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NORMAL INTERPOLATION PROBLEMS
IN CSL-ALGEBRA ALG/L

Young Soo Jo, Joo Ho KANG AND DONG WAN PARK

Abstract. We investigate the equation Az =y, where the vectors
z and y are given and the operator A is normal and required to lie in
CSL-algebra Algl. We desire a necessary and sufficient condition

for the existence of a solution A.

1. Introduction

The equation Az = y in Hilbert space has been considered by a num-
ber of authors. Let C be a collection of operators acting on a Hilbert
space H and let z and y be vectors on ‘H. An interpolation question
for C asks for which z and y is there a bounded operator T' € C such
that Tz = y. And n-vector interpolation problem asks for an oper-
ator T such that Tx; = y; for fixed finite collections {z1,%2, -+ ,Zn}
and {y1,¥2, -~ ,¥n}. The n-vector interpolation problem was consid-
ered for a C*-algebra U by Kadison[8]. In case U is a nest algebra, the
(one-vector) interpolation problem was solved by Lance[9]: his result
was extended by Hopenwasser[4] to the case that U is a CSL-algebra.
Munch[10] obtained conditions for interpolation in case A is required to
lie in the ideal of Hilbert-Schmidt operators in a nest algebra. Hopen-
wasser[5] once again extended the interpolation condition to the ideal of
Hilbert-Schmidt operators in a CSL-algebra. Hopenwasser’s paper also

contains a sufficient condition for interpolation for n-vectors.
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In [6], we studied the problem of finding A so that Az = y and A is

required to lie in AlgL for a commutative subspace lattice L.

THEOREM [6]. Let H be a Hilbert space and L a commutative sub-
space lattice on H. Let x and y be vectors in H. Then the following
statements are equivalent.

(1) There is an operator A in AlgL such that Az =y and every E in L

reduces A.

()sup{M leN,a; €Cand F; Eﬁ}
LBz

In this paper, we consider this problem of finding a normal operator
A in AlgL that maps z to y : Let £ be a commutative subspace lattice
on a Hilbert space H. Given vectors z and y in H, when does there exist
a normal operator A in Algl such that Az =y ?

We establish some notations and conventions. A commutative sub-
space lattice £, or CSL L is a strongly closed lattice of pairwise-commuti-
ng projections acting on a Hilbert space H. We assume that the projec-
tions 0 and I lie in £. We usually identify projections and their ranges,
so that it makes sense to speak of an operator as leaving a projection
invariant. If £ is CSL, AlgL is called a CSL-algebra and Algl is the
algebra of all bounded linear operators on H that leave invariant all
the projections in £. Let x and y be vectors in a Hilbert space. Then
< z,y > means the inner product of vectors z and y. Let N be the set
of all natural numbers and let C be the set of all complex numbers. In

this paper, we use the convention g = 0, when necessary.

2. Results

Let ‘H be a Hilbert space and £ a commutative subspace lattice of
orthogonal projections acting on H containing 0 and I. Then AlgL is
the algebra of all bounded linear operators on H that leave invariant all
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the projections in £. Let M be a subset of a Hilbert space H. Then M
means the closure of M and M= the orthogonal complement of M.
Let A be an operator acting on H. A is normal if AA* = A*A.

THEOREM 1. Let H be a Hilbert space and let £ a commutative

subspace lattice on H. Let x and y be vectors in H. Assume that

M= {ZaiEix neN o €Cand E; € E} is dense in 'H.
i=1
Then the following statements are equivalent.
(1) There is an operator A in Algl such that Az =y, A is normal
and every E in L reduces A.

1> i aiEay|
1305 o]

there is a vector h in M such that < Ey,z >=< Ex,h > and <
Ey,y >=< Eh,h > for all E in L.

(2)sup{ :neN,aiECandEiE£}<ooand

Proof. 1If we assume that (1) holds, then by Theorem 1 [6],

" wE:
Sup{IIZ?laz Yl
12 51 s B
h € Mand < Ez,h >=< Ez,A*z >=< EAz,x >=< Ey,z > and
< Eh,h >=< Ezx,AA*x >= < Ex, A*Ax >=< FAzx, Az >=< Ey,y >
for all E in L.

Conversely, under the given condition, there is an operator A in £

:neN, o;€C and Ei€£}<oo. Let A*z = h. Then

such that Az = y and every E in L reduces A by Theorem 1 [6]. Since
< Ey,xz >=< Ez,h >,

n n
< A(Z a; Fir),z > =< ZaiEiy,x >
i=1 i=1

=< iaiEiI,h > .

i=1
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So < Af,x >=< f,h > for all fin M =H. Since < Ag,z >= 0 =<
g,h > for g € ﬂl, A*x = h. Since < Ey,y >=< Eh,h > for all F in
L,

< A(Zn: aiEi:E),y > =< iazE,Ax,y >

i=1 i=1

n
=< Z%’Eiy,y >
1=1
n
=< Z aiEih, h >
1=1

=< i OziEiA*IL', h >

i=1
=< ZaiEix,Ah >,

i=1
foralln € N, all ; € C and all E; € L. So < Af,y >=< f,Ah >
for all fin M = H. Since < Ag,y >=< g,Ah > and < Ag,y >=
0 =< g,Ah > for g € I/l—l, A*y = Ah. Hence AA*z = A*Azx.
Since AE = FA, A*E = EA* for all E in L. Since AA*z = A*Ax,
AA*(3 o Eix) = A*A(QS, a;Eix), for alln € N, all o; € C and all
E; € L. So AA*f = A*Af for all f in M = H. Hence AA* = A*A. O

If we modify the proof of Theorem 1, we can prove the following

theorems.

THEOREM 2. Let H be a Hilbert space and let £ a commutative
subspace lattice on H. Let x and y be vectors in H. Let

M = {ZaiEim neNa €Cand F; € E}. Assume that Ey is in
i=1
M for all E in L. Then the following statements are equivalent.
(1) There is an operator A in Algl such that Az = y, A is normal
and every E in £ reduces A.
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” Z?:l alEly” .
1325 i e

is a vector h in M such that < Ey,z >=< Ez,h > and < Ey,y >=<
Eh,h > for all E in L.

(2) sup{ n €N, a; € C and E; GE} < o0 and there

Proof. (1)= (2). By Theorem 1 [6],

n E.
sup @f—l—w:nel\l,aieﬁjwd&eﬁ < 00. Let A*x = h.
1206y iz

Then < Ey,y >=< Eh,h > and < Ey,z >=< Fz,h > for all E in L.
Since < g,h >=< g, A*x >=< Ag,x >=< 0,z >=0for all g in Hl, h
is a vector in M.

(2)= (1). Under the first condition of hypothesis, there is an operator
A in AlgL such that Az = y and every E in £ reduces A by Theorem 1
[6]. Since < Ey,z >=< Ez,h >,

< A(zn: a; Ex),z > =< iaiEiy,a: >

i=1 i=1
=< ZaiEix,h > .
i1
Since < g,h >= 0 and < Ag,z >= 0 for all g in M, A*z = h. Since
< Ey,y >=< Eh,h > for all Fin L,

n n
< A(Z aiEix),y > =< ZaiEiAx, Yy >

1=1 i=1

"

=< Z%’Eiy,y >
i=1
"

=< > a;Eih,h>
i=1

=< Zn: o B A, h >

i=1

=< iaiEix, Ah > .

i=1
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Since Ey € M for all E in £, i, a;E;y € M---(i). Since h € M,
Ah € M by (i). Since < g, Ah >= 0, < Ag,y >=< g, Ah > for all g in
M. Hence A*y = Ah. So A*Azx = AA*z. Hence A*Af = AA*f for
all fin M. Since Az =y and Ey € M, 0 =< Ey, ¢ >=< EAz, g >=<
AEz, g >=< Ex,A*g > for all F in £ and all g in HL. So A*g € ML
and hence AA*g =0 for all g in ./VJ'. So AA*g=0= A*Ag for all g in
./T/i—L. Hence AA* = A*A. O

THEOREM 3. Let H be a Hilbert space and let £ be a commuta-
tive subspace lattice on H. Let zy, - ,Zn,Y1, - ,Yn be vectors in H.

Assume that

my !
N = {ZZak,iEk,ixi m; €NJI<n,a; €Cand Ey; € E} is dense

k=1 1i=1

in H. Then the following statements are equivalent.

m; !
= 1 Ok i B iy
(1) sup I Zkfl i=1 ki B it m; e N,I<n, By ;€ L and ag, € C
|3y S ki B ’ ’
k=1 =1 » s

< oo and there are vectors h,’s in N such that < Ey,,y, >=< Ehy, hy >
and < Eyp,zq >=< Ezxp,hg > for all E in £ and all p,g=1,2,--- ,n.

(2) There is an operator A in AlgL such that Az =y, (k=1,2,--- ,n),

A is normal and every E in L reduces A.

Proof. (1)= (2). Under the first condition of hypothesis, there is an
operator A in AlgL such that Az, = yx (k= 1,2,--- ,n) and every E
in £ reduces A by Theorem 2 [6]. Since < Ey,,zq >=< Ezp, hy, > for
all Fin L and all p,q=1,2,--- ,n,

m; m; 1
< A(Z Zak’iEk,imi),l‘p > =< Z Zak,iEk,iyiaxp >

k=1 1=1 k=11i=1

m; 1
=< Z Z Ozkﬂ‘Ek,iIi, hp >,

k=1 1i=1
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m; € N, Il <mn, ap; € C, Ex;, € Land p = 1,2,---,n. So <
Af,zp, >=< f,hy, > for all f in N = H. Hence A*z, = h, for all
p=1,2,---,n. Since < Eyp,yqs >=< Ehy,hy > for all E in £ and
p,g=1,2,-.,n,

m; 1 m;
< A(Zzak,iEk,ixi)vyp > =< Zzak,iEk,iyiayp >

k=11i=1 k=11i=1

m;
=< Z Z ak,iEk,ihi, hp >

k=11i=1

m;
=< Z Z ak’iEk,iA*:ci, hp >

k=1i=1

m; 1
=< Z Z ak,iEk,ixia Ahp >,

k=1 i=1

forallm; e Nyall [ <n, ax; € Candall Ex; € L. So < Af,y, >=<
fyAhyp, > for all f in N =H and all p = 1,2,--- ,n. Thus A"y, =
Ah,(p = 1,2,---,n). Hence A*Azx, = AA*z,(p = 1,2,--- ,n). Since
AE = FEA, A*E = EA* for all E in L. Since AA*z, = A*Az,(p =
L2, ,TL), AA*(E?:H i’:l Qi Ek,ixi) = A*A(Z;nzll izl O‘k,iEk:,i$i),
forallm; e N, [ <n, ax; € Cand Ey; € L. So AA*f = A*Af for all
f in H. Hence AA* = A*A.

(2)= (1). Under the conditions of hypothesis except that the operator

A is normal,
Ll
sup | > key D icy ki Bravill
i l ’
2ok im0 B i

by Theorem 2 [6]. Let A*z, = hp(p = 1,2,---,n). Then h, € N(p =
1,2,---,n) and

miGN,lgn,Ek,iEE and ak,iE(C} <00

< Ezp by > =< Exp, A™z4 >
=< AEz,, x4 >
=< FAz,,z4 >

=< Ey,,z4 > and
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< Ehy,hg > =< EA*z,, A"zq >
=< AA*Ez,, x4 >
=< FAz,, Azy >
=< Byp,yq >

forall Fin £ and all p,g=1,2,--- ,n. W

THEOREM 4. Let H be a Hilbert space and let L be a commutative

subspace lattice on H. Let xy,--- ,Zn,y1, -+ ,Yyn be vectors in H.
m; l

Let N = {Z Zak,iEk,ixi :m; €Nl <n,ar; € Cand Ex; € E}.
k=11i=1

Assume that Ey, € Nforal Ein L andp=1,2,--- ,n.

If sup{ I Z;“n:ll i=1 ki B it :m; €N, I<n,Ey ;€L and akiE(C}
[DIFERD DRI N | ’ ’

< oo and if there are vectors h,’s in N such that < Ey,,z, >=<

Exy,, hg > and < Ey,,y, >= < Eh,,h, > forall E in £ and all p, q =

1,2,---,n, then there is an operator A in AlgL such that Az, = y,

(¢g=1,2,---,n), A is normal and every E in L reduces A.

Proof. Under the first condition of hypothesis, there is an operator A
in AlgL such that Az, =y, (p =1,2,--- ,n) and every E in £ reduces
A by Theorem 2 [6]. Since < Eyp,zq>=<FEz,,hy> for all E in £ and
all p,g=1,2,.--- | n,

my I my 1
< A(Z Z ki Eg,i@i), Tq > =< Z Z ki Bg,i iy Tg >
k=1 i=1 k=1 1i=1
my 1
=< Z Z ok i Brixi hg >,
k=1 1=1

for all m; e Nyalll <n,all ay; € C,all Ex; € Land ¢ =1,2,--- ,n.
Let f € N and {f,} be a sequence in A such that fp — f. Then since
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< Afpyxg >=< fp,hg > forallp=1,2,---, < Af,zqy >=< f,hy > for
allg=1,2,--- ,n. Since < g,hq >=0, < Ag,zq >= 0 for allgin_T\TJ',
Az, = hy for all ¢ = 1,2, ,n. Since < Eyp,yq >=< Ehy, by > for
all Ein £ and all p,g =1,2,--- ,n,

ms 1 my 1
< A(Z Z ki Bk %), yp > =< Z Z ok Eriyi Yp >

k=11i=1 k=1i=1

m;
=< jijjij(lkﬂlzkﬁhi’hp >

k=11=1

m; 1
=< Z Z ak,iEk,iA*l'i, hp >

k=11=1

m; 1
=< Z Z ak,iEk,ixi, Ahp >

k=11i=1

forallp=1,2,---,n. So < Af,yp >=< f, Ahp, > for all f in M and all
p=1,2,---,n Since By, e N (p=1,2,---,n), Y12, 221 ak,i Ex,iYi
€N, forallm; € Nyalll <n,all ax; € Cand all Ex; € £---(it). Since
< g,hg >= 0 for all g in NL, hy € N for all ¢ = 1,2,--- ,n. Hence
Ah, € N by (ii). Since < g, Ah, >=0, < Ag,y, >=< g, Ahp > for all
g in]VL and all p=1,2,---,n. So A*yp, = Ahp forallp=1,2,--- ,n.
Thus A*Az, = AA*z, forallp=1,2,--- ,n and hence A*Af = AA™f
for all f in N. Since Az, = y, and Ey, € N, 0 =< Ey,, g >=<
FAzp,,g >=< Fx,,A*g >, E € L, g € NL and p=1,2,---,n. So
A*g € N’L and hence AA*g = 0 for all g in Nl. Since A*Ag = 0,
AA*g = A*Ag for all g in N, Hence AA* = A*A. d

THEOREM 5. Let H be a Hilbert space and let £ be a subspace lattice
onH. Let x1, - ,Zn,Yy1, - ,Yn be vectors in ‘H.
m; 1

Let N = {z akiBrixi i mi ENJI<n,or; €Cand Eg; € L'}.
1

k=11i=
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If there is an operator A in AlgL such that Az, =y, (p=1,2,--- \ ),
A is normal and every F in L reduces A, then

I ke Soimy ki Bl
sup m‘_l l"l AL :m; € NJI <n,ag,; € C and E..el
12 k1 Doimt ok Bk iz

< oo and there are vectors hy’s in N such that < Ey,, z, >=< Ex, hy >
and < By,,yq >= < Ehy,hq > forall Ein £ and allp, ¢ =1,2,--- ,n.

Proof. By Theorem 2[6], we can get the first part of result. Let
A*zy=hy(g=1,2,---,n). Then h, € N and

< Ezp,hg > =< Exp, A'zq >
=< AEz,,z4 >
=< Fyp,zq > and

< Byp,yq > =< EAzp,az, >
=< FA*z,, A"z, >

=< Ehp,hq> (p,q=1,2) )n)'
O

If we summarize Theorems 4 and 5, then we can get the following
theorem.

‘THEOREM 6. Let H be a Hilbert space and let £ be a commutative
subspace lattice on H. Let z1,--- ,2Zn, Y1, - - , Yn be vectors in H.
my 1
Let N = {Z ay By im; €Nl <n,ap; € C and By, € c}.
k=1 i=1
Assume that Ey, € N for all E in £ and p =12 .. n. Then the
following statements are equivalent.
(1) There is an operator A in AlgL such that Az, =y, (p=1,2,--- ,n),

A is normal and every E in L reduces A.
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i 1
” Z?:l i=1 ak,iEk,iyi” :
[DIHERD DA SN

(2) sup{ miEN,lgn,ak‘ie(C and Ek,iEE}
< 0o and there are vectors h,’s in N such that < Ey,, zy >=< Exp, by >
and < Eyp,yq>=<FEhy, hy>, E€ L and all p,g=1,2,-- ,n.

If we modify the proofs of Theorems 2, 3, 4 and 5, we can prove the

following theorems. So we will omit their proofs,

THEOREM 7. Let H be a Hilbert space and let £ be a commutative
subspace lattice on H. Let {z,} and {y,} be two infinite sequences of
vectors in H. Assume that

my l
K= {Z Zak,iEk,ix,- :my,l €NJoy; € C and Ey; € E} is dense in

k=1 1=1
‘H. Then the following statements are equivalent.

(1) There is an operator A in AlgL such that Az, =y, (n € N), A

is normal and every E in L reduces A.

m; !
i g B, s
” E:}:l ll=1 Okt kﬂyl“ :m, lEN, ok e€C and Ek,i el
12 k21 D oim1 ki Bk il

(2) sup {

<00 and there is a sequence {hy,} of vectors in K such that < Ey,, y, >=<
Ehp,hy> and < Eyp,xq >=< Exp,hg > for all E in £ and all p,q =
1,2,---.

THEOREM 8. Let H be a Hilbert space and let L be a commutative
subspace lattice on H. Let {z,} and {y,} be two infinite sequences of

vectors in 'H.
my l

Let K = {Z OzkyiEk,iCL'i :mi,l €N, Qi € C and Ek,z‘ S E}
k=1 1i=1

Assume that By, € K, E € L and all p = 1,2,---. Then the following

statements are equivalent.
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(1) There is an operator A in AlgL such that Az, =y, (p €N), A is

normal and every F in L reduces A.

m; l
i , F s
I Ejjjl i=) bt kil - mg,l€N, ag;€C and Ey; €L
“ Zk;1 i=1 ak,iEk,imi”

(2) sup

< oo and there is a sequence {h,,} of vectors in K such that < Ey,,y, >=
< Ehp hg > and < Eyp,zqy >=< Exp,hg > for all E in L and all
p,q € N.
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