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Q-BIFUZZY SUBSEMIGROUPS IN SEMIGROUPS

Kur Hur, Young BAE Jun, HEE WON KANG

Abstract. Given a set (2, the notion of an 2-bifuzzy subsemigroup
in semigroups is given, and some properties are investigated. Ho-
momorphic image and inverse image of an (-bifuzzy subsemigroup

are considered.

1. Introduction

Hong et al. [3] and Kuroki [5, 6] have studied several properties
of fuzzy left (right) ideals, fuzzy bi-ideals and fuzzy interior ideals in
semigroups. For more other study on the fuzzy theory in semigroups,
we refer to papers [7, 9, 10, 11]. In this paper, by using a set €2, we define
Q-bifuzzy subsemigroups, and investigate some properties. We state how
the homomorphic images and inverse images of (2-bifuzzy subsemigroups

become §-bifuzzy subsemigroups.

2. Preliminaries

By a subsemigroup of a semigroup S we mean a nonempty subset G
of S such that G? C G.
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A fuzzy set in S is a function y from S into the unit interval [0, 1]. A

fuzzy set 1 in S is called a fuzzy subsemigroup of S if it satisfies

(Vz,y € 5) (u(zy) 2 min{u(x), u(y)}).

Let X be a nonempty set and let uq and v4 be two functions from X
to [0, 1] such that

(Vz € X)(0 < pa(z) +va(z) <1).

By the original definition of Atanassov in [1], an intuitionistic fuzzy set
is an object of the form: A = {(x,ua(z),v4(2)) | z € X}. This object
is also called a bifuzzy set (according to [2]). We consider it in a form of
an ordered triple: A = (X; 14,7v4) where X, u4 and v4 are as above.
A bifuzzy set A = (S;pi4.74) in a semigroup S is called bifuzzy

subsemigroup of S (see [8]) if it satisfies:

(Vo,y € S) (pa(zy) > min{pa(@), pa(y)}, valey) < max{ya(z),va(y)}).

3. Q-bifuzzy subsemigroups

In what follows let S and € denote a semigroup and a nonempty set,
respectively, unless otherwise specified.

An Q-bifuzzy set Ag in S is defined to be an object having the form
Aq = {((7,0); pag (z, ), 745 (2, 0)) | (z,0) € S x Q}

where the function pa, : S x @ — [0,1] and v4, : S x Q — [0,1]
define the degree of membership and the degree of nonmembership of

the element (z,a) € S x Q to Ag C S x Q, respectively, such that
(V(z,a) € Sx Q) (0 < /LAQ(‘raa) + '7/AQ(‘T704) <1).
We shall use the symbol Ag = (S % Q; p4,,v4,,) for the Q-bifuzzy set

AQ = {<(.’I;,a);lIJAQ(I,CY),’YAQ(CU,Q)> ) (I’a> € S x Q}
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Definition 3.1. An §-bifuzzy set Ag = (5 x Q;pag,v4,) In S is

called an Q-bifuzzy subsemigroup of S if it satisfies

(Vo € Q) (Va,y € S) (,quz('(Ey’ a) = Inin{MAQ (z, ), HAq (y, O")})a

(Va € Q) (Vz,y € S) (vag(zy, @) < max{va,(z,a),va,(y,a)}).

Example 3.2. Consider a semigroup S = {a, b} with the following
Cayley table:
a b
, b
b a
Let Q = {1,2} and let Ag = (S x @ pa,, v4,) be an Q-bifuzzy set in S
defined by

A= (S x O, (1) (@) (D) (b2)) (o) () (b1) B2))y

It is easy to verify that Ag = (S X Q; pag, 74, 1 an Q-bifuzzy subsemi-
group of S.

Let % :={u|u:Q — S}. For any u,v € S%, we define (wv)(a) =
u(e)v(a) for all o € Q. Then S is a semigroup (see [4]).

Example 3.3. Let A = (S;pa,7v4) be a bifuzzy subsemigroup of S
and let Ag = (SQ X Qi phagsY4q) be an Q-bifuzzy set in 5% defined by
pag(usa) = pa(u(e)) and va,(u, ) = ya(u(a)) for all u € 5% and
o € Q. Then Ag = (S x Q; ag, va,) is an Q-bifuzzy subsemigroup of
S,

Proposition 3.4. Let Aqg = (S x Q; pag,va,) be an Q-bifuzzy sub-
semigroup of S. For each w € Q, the bifuzzy set A = (S; ;LA5,7A5> in
S given by piax(r) = piag(r,w) and vay = vaq(z,w) forallz € S is a
bifuzzy subsemigroup of S.
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ProOOF. Let z,y € S. Then

MA‘(;(xy) - H“\sz(ajy’w) > miD{MAQ(’I,w),/LAQ(y,wH

= min{uAg(-T),ltA;“)(y)}»

’YA‘(I'('TZ/) = ’YAQ(:L'?/ww) < max{'yllﬂ(m%w)a'YAﬂ(va)}
= max{vay(z), a3 )}.

This completes the proof. O

Proposition 3.5. For each w € Q, let AY = <S§#A;;,’YA‘5> be a bi-
fuzzy subsemigroup of S. Then the Q-bifuzzy set Aq = (SxQ; pag, Vaq)
in S given by pag(z,w) = pag(z) and ya,(z,w) = vag(z) is an Q-
bifuzzy subsemigroup of S.

PROOF. For any =,y € S, we have
pag(ey,w) = pag(zy) = min{pag (@), pag(y)}

= min{pag (T, w), ag (¥, w)},

Yag(zy,w) = vag(zy) < max{yag(z), vag(y)}

= maX{’yAQ(33,W),'7AQ (y’w)}

Hence Aq = (S X ©; tag, Y4, is an Q-bifuzzy subsemigroup of S. 0O

Theorem 3.6. Let & = <SQ;uq>,fyq>) be a bifuzzy subsemigroup of
S and let Ag = (S X Q;pay,vae) be an Q-bifuzzy set in S defined by

Hag(x,0) = sup{ue(u) | u € S% u(a) = 1},

vas (2, @) = inf{ye(u) | u € S u(a) = x}

forallz € S and a € §). Then Ag = (S X Q; piay,Ya,) is an Q-bifuzzy

subsemigroup of S.
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PRrOOF. Let z,y € § and « € 2. Then

pag(zy, @) = sup{pe(u) | v € 5%, u(a) = 2y}
> sup{pe (uv) | u,v € S%, u(a) = z, v(a) = y}
> sup{min{ue(u), pe(v)} | u,v € S, u(a) = z, v(a) =y}
= min{sup{pe(v) | v € S¥, u(a) =z}, sup{ue(v) | v e S v(a) = y}}
= min{pa, (z,0), pa, (v, )},

Tag (29,0) = inf{a (1) | w € 57, u(a) = 2y}
<inf{ve(uv) | u,v € 8%, ula) = =, v(a) = y}
< inf{max{ve(u), v (v)} | u,v € S, u(a) = =, v(a) = y}
= max{inf{ye(u) | u € S% u(a) =z}, inf{ys(v) | v € S, v(a) = y}}
= {4, (&, 0), 740 (1)) ).

Hence Ag = (S X Q; 14y, 74,) 18 an -bifuzzy subsemigroup of S. 0O

Example 3.7. Let S = {a,b} be a semigroup in Example 3.2 and
let Q := {1,2}. Then S := {e,u,v,w}, where e(1) = e(2) = v(1) =
w(2) = a and u(l) = u(2) = v(2) = w(l) = b, is a semigroup (in fact, a

commutative group) under the following Cayley table:

e u v w
e e uUu v w
uwlu € w v
viv w e u
wiw v o u €

Let ® = (S g, vo) be a bifuzzy set in S defined by

Then ® = (S ug, V) is a bifuzzy subsemigroup of S. Thus we can
obtain an Q-bifuzzy subsemigroup Ae = (S X Q; pa,,v4,) of S as fol-

lows:

tag(a,1) = sup{ue(2) |« € S%, 2(1) = o} = sup{ua(e), pa(v)} = 0.9,
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Vas(a, 1) = inf{ys(z) | x € S, 2(1) = a} = inf{g(e), vo(v)} = 0.1,
pas(a,2) = sup{us(z) | z € %, 2(2) = a} = sup{pa(e), po(w)} = 0.9,
Tas(@.2) = inf{y0(z) | 2 € S, 2(2) = a} = f{3a(e), vo(w)} — 0.1,
pag (b 1) = sup{ua(z) |z € %, 2(1) = b} = sup{ua(u), po(w)} = 0.7,
Taa (0, 1) = nf{r (@) | 2 € 5%, 2(1) = b} = nf (o (), 70 ()} = 0.2,
e (b,2) = sup{pia(r) | & € S, 2(2) = b} = sup{pa(u), o (1)} — 0.2,
14 (0.2) = inf{ra(2) | 2 € $%, 2(2) = b} = inf (e (u), 70 (v)} = 0.7

Theorem 3.8. Let Ag = (5 x Q; jtag, YA,) be an Q-bifuzzy sub-
semigroup of S and let ® = (S%; g, ve) be a bifuzzy set in S defined

by
po(u) = inf{pa, (u(a). o) | a € Q},

7o (u) = sup{va,(u(a),a) | a € Q}

for all u € S. Then ® = (S%; ug,ve) is a bifuzzy subsemigroup of S2.

PROOF. For any u,v € S, we have

polun) = inf{pan((w0)(a),0) | o € Q)
= inf{pa,(u(a)v(a),a) | a €}
2 inf{min{pa, (u(a), ), pag(v(a),a) | a € Q}
= min{inf{pa,(u(a),a) | a € Q}, inf{pa, (v(a),a) | a € Q}}
= min{ug(u), e (v)},

re(uv) = sup{yag((w)(a),a) | a € Q}
= sup{va,(uv(@)v(a),a) | a € Q}
sup{max{ya, (u(a), @), 74, (v(a), @) | o € Q}
— max{sup{ra, (u(a), ) | @ € O}, supfrag (v(a),a) | o € 0}
= max{ys(u),ve(v)}.

IA

Thus & = (S%; g, 7o) is a bifuzzy subsemigroup of S%2. O
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Example 3.9. Let Ag = (SxQ; pag,,744) be the Q-bifuzzy subserni-

group of S in Example 3.2 and let S be the commutative group in Ex-

ample 3.7. Then we can induce a bifuzzy subsemigroup ® = (S%; g, Vo)

of S as follows:

pele) =

o (w)

Yo(w) =

inf{/‘An(e(a)v a) ‘ € Q} = inf{ﬂAﬂ(e(l)’ 1)7 HAq (G(Q)a 2)}
inf{/J'AQ (a,1), tag(a,2)} = 1,

sup{vag(e(@), @) | o € Q} = sup{vay(e(1),1),744(e(2),2)}
sup{fyA“(a,1),%4“(@,2)} = 0,

inf{pag(u(a), o) | @ € Q} = inf{pua,(u(1),1), pa,(u(2),2)}
inf{ﬂﬁn(ba 1)7“149(()7 2)} = 0.5,

sup{vaq (u(a), o) [ a € Q} = sup{yaq (w(1). 1), 744 (u(2),2)}
Sup{'YAQ(bvl)a’YAn(bv 2)} = 03,

inf{pag(v(a), @) [ a € Q} = inf{ua, (v(1), 1), pag (v(2),2)}
inf{pa,(a, 1), pa,(b,2)} = 0.5,

sup{vyaq(v(a),a) | a € Q} = sup{va,(v(1),1),v4,(v(2),2)}
sup{vaq(a,1),v44(b,2)} = 0.3,

i {4 ((0),0) | 0 € O} = inf{uag (w(1), 1), jag (w(2), 2)}
inf{pag(b,1), pag(a,2)} = 0.8,

Sup{’YAﬂ (w(a)v a) ‘ ac Q} = Sup{lyAa (w(1>3 ]’>37Aﬂ (w(2), 2)}
sup{vaq,(b,1),744(a,2)} = 0.1.

Definition 3.10. Let ¢ : S — T be a homomorphism of semigroups
and let Bq = (T x Q; up,,vB,) be an Q-bifuzzy set in 7. Then the
inverse image of B = (T x Q; up,,vB,), denoted by ¢~ 1[Bq] = (S x

Q5 p=1(Bq]s Yo-1[Bg))» 18 the Q-bifuzzy set in S given by Io-1(Bg) (T, @) =
1Bq (p(2), @), Yo-1(Bg) (%, @) = Vo (@(x),a) for all z € S and a € Q.
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Conversely, let Ag = (Sx8; pa,, v4,) be an Q-bifuzzy set in S. The im-

ageof Aq = (Sx; piag, Yaq), written as ¢[Aq] = (T'xQ; Pl Aq)s Vol Aql)s
is an Q-bifuzzy set in T defined by

| sup pag(z,a) if o Hy) #0,
“?{An](y’a) - €™ y)
0 otherwise,

H_lfl‘ YAq (Z, O() if 99_1(11> # ®7
Volag)(y, o) = ¢ €07
1 otherwise,

forally € T and a € Q, where o 1 (y) = {2 | p(z) = y}.

Theorem 3.11. Let ¢ : S — T be a homomorphism of semigroups.
If By = (I' x Q;upg,,vB,) Is an Q-bifuzzy subsemigroup of T, then

the inverse image ¢~ [Bq] = (S x Q5 lp=1(Ba) V-1 [Bg)) Of Ba = (T x

1By, VBy,) 1s an Q-bifuzzy subsemigroup of S.
PRrOOF. Let z,y € S and a € Q. Then

Mtp—l[Bn}(xya Q) = N‘Bﬂ((p(xy)’ CY) = MBQ(p(l)(,D(y), a)
=z Inin{:U/Bn ((P(’C), a)) HBq (<,0(y), a)}

= nlin{uga*l{Bg] (*737 @)a Kp-1[Bq) (y* CL’)},

%‘;[Bﬂ](:cy, Oé) = YBq (@(l’y)a O‘) = 7BQ(¢($)§0<y): a)
< Hlax{’an (‘10(3)1 a)r YBa (W(y)’ a)}

= maX{’ytp“l [Bal (:Us ()(), ’Yap“l [Bq] (U» (X) } .

Hence p7!Bq] = (S x Qi fhy-11Bg)s Vo-1[Be]) 18 an Q-bifuzzy subsemi-
group of S. a

Theorem 3.12. Let ¢ : § — T be a homomorphism between semi-
groups S and T. If Ag = (S X ; pnag,VA,) IS an Q-bifuzzy subsemi-
group of S, then the image p[Aq] = (T X Q; pyag): Velaq) of Aa =
(S x Q; pag,,vag) is an Q-bifuzzy subsemigroup of T
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PRrOOF. We first prove that

(3.1) ¢ My (v2) € o wye)

for all y1,y2 € T. For, if z € o 1 (y1)o (1), then z = x 25 for some
x1 € o~ y1) and 22 € ¢ (y2). Since ¢ is a homomorphism, it follows
that p(z) = @(z122) = @(z1)e(z2) = yniy2 so that € ¢~ (y1ya).
Hence (3.1) holds. Now let y1,y2 € T and a € Q. Assume that 192 ¢
Im(p). Then prraq)(y1y2, @) = 0 and Yypa0)(y1y2, @) = 1. But if y1y2 ¢
Im(g), e, ¢ (i) = 0, then ™' (y1) = 0 or ™ (y2) = 0 by (3.1).
Thus prppag)(y1,@) = 0 or figag(y2, @) = 0, and Yo(ag)(¥1, ) = 1 or
VolAq] (Y2, @) = 1. It follows that

HylAg) (ylyQa (Y) =0= nlin{:u(,o[AQ] (yl; a)v HeplAq) (:{/Qa O()},

YolAq] (Y1y2, @) = 1 = max{v,(a0] (Y1, @); Ye(aq) (Y2, @) }-
Suppose that ¢ }(y1y2) # 0. Then we should consider two cases as

follows:
@) o Hy)=0 or ¢ (y2) =0,
(i) o M (y) #0 and ¢ (y2) # 0.
For the case (i), we have pg(a,(y1,@) = 0 or pypag(y2, @) = 0, and

’Yga[/\g}(yla Oé) =lor ’Y(,O[AQ](y27 Oé) = 1. Hence
MQO[AQ] (ylyQ» Oé) > min{ugo[AQ] (yl > a)’ :uga[AQ] (yQ‘, (1)},

Yolag) (W1y2, @) < max{Vyag) (Y1, @), Voag) (Y2, @) }-
Case (ii) implies from (3.1) that

fofag) (12, @) = sup  pag(z, @) 2 sup pag(z, a)
z€p~ 1 (y1y2) z€p~Hy1)p 1 (y2)

= sup fag(Z122, @)

r1€p (1), 22607 (y2)

> sup min{/’“AQ ('731) a)v HAq (332’ O‘)}

z1€p (Y1), 22€0 7 1 (12)

=min{ sup fpag(z1,a), sup  pag(y2, @)}
T1€0™ 1) z2€0 71 (y2)

- min{,u«,a[AQ] (yla CY), HoplAq] (yZv Ol)},
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o) = inf z,a) < inf .
Yolaa) (192, @) zev‘l(:lnyz)PMQ( = z€¢‘1(1/1)¢‘1(y2)7A9<z %)
= inf Yag(T122, @
1607 Hy1), z2€0 7 (y2) al )
< inf max{ya,(Z1,a), va,(r2, @)}

Th

me

(1]
2]

3]

(9]

[10]

z1€07 Y1), 22607 (y2)

= max{ ing Yag(ri,a), inf  va,(y2,0)}
1€ (Y1) z2€p~1(y2)

= max{Ypaq) (Y1, @), Voraq) (¥2, @)}

is completes the proof. O
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