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LOCALIZATION PROPERTY AND FRAMES
YouNcg-Hwa HA AND JU-YEON RyYU

Abstract. A sequence {f;}:2; in a Hilbert space H is said to be
exponentially localized with respect to a Riesz basis {gi}{=, for
H if there exist positive constants 7 < 1 and C such that for all
i,j € N, |{fi,95)] < Cr'*=9 and [(f;, d5)] < Cr'*77! where {3:}32,
is the dual basis of {g;}{2;. It can be shown that such sequence
is always a Bessel sequence. We present an additional condition

which guarantees that {f;}{2; is a frame for H.

1. Introduction

The main feature of a basis {f;}$2, in a Hilbert space H is that
every f € H can be represented as a convergent series in terms of the
elements f; : f =Y., cifi. The coefficients ¢; are unique. A frame is
also a sequence of elements {f;}32, in H, which allows every f € H to
be written as a series like a basis. But, the corresponding coefficients
are not necessarily unique. So a frame is more flexible than orthonormal
basis, and it play an important role in wavelet theory.

Let H denote a separable Hilbert space. A family of elements { f;}{2,
in a Hilbert space H is called a Bessel sequence if there exists a
constant B < oo such that for every f € H,
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A Bessel sequence { f;}:2, is called a frame if it satisfies an additional

condition: there exists a constant A > 0 such that for every f € H,
>
AIFIP < DOIE P
i=1

The numbers A, B are called frame bounds. If {f;}32; is a frame, then
it is well-known that for every f € H, f =32, ¢; f; for some coefficients
{e;}2, € I2(N).

A family of elements {f;}$2; in a Hilbert space H is called a Riesz
basis if there exists a bounded invertible operator T' on H such that for
every i, f; = Te;, where {e;}$2, is an orthonormal basis for H. There
are well-known characterizations for Riesz bases(see [8]). For instance,
it is an w-independent frame.

It is a classical result that a sufficiently small perturbation of an
orthonormal basis gives a Riesz basis(see [8]). It is also well-known that
if {g:}2, is a frame with bounds A, B and a sequence { f;}$2, satisfies a
Paley-Wiener condition: there exist nonnegative constants A, u such that
A+ < Tand | Sy el = ol  MISiy el + (S0 lel?)
for all c1,¢2, -+ ,cn(n = 1,2,---), then {f;}2, is a frame for H(see
[2]). And we know that if {g;}{2, is a frame and a sequence {f;}32;
is quadratically close to {g:}32;, >0, ||fi — gl|> < oo, then {f;},
is a frame sequence(see [3]). Paley-Wiener condition and quadratically
closeness can be considered as perturbations. Localization of a sequence

can also be considered as perturbations.

Definition 1.1. A sequence {f;}32, in a Hilbert space H is called
exponentially localized with respect to a Riesz basis {g;}{2, for H if

for some positive constants r < 1 and C

(1.1) |(fi, g;)| < Crli=dl
and

(1.2) (fi, gi)| < Crl=il
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for all positive integers i,j, where {g;}32, is the dual Riesz basis of
{g:}321-

Note that if {g;}2; is an orthonomal basis for H then the condition
(1.1)and (1.2) are identical because {g;};2; = {gi}{2;. K. Grochenig
first defined a concept of localization of frame(see [6]). His definition

and our definition are identical for the case of frames.

2. main results

We first state some of important lemmas for Bessel condition.

Lemma 2.1. For any positive constant r < 1, there exists a constant
C > 0 such that

oC
er—klrll—jl < Cralk-il
=1

for all positive integers k, j.

PROOF. Fix k,j and let I; = {l € N : |l — j| < 3|k — j|} and
ILb=N-1.
If [ € I, then |l — k| > 1|k — j|. Hence, we have

o0
DIt I S U N e P
=1

lel lely
< Z ralk=il =3l 4 Z L]
lely lel
= 3kl (Z pli=al £ 37 Tll—kl)
leh lels
— (Crilk-il
where C =) i, =il 4 Ylel rli=kl < oo since r < 1. O

The following lemma gives a sufficient condition for the Gram matrix

associated with {f;}$2, to be a Bessel sequence(see [1]).



236 Young-Hwa Ha and Ju-Yeon Ryu

Lemma 2.2. Let {f;}{2, be a sequence in a Hilbert space H, and
suppose that there exists a constant B > 0 such that for every j € N

Z! fjafk |<B
k=1

Then, {f;}2, is a Bessel sequence with bound B.

Proposition 2.3. Let {f;}°, be a sequence in a Hilbert space H
and {g;}32, be a Riesz basis for H. If {f;}$2, is exponentially localized
with respect to {g;}$2,; that is, for some positive constants r < 1 and
C, firgi)| < Crl=il and |(f;, ;)| < Crl*=3l for all positive integers i, j,

then {f;}2, is a Bessel sequence.

Proor. By Lemma 2.2, it suffices to show that there exists a constant
B > 0 such that for every j € N

o0}

oK fI<B.

i=1
Since {g;}32, is a Riesz basis, we can write f; = > 12, (fj, g1)g; for every
j € N. Thus, by Lemma 2.1, for any j € N,
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Since Y 2, r3l=il < 0o, setting B =D Yooy r2l=3l | we have
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Corollary 2.4. Let {f;}2, be a sequence in a Hilbert space H and
{ei}2, be an orthonomal basis for H. If {f;}2, is exponentially local-

ized with respect to {€;}52,, then {f;}2, is a Bessel sequence.

To prove Theorem 2.7, we need the well-known fact that a diagonally

dominant matrix is invertible(see [7] for proof).

Lemma 2.5. Suppose that a matrix A = (ai;){5_; defines a bounded
self-adjoint operator on [2(N) and that A satisfies the condition of diag-

onal dominance for every 1 € N; that is, there exists a positive constant

0 such that
laii| — Z laij| > 6
jii
for every i € N. Then A is invertible on I*(N).

If {f:}%2, is a Bessel sequence, we can define a bounded operators T,

usually called a pre-frame operator associated to {f;}{2;:
e 9]
T:1*(N)— H, T{c}2 =Y cifi

Then its adjoint T* : H — [?(N) is defined by T*f = {(f, fi)}2, for
every f € H. By composing T and T*, we obtain the frame operator S:

S:H—H, Sf=TT"f =) (f,f)f

=1
If {f;}%°, is a Bessel sequence, the series defining S converges uncon-
ditionally for all f € H, and S is a bounded self-adjoint operator on
H.

Theorem 2.6. Let {f;}2, be a Bessel sequence in a Hilbert space
H and {g;}%2, be a Riesz basis for H. If the matrix {{Sgi, g;)};5=1 s
invertible on 1?(N), then {f;}52, is a frame for H.

PROOF. Let {§;}%2, be the dual Riesz basis of {g;}22,. Since {f;}2;

is a Bessel sequence, we need only to show that {f;}52, has a lower
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frame bound. Since {(Sg;;g;)}{5_; is the matrix representation of S
with respect to the bases {g;}{2; and {§;}$2,, and it is invertible by the
hypothesis, S is invertible. So, for any f € H,

IIIY = (£ *=(SST'f, f) IZ U £ )P

o] o

S, fi>122 (F F)P = (STH ) DI P
=1

i=1
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i=1

IFIPISTH Y I fal?
=1
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Since S~ is bounded, we now have

eI < I AP
i=1

for every f € H. Therefore, {f;}32, is a frame for H. O

Theorem 2.7. Let {f;}2, be a sequence in a Hilbert space H and
{9:}21 be a Riesz basis for H. Suppose that {f;}$2, is exponentially
localized with respect to {g;}$2,; that is, for some positive constants

r <1 and Cy,

|{firg5)| < Cyrli=d]
and

[{fi» G3)| < Carl]
for all positive integers i, j.

If there exists a positive constant Cy such that
o o]
> U fugn)l? > C3
i=1

and

1
VaC; > 5 +:cl,

then {f;}$°, is a frame for H.
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PROOF. By Proposition 2.3, {fi}32; is a Bessel sequence. So it suf-

fices to show that {f;}22; has a lower frame bound. Fix 7 and consider

Sglagl Z l Sglag]
Ja#e

Since (Sgi,g;) = 32201 (gir fi) (fir 95) and (Sgi, i) = 2321 s, fidl?,

we have

Z‘(Sgi’gjﬂ = Zl Sgugj ngagz>|
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Now since {f;}$2; is exponentially localized with respect to {g:}2; ,
s o i—1 0
Sl fl < Y=oy (St + )
k=1 k=1 k=1 =0

Cl(lir+ lir) :CI(ii—:)’

IA

and similarly

Zka’gj)' S Clzrlj”kl
Jj=1 e
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< 01(1_T>_

JFrom these inequalities, we obtain
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Finally,

14—r)

Sgugz Z I{ Sgugj > 202 Cl( >0,

Jij#e

where the constants r, Cj, Cy are independent of i. Therefore, {f;}32; is
a frame for H. O

As an application of our main theorem, Theorem 2.7, we show an

example.

Example 2.8. Let {e;}32, be an orthonormal basis for H. Let
{gi}21 = {e}32; and

fi=ei,
fi —e-+;e‘ i>2
i — €4 T 08 i—1, = 4.
Then, for every 1,
[{fi»90)| = 1,
1 1
i+1, 9i)| = < —,
(Fin, 0] = oe < 15

and

E: 2
j=1|<fjg>l ( i+ 99 Tivo T
Let C; =1,Cy = 1,7 = . Then,

\/5027—\/5>1

(1+r)01-

1- l1-r

o|"“ ol"‘

Hence, {f;}2, is a frame for H. In fact, { fi}2, is a Riesz basis, since
it is w-independent. But, {f;}32, is not quadratically close to {g;}$2,
because > 1 || fi — gil|? = Yoo, m = 00. So a quadratically closeness
is not applicable to this example.
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