. Then, in view of (5.19), (5.20), (5.21), (5.22) and
(5.23), we find that p = (2n? —n — 1) + 3n = 2n? + 2n — 1, which contradicts our
assumption p < 2n2 + 2n — 2. And hence we have

(5.24) M =dc—é.
Substituting (5.24) into the right-hand side of (5.15), we obtain

(5.25) (o(X,Y),0(Z,W)) = (2c— /X, YWZ,W)
+c{(X, WY, Z) + (X, Z)(Y, W)
X, WWIY, Z) + (IX, Z){(IY, W)
X, WYY, Z) + (JX, Z)(JY, W)
HKX,WYKY, Z) + (KX, Z)/(KY, W)}

for all vector fields X, Y, Z and W tangent to M™(4c; Q).
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Equation (5.25) implies the following.
(5.26)  (0(X,Y),0(X,Y)) = (¢(IX,IV),o(IX,IY))
(0(JX,JY),0(JX,JY))=(c(KX,KY),o( KX,KY))
= Be—(X, V)’ +{IXIPIIV]* = (IX,Y)* = (JX,Y)* = (KX, Y)*}.

(5.27) (0(X,Y),0(IX,IYV)) = (¢(X,Y),0(JX,JY)) = (o(X,Y),0(KX,KY))
= Be—X V) +{IXPIV]* - (IX,Y)* = (JX,Y)* = (KX,Y)*}.

Thus, in consideration of (5.26) and (5.27), we can get o(X,Y) = o(IX,IY) =
o(JX,JY) =0c(KX,KY) for all X, Y. And hence, from Lemma 7, we find that
the second fundamental form of our immersion is parallel on U. Therefore there
occurs the case (3) and (4).

(ii) Lastly, we consider the case of A?(z) = ¢—¢é. ;From Lemma 6 and the same
discussion as in the proof of Theorem 5, we can get the conclusion. ]

Here we denote the Cayley numbers by Cay, which is an 8-dimensional non-
associative division algebra over the real numbers. It has a multiplicative identity
and a positive definite symmetric bilinear form (, ). The tangent space of Cayley
projective plane CayP?(c) of maximal sectional curvature ¢ may be identified with
V = Cay @ Cay. The vector space V has a positive definite symmetric bilinear form
(, ) given by ((a,c), (b,d)) = {a,b) + (c,d). The curvature tensor R of CayP?(c) is
given by

(5.28) (R((a,b), (c,d)) (e, f), (9, h))
= Z(4e e)a, 9) — 4a,ede, g) + {ed, gb) — (eb, gd)
+(ad — cb, gf) + (cf,ah) — (af,ch) — 4(b, f)(d, h)
+4(d, f)(b, h) — (ad = cb, b)),
where ¢ is a positive constant (for details, see [7]). CayH?(c) of minimal sectional
curvature ¢(< 0) is the noncompact dual of CayP?(|c]).

The following gives a characterization of parallel immersions of the Cayley pro-
jective plane into a real space form with low codimension ([16]):

Theorem 7. We denote by M a connected open submanifold of either the Cayley
projective plane or its noncompact dual. Let f be a A-isotropic immersion of M
into a real space form M*P(&R). If p < 10, then f is a parallel immersion and
locally equivalent to one of the following:

(1) f is the first standard minimal immersion of CayP?(c) into S?°(¢), where
c=4¢/3 and p =9,

(2) f is a parallel immersion defined by

f = fao fr: CayP?(c) 2 52 (3c/4) L2 M*(a: R),
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where fy is the first standard minimal immersion, fo is a totally umbilic
immersion, (3¢/4) 2 ¢ and p = 10.

Proof. We immediately find from (5.28) that
K((a7 0)7 (bﬂ 0)) = <R((aa 0)7 (bv O))(b7 O)v (a7 O)> =c if (av 0) A (ba 0) # 0.

So we may apply to the linear subspace Cay @ {0} of T,, M. Then Lemma 3 asserts
that

(5.29) N o= c—¢
since p < 35 = (8 x 9)/2 — 1. Tt follows from (5.1), (5.28) and (5.29) that

(5:30)  (a((a,b), (e, d)), a((e; f), (g, h)))
= (e=a({a,0)(e,g) + (b, d)(f, 1) = &((b, d){e, g) + (a, ) {f, 1)
+5 (b d)e.g) + (@, ) (£, 1) + (a.9)(d. F)
b, h)(e,e) + (b, f){c, g) + (a,e){d, h)}
5 {{chseh) + {ah, cf) + {ad, g ) + (ed, gb) + (cb, g ) + (af, ch)
+(ad, eh) + (eb, gd) — 2{(ch, eb) — 2(af, gd) — 2{(cf, gb) — 2{ah, ed)}.

For simplicity, we put X; = (e;,0) and Y; = (0,¢;) for 0 < ¢ < 7, where
{eop = 1,e1,--- ,er} is a basis of Cay. By using (5.30), we see that the vectors
o0(Xo, Xo),0(Xo,Yy),0(Xo,Y1), - ,0(Xo,Y7) are nonzero and mutually orthogo-
nal. Then we have dim N}! = 9 for all z € M. We shall prove in the following that
f has parallel second fundamental form.

Case (I): p = 9. Note that the first normal space coincides with the normal
space at each point of M. This, combined with the fact that X is constant, implies
that f has parallel second fundamental form (cf. Lemma 4). Therefore we see
that M is locally congruent to a connected open submanifold of CayP?(c) and the
immersion is locally equivalent to the first standard minimal immersion (see [8],
[21]).

Case (II): p = 10. Our discussion is divided into the following two subcases:

Case (IT a): o(Xo,Xo) and o(Yp,Yy) are linearly independent at the fixed
point x € M. So there exists a sufficiently small neighborhood U such that these
two vectors are linearly independent at each point of U. We see from (5.30) that
(Yo, Ys),0(Xo, Y0),0(Xo, Y1), - ,0(Xo, Y7) are mutually orthogonal nonzero vec-
tors so that dim N! = 10 for each € U. Therefore the same argument as in
case (I) asserts that the manifold M is a parallel submanifold. Hence, we find
that M is locally congruent to a connected open submanifold of CayP?(c) which
is immersed into some totally umbilic (but not totally geodesic) hypersurface of

M 26(&;R) through the first standard minimal immersion.
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Case (I b): o(Xo, Xo) and o(Yp, Yp) are linearly dependent at the fixed point
x € M. We have

|(o(Xo, Xo), 0(Yo, Y0))| = [lo(Xo, Xo)ll|o(Yo, Yo) |

which, together with (5.30), implies that |(¢/2) — ¢| = |e¢ — ¢| so that ¢ = 4¢/3.
Substituting ¢ = 4¢/3 into (5.30), we get an equation, say, (5.30)’, which implies
that our immersion is minimal. We note that our immersion is minimal on some
sufficiently small neighborhood of the point x, because in Case (II a) our immersion
has nonzero constant mean curvature H = /(3¢/4) — é.

On the other hand, the first standard minimal immersion f of CayP?(c) into
S$%5(3¢/4) is a parallel immersion. Moreover, the immersion f also satisfies (5.30)’.

We here recall the following which is so-called Simons equation ([20]):

(5:31)  (1/2)All0]* = |[Vol® =2 (hi;hGuhihg, — hishhihg)

= Y hEhhEng + nélo]?,
where o is the second fundamental form of a minimal submanifold M™ of a real
space form M"™*P(¢; R), hg; denote the components of o with respect to a local field
of orthonormal frames and A denotes the Laplacian.

The above discussion in Case (II b), together with (5.31), implies that the
immersion in our case has parallel second fundamental form. Hence we can see
that M is locally congruent to a connected open submanifold of CayP?(c) which
is immersed into some totally geodesic hypersurface of 526(3c/4) through the first
standard minimal immersion (see [§8], [21]). O

Remark. Let f be the first standard minimal immersion of CayP?(c) into
S25(3c/4). we see from (5.30)" that (2//c)o(Xo, Xo), (2/v/¢)o(Xo,Yo), (2/1/),
o(Xo, Y1), -+, 0(Xo,Y7) is an orthonormal basis for the first normal space of f.
Moreover, again by using (5.30)” we are able to investigate the first normal space
of f in detail. Direct computation yields the following: For simplicity, we put
@ = O'(Xo,Xo), @ = O'(Xo, Yo), @ = O'(Xo, Yl), te ,@ = O'(Xo,Y7).

_ ((0(X3, X)) (0(X;,Y5))
bet o= <<o<m—,Xj>> (om,m))mg

Then

o

@ 0 -
0o @® - 0
(U(XivXj))og,jg = *(U(Yqu))ong? = . . .

0 0 - @
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and

®@ ® O 6 ©®© 0 ©® @

® @ 6 -® 60 - -0 6

®@ -6 -0 6 6 0 - -0

(O’(X Y)) P @ @ _® _@ @ _ @ _@
DRIERETT e -0 - @ @ ® @ 6

o ©® -6 6 -6 -0 -6 @

® ® ©® -0 -0 6 -0 -0

®©@ -® © ©® 6 -0 6 -0

We here note that the above matrix (o(Xj,Y}))o<; ;<7 coincides with the table of
the Cayley numbers.

6. Characterization of parallel immersions of rank one symmetric spaces

(IT)

In this section, we study parallel immersions of every rank one symmetric space
M™ into a real space form M™P(¢; R) from another point of view. We characterize
these parallel immersions by using inequalities related to mean curvatures H.

We first prove the following ([3]):

Theorem 8. Let f be an isotropic immersion of an n(Z 2)-dimensional compact
oriented real space form M™(c;R) of curvature ¢ into an (n + p)-dimensional space

form M”+p(é; R) of curvature é. Let A denote the Laplacian on M™(¢;R). Suppose
that

(i) H> <2t g

(i) 0 < (1 —n)AH? + n(h, Ab).
Then M™(c;R) is a parallel submanifold of ]T/[/""’p(é; R) and f is locally equivalent
to one of the following.

(1) f is a totally umbilic immersion of M™(c;R) into M”"‘p(é; R), ¢ 2 ¢. Here
H?’=c-¢
(2) f=faofi: S™(c) S, g5 (72(”;1)0) S, M”*p(é; R),
where fy is the second standard minimal immersion, fs is a totally umbilic
2(n 2(n+1) c—¢
n

. . 1 -
immersion and TJF)C > ¢. Here H?> = c.

Proof. We first generalize Simons equation (5.31) for every Riemannian submanifold
M™ of M™*?(¢;R) as follows:

1 = - -
(6.1) §AH0H2 = ||Vol|? —én?H? +én||o|?

+ Zn: (D, (DEJ. (a(ek,ek)))J@u ej))

1,5,k=1



384 N. Boumuki and S. Maeda

£ Y [2lolenen)oteneo)loten e, ofeney)

1,7,k 4=1

— 2o(ex, €;), o(ex, e1)){(o(er, €i), o (ei, €5))
+ (o(er, ex), o(ei e1)){o(er, €5), o (es, €5))
—(olesses)salen en)oler en), oles ).

In the following we study a A-isotropic immersion f : M™(c;R) — M"?(&R). Our
computation shows that the second fundamental form of the immersion f satisfies

62)  (o(XYV)0(ZW)) = EQRXYNZW) - (X, 2),W)

2
X WY ) + (X W)

+ (X, Z2) (Y, W) + <X,W><, z)),

where X, Y, Z and W are vector fields tangent to M"(¢;R).
Equation (6.2) yields the following;:

(6.3) Blo(X.Y)[I* +c—¢ = N
where X and Y are orthonormal vector fields tangent to M™(¢; R).

2(n—1)(c—¢)+ A*(n+2)
3n ’

(6.4) H? =

(6.5) |o||? = n?H? —n(n —1)(c — &).

Here we compute the fourth term of the right-hand side of (6.1). In order to compute
this term easily without loss of generality we use the condition that Ve; = 0 at the
point z, i € {1,---,n}. It follows from the Codazzi equation (Vxo)(Y,Z) =
(Vyo)(X,Z), (6.2) and (6.4) that

n

> (De(Dey (oleren)) ) olennes)

i,7,k=1

= Xn: {61 <Dej( (ek,ek)) (el,ej)>> <De3( (elwek)) Del(U(ez,e]))>:|
g, k=1

- i {61(63« (ex,ex) (ez,ej»)) 61<< (ex,ex), D (g(e“ej)»)
i,j,k=1
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. [ei(q((a(ek,ek),a(ei,ej)>)) — (o(ex,er), De, (Dei (a(ej,ej))>>
i,5,k=1
—2(D., (U(ek, ek)),Dej (U(ei, 61‘)))}

n

= Z [ei <€j [C ; C(Q(Sij - 25ki5kj) +

i4,k=1

— {o(eg,ex), De, (Dei (a(ej, ej)))> —2(De, (o(ex, €x)), De, (o (e, eJ))}

3nH? —2(n —1)(c — &)
3(n+2)

(dij + 26kz‘5kj)])

= nAH? —n?(h, Ah) — 2n%||Dp|?
= nAH? +n?(h, Ab) — n*(2||D||* + 2(h, Ab))
= n(l-n)AH?+n(h, Ab),

so that

n

(6.6) Z (D, (Dej (o(ex, ek))),a(ei, e;)) =n(l —n)AH? +n?(h, Ab).

i,5,k=1

Using (6.1), (6.2), (6.4), (6.5) and (6.6), we obtain the following equation:

1 T (e Ve . o 2(n+1) ~
58l = |IVa] fﬁ<H —chc)(H chﬂ)

+ n<(1 —n)AH? +n(h, Ab)).

Here it follows from (6.3) and (6.4) that

2 2
P et = S o(X V)P 2 0

H?>—c+c=

for each orthonormal pair of vectors X and Y.

This, together with the inequalities (i), (ii) in the assumption of Theorem 8 and
a well-known Hopf’s lemma, implies that Vo = 0. Moreover we have H? = ¢ — ¢ or
H? = @c — ¢. Therefore we get the conclusion. 0

Remarks 1.

(I) We comment on the inequality (ii): 0 < (1 — n)AH? + n(h, Ap). By easy
computation we know that this inequality means that the mean curvature
vector b is parallel when the mean curvature H is constant.

In fact, when H is constant, from this inequality we see that 0 < (h, Ab).
Again, by using the condition that H is constant, we get || Dh||? = —(h, Ap).
It follows from these two inequalities that Dh = 0.

(IT) As an immediate consequence of Theorem 8 we obtain the following:
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Corollary. Let f be an isotropic immersion of an n(Z 2)-dimensional compact
oriented real space form M"™(¢;R) into an (n + p)-dimensional real space form

M”*p(é; R). Suppose that
(i) A2 < 2ol g
(i) the mean curvature vector b of f is parallel.
Then M™(¢;R) is a parallel submanifold of M"“’(é; R) and f is locally equivalent
to one of the following.
(1) f is a totally umbilic immersion of M™(c;R) into M”*p(é; R), ¢ = ¢. Here
H?=c—¢.

(2) f=foofi: Sn( ) Sn+n(n+1) 1(%% ﬁ) Mn-‘rp(é; R),

where f1 is the second standard minimal immersion, fo is a totally umbilic
immersion and WC > é. Here H? = WC —C.

(III) We show that Theorem 8 is no longer true if we omit the condition (i) in
the hypothesis of Theorem 8. We recall the following example([14]):

Example. Let x; : 5" (n/(2(n+1))) — S™H"(+10/2=1(1) be the second standard
minimal immersion and x2 : S"(n/(2(n +1))) — S™(n/(2(n + 1))) the identity
mapping. Using these minimal immersions, for ¢ € (0,7/2) we define the following
minimal immersion

(6.7)
xt(= (x1,x2)) : Sn(ﬁ) _, g 1((:01,215) X S”(m)

Here the differential mapping (x:)« of x: is given by (x¢)«X = (cost- (x1)«X,sint -
(x2)«X) for each X € T'S™ (n/ (2(n + 1))) The product space of spheres in (6.7)
can be imbedded into a sphere as a Clifford hypersurface:

nlng1) 1 n n(nt3) n
s () 5 Garga) — T Gz
(6:8) cos?t 2(n + 1)sin’t n+ (n + 2)sin’t

Combining (6.7) with (6.8), we obtain the following isometric immersion f;:

n n(nt3) n
6.9 : S”(i) St (—)
(6.9) fi 2(n+1) - n + (n + 2)sin’t
By virtue of the result in [14] we obtain the following properties of f; for each

te (0,7/2).
(a) The mean curvature H; of f; is given by

(n+2)sintcost
V20 + D0+ (n +2)sin’)

Hy = [lb| = # 0.
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(b) The mean curvature vector b of f; is not parallel. The length of the derivative
of b; is given by:

2 n(n + 2)2 .2 2

| Db:|]” = WSIH tcos“t # 0.

(c) f+ is constant A;-isotropic. A; is given by

_ G 24 _ FosinZt)2
A\ = coght™ 1 n (é1cos ~t Cosin t) 40,
n—+1 C¢1 + Co

.1 Go— __.mn
where ¢, = o and & = 5oy

Now, in particular we set cost = 1/v/n+ 1 and sint = y/n/(n+1). Then we

have the following isometric immersion f:

n+1)

010 157 lg) 5 (L) s (2

(n+1)

We shall show that the isometric immersion f given by (6.10) satisfies the inequality
(i) but not the inequality (ii) in the statement of Theorem 8.
In fact, we have

) 20n+1) . (n+2)? n+1
() H - == —c+t = 22n+3)(n+1)2 | 2n+3
B n(n+2)
= o Y
(id) (1=n)AH? +n(h,Ah) = n(h,Ab)
_ __n’(n+2)°

This shows that Theorem 8 does not hold without the inequality (ii).
We next prove the following ([5]):

Theorem 9. Let f be a A-isotropic immersion of a complex n(Z 2)-dimensional
complex space form M™(4c; C) of constant holomorphic sectional curvature 4c into

a (2n + p)-dimensional real space form M?"*P(&R) of constant sectional curvature
é. Suppose that H? < 2(n + 1)¢/n — ¢.
Then the immersion f is a parallel immersion and locally equivalent to one of the
following:

(1) f is a totally geodesic immersion of C"(= R*") into R*"*P where H = 0,

(2) f is a totally umbilic immersion of C™(= R*") into RH?"*P(¢), where H? =
¢,
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(3) f = fao fi: CP(4c) Lo 5774201 (2(n + 1)e/n) L2 M> P (& R),
where fy is the first standard minimal immersion, fo is a totally umbilic
immersion, H> = (2(n + 1)¢/n) — ¢ and 2(n + 1)¢/n = é.

Proof. Equation (5.4) yields the following.

(n+ 1A +2(n+1)c— (2n — 1)6'

2 _
(6.11) H? = o

A —4c+¢
(6.12) lo(X, )2 = =5,
where X is an arbitrary unit vector field tangent to M™(4c; C).
It follows from (6.11) and (6.12) that

2 1 1
2ol oo "o ax) 20

H? —

where X is an arbitrary unit vector field tangent to M™(4c; C).

Therefore, by hypothesis we can find H? = ﬂnwijl)c — ¢ and get the following
equation
(6.13) o(X,JX)=0 foreach X.

Equation (6.13) is equivalent to the condition (ii) in Lemma 5. Thus we can get
the conclusion. O

Remark. It is interesting to compare Theorem 8 with Theorem 9. Note that the
statement of Theorem 9 is a local version. Moreover, the assumption of Theorem 9
does not need an inequality like the condition (ii) in Theorem 8.

The following is similar to Theorem 9 ([5]):

Theorem 10. Let f be a A-isotropic immersion of a quaternionic n(Z 2)- di-
mensional quaternionic space form M"™(4c;Q) of constant quaternionic sectional
curvature 4c into a (4n + p)-dimensional real space form M4”+p(5; R) of constant
sectional curvature ¢. Suppose that H? < 2(n + 1)c/n — é.

Then the immersion f is a parallel immersion and locally equivalent to one of the
following:

(1) f is a totally geodesic immersion of Q"(= R*") into R*" P where H = 0,
(2) f is a totally umbilic immersion of Q™ (= R*") into RH*"*P(¢), where H? =
—¢,

(3) f=faofr: QP (4c) L5 §2n°+3n=1(9(n 4 1)c/n) L2 MAPHP(E R),
where f1 is the first standard minimal immersion, fo is a totally umbilic
immersion, H> = (2(n + 1)¢/n) — ¢ and 2(n + 1)e/n = é.
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Proof. Equation (5.15) yields the following.

614 o 21+ DNl + 2 (dn = e
. B 6n .

A2 —4 c
(6.15) lo(X, IX)|? = [|lo(X, JX)[|* = [lo(X, KX)|* = fcw

where X is an arbitrary unit vector field tangent to M™(4c; Q).
It follows from (6.14) and (6.15) that

2n+1) 2+ 1

H? - —=—— = X, I1X)|?
Tlere = I (v 1x)]
2n+1 s 2n+1 9
= X, JX)||* = X, KX)|* 2
o, 07 = 2 o (x, KX 20,
where X is an arbitrary unit vector field tangent to M™(4c; Q).
Therefore, by hypothesis we can find H? = WC — ¢ and get the following
equation
(6.16) o(X,IX) = 0(X,JX)=0(X,KX)=0 for each X.

Equation (6.16) is equivalent to the condition (ii) in Lemma 7. Therefore we can
get the desirable result. O

Finally we prove the following ([6]):
Theorem 11. Lit/f be a \-isotropic immersion of CayP?(c) of mazimal sectional
curvature ¢ into M™(&R) of constant sectional curvature ¢. Suppose that
(i) 8H? < 9c— 8¢,
(ii) 0 < 16(h, Ah) — 15AH?, where A denotes the Laplacian on CayP?(c).

Then CayP?(c) is a parallel submanifold of Mm(é) and the immersion f is decom-
posed as:

f=faofi: CayP?(c) N, S%5(3c/4) LN Mm(é; R),
where f1 is the first standard minimal immersion, fo is a totally umbilic immersion
and 3c/4 = & Moreover, the mean curvature H of f is expressed as: SH? =
6c — 8¢(< 9¢ — 8¢).
Proof. For the sake of simplicity, we put F; = (e;,0) and Egy; = (0,¢;) for i =
1,--+,8, where {e; = 1,e9,--- ,es} is a basis of Cay.
Equation (5.30) yields the following.

(6.17) o||? = —48c + 9612 + 80¢.

(6.18) 8H? = 3¢+ 3)\* — 5é.
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9
(6.19) 4H? — 3c+4¢ = 5||a(}_@’1,EQ)||2(g 0).
Here we compute the fourth term of the right-hand side in (6.1). In order
to compute this term easily we use again the condition that VE, = 0 at the
point z, k € {1,---,16}, where we choose a local field of orthonormal frames

{E\, -+, Eg,Ey,--- ,Eig} on CayP?(c). Tt follows from the Codazzi equation
(Vxo)(Y, 2) = (Vyo)(X, Z), (5.30) and (6.18) that

(DE, (DEj (o(Ex, Ek))) ,0(E;, E5))

[Ei(<DEj (U(Ek,Ek)),a(Ei,Ej») — (Dg, (0(Ex, Ex)), D, (G(Ei,Ej))>]

v. f.
. <.

= =

M@ WM"’
[

-y [E,»(Ej(<a(Ek,Ek),a(Ei,Ej»))—Ei<<a(Ek,Ek),DEj(a(Ei,Ej))>)
k=1

(D, (o(Ers B, D, (B, Ei>>>]

- i [Ei (Ej(<a(Ek,Ek)7J(EZ-,Ej)>)) — (o(Ey, Ev), Dg, (DEi (U(Ejij))>>
i, k=1
—2(Dg, (0(Ek, Ey)), Dg, (o(E;, EQ))]

16

= Y (B ((6e+ 63> —1095,5) ) — (16)*(h, Ab) — 2(16)2[ Db

i,j=1
= 16AH? — (16)*(h, Ab) — (16)*(AH? — 2(h, Ab))
= 16(16(h, Ah) — 15AH?).

Therefore, we can get the following equation

16
(6200 Y (D, (DE]. (o(Ex, Ek))),a(Ei, Ej)) = 16(16(h, Ab) — 15AH?).
ij.k=1

Using (5.30), (6.1), (6.17), (6.18) and (6.20), we obtain the following equation:

1 _
FAllel* = [IVol* +16(16(h, Ab) — 15AH?)

— % (4H? — 3¢+ 4¢) (8H? — 9c + 8¢).

This, together with (6.19), the assumption of our Theorem and a well-known Hopf’s
lemma, implies that Vo = 0. Therefore we obtain the conclusion, so that the mean
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curvature H of our immersion f satisfies H? = (3¢/4) — & We here remark that
8H? — 9c+ 8¢ = —3c < 0. O

Remarks 2.

(I) By the same reason as in (I) of Remarks 1 we see that the inequality (ii) in
Theorem 11 implies that the mean curvature vector h is parallel when the
mean curvature H is constant.

(IT) As an immediate consequence of Theorem 11 we have the following:

Corollary. Let f be a A-isotropic immersion of CayP?(c) of mazimal sectional
curvature ¢ into M™(&;R) of constant sectional curvature ¢. Suppose that

(i) 8H? < 9¢ — 8¢,
(i)’ the mean curvature vector b of f is parallel.

Then CayP2(c) is a parallel submanifold of M™ (&) and the immersion f is decom-
posed as:

f=faofi: CayP*(c) Lo §%(3¢/4) L2 (& R),

where f1 is the first standard minimal immersion, fo is a totally umbilic immersion
and 3c/4 = & Moreover, the mean curvature H of f is erpressed as: 8H? =
6c — 8¢(< 9¢ — 8¢).

(ITI) Theorem 11 is not true without the condition (ii) in the hypothesis of Theorem
11. We recall the following example similar to that of Remarks 1.

Example. Let x; : CayP?(c) — S?°(3c/4) be the first standard minimal immer-
sion and xz : CayP?(c) — S3%3(13¢/8) the second standard minimal immersion.
Using these minimal immersions, for ¢ € (0,7/2) we define the following minimal
immersion

3c 13c
- . 200 _, §25 323 _19C
621) (= () s CayP (o) — 87 (7 ) 87 (=0 ).

The product of spheres in (6.21) can be imbedded into a sphere as a Clifford hy-
persurface:

3c 13c 39c
6.22 s ( ) xos (25 ) - st ).
(6:22) dcos?t 8sinZt) 4(6sin® ¢t + 13 cos? t)

Combining (6.21) with (6.22), we obtain the following isometric immersion f;:

fi : CayP?*(c) — 5349< 39 )

4(6sin?t + 13 cos? t)
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Then we obtain the following properties of f; for each t € (0,7/2).
(a) The mean curvature H; of f; is given by

7costsinty/c
\/8(6 sin?t + 13 cos? t)

Hy =[]l = > 0.

(b) The mean curvature vector bh; of f; is not parallel. The length of the deriva-
tive of b; is given by

49
| Dh||> = ZC2 sin?tcos?t > 0.

(¢) fr is constant Ap-isotropic. A; is given by

A c 4t_’_éllc it 49ccos? tsin® t
=4/~ cos —— sin
! 4 24 8(6sin?t + 13 cos2 t)

Now, in particular we set cost = 4/10/11 and sint = 4/1/11. Then we have
the following isometric immersion f.

(6.23) f: CayP?(c) — 525(%) x 5323<%) - 5349(%).

We shall show that the isometric immersion f given by (6.23) satisfies the inequality
(i) but not the inequality (ii) in the statement of Theorem 11.

In fact, we have

(i) 8H? —9c+ 8¢ = —28¢ < 0,

(i) 16(h, Ah) — 1BAH? = 16(h, Ah) = —16| Dh||? = —L32c* < 0.

7. Problems
We first pose the following problem related to Theorem 4:

Problem A. Let f be a A-isotropic immersion of a real space form M™(c;R) into

a real space form M”*p(é; R). If p < n(n+1)/2, is f locally equivalent to one of
the following?

(1) f is a totally umbilic immersion of M"™(¢;R) into M"+P(&R), where p <
n(n+1)/2 and ¢ 2 ¢.

(2) f is the second standard minimal immersion of S™(c) into S™TP(é), where
p=nn+1)/2—1and é¢=2(n+ 1)c/n.

(3) f is a parallel immersion defined by
f=faof1: S"(c) L) Sn(n+3)/2—1(2(n+ 1)C/n) ﬁ) Mn—i—p(é; R),

where f1 is the second standard minimal immersion, fo is a totally umbilic
immersion, p=n(n+1)/2 and 2(n+ 1)c/n 2 ¢.
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Needless to say every (A-) isotropic submanifold M™ of a standard sphere
SntP(c) is also (VA2 + ¢-) isotropic in Euclidean space R™*P*1. This submani-
fold of Euclidean space is said to be spherical. In study of isotropic submanifolds
until now we have no nonzero isotropic submanifolds of Euclidean space RY, which
are not spherical. So we pose the following problem:

Problem B. Find examples of non-spherical nonzero isotropic submanifolds in Eu-
clidean space.

The following problem is related to Theorems 4, 5, 6 and 7:

Problem C. Let M™ be an n-dimensional Riemannian symmetric space of rank
one which is isotropically immersed into an (n + p)-dimensional standard sphere
S"TP(c). Give a sufficient condition that M™ has parallel second fundamental form
in S"TP(c) by using an inequality related to the codimension p.

In Theorems 4, 5, 6 and 7, we solve Problem 3 one by one for each rank one
symmetric space. The following problem is a generalization of Problem C:

Problem D. Let M™ be an n-dimensional locally symmetric space which s isotrop-
ically immersed into an (n+ p)-dimensional standard sphere S"P(c). Give a suffi-
cient condition that M™ has parallel second fundamental form in S"TP(c) by using
an inequality related to the codimension p.

References
[1] J. F. Adams, On the non-existence of elements of Hopf invariant one, Ann. Math.,
72(1960), 20-104.

[2] N. Boumuki, Isotropic immersions with low codimension of space forms into space
forms, Mem. Fac. Sci. Eng. Shimane Univ. Ser. B: Math. Sci., 37(2004), 1-4.

[3] N. Boumuki, Isotropic immersions and parallel immersions of space forms into space
forms, Tsukuba J. Math., 28(2004), 117-126.

[4] N. Boumuki, Isotropic immersions with low codimension of complex space forms into
real space forms, Canad. Math. Bull., 47(2004), 492-503.

[5] N. Boumuki, Isotropic immersions of complex space forms into real space forms and
mean curvatures, Bull. Polish Acad. Sci. Math., 52(2004), 431-436.

[6] N. Boumuki, Characterization of parallel immersions of Cayley projective plane into
real space forms, to appear in New Zealand J. Math.

[7] R. B. Brown and A. Gray, Riemannian manifolds with holonomy group Spin (9),
Differential Geometry in honor of K. Yano, 41-59, 1972

[8] D. Ferus, Immersions with parallel second fundamental form, Math. Z., 140(1974),
87-92.

[9] D. Ferus, Symmetric submanifolds of Fuclidean space, Math. Ann., 247(1980), 81-93.



394 N. Boumuki and S. Maeda

[10] S. Maeda, Isotropic immersions with parallel second fundamental form, Canad. Math.
Bull., 26(1983), 291-296.

[11] S. Maeda, Isotropic immersions with parallel second fundamental form II, Yokohama
Math. J., 31(1983), 131-138.

[12] S. Maeda, Isotropic immersions, Canad. J. Math., 38(1986), 416-430.
[13] S. Maeda, Remarks on isotropic immersions, Yokohama Math. J., 34(1986), 83-90.

[14] S. Maeda, On some isotropic submanifolds in spheres, Proc. Japan Acad. Ser. A,
77(2001), 173-175.

[15] S. Maeda, A characterization of constant isotropic immersions by circles, Arch. Math.
(Basel), 81(2003), 90-95.

[16] S. Maeda and K. Ogiue, Geometry of submanifolds in terms of behavior of geodesics,
Tokyo J. Math., 17(1994), 347-354.

[17] S. Maeda and K. Tsukada, Isotropic immersions into a real space form, Canad. Math.
Bull., 37(1994), 245-253.

[18] B. O’Neill, Isotropic and Kaehler immersions, Canad. J. Math., 17(1965), 905-915.
[19] K. Sakamoto, Planar geodesic immersions, Téhoku Math. J., 29(1977), 25-56.

[20] J. Simons, Minimal varieties in Riemmanian manifolds, Ann. Math., 88(1968), 62—
105.

[21] M. Takeuchi, Parallel submanifolds of space forms, Manifolds and Lie groups (Notre
Dame, Ind., 1980), in honor of Y. Matsushima, Progr. Math. 14, 429-447, Birkh&user,
Boston, Mass., 1981.

[22] K. Tsukada, A private communication.



