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A GALOIS EXTENSION WITH GALOIS
GROUP DIHEDRAL GROUP OR
GENERALIZED QUATERNION GROUP

YOON SUNG HWANG

ABSTRACT. Let L/F be a Galois quadratic extension such that
F contains a primitive n-th root of 1. Let N = L(a%) where
o € L*. We show that if Ny /p(a) € L (O F, and [N : L] =
m, then G(N/F) 2 D,, or generalized quaternion group whether
Np/p(a) € F™ or ¢F", respectively.

There has been much work on the realization of groups of Galois
groups. This is still a very active topic of research (See, e.g. [3] and
[6]). The work here can be thought as the following problem : Given
a Galois field extension L/F, when can we find a field M O L Galois
over F with G(M/F') a given group that has G(L/F) as a homomorphic
image. Now we start with lemma.

LEMMA 1. Let m, n be positive integers with m|2n and n > 2. Let
G =< 1,0 > be a group given by the relations ™" =1 (o(7) = n), o™ =
1 (o(c) =m), or =77}
(1) |G| = 2n.
(2) <7 > is a normal subgroup of G of index 2.
3)

m =2 or 4, i.e., G 2 D, or generalized quaternion group of order
2n.

2n
o, and 02 = 7m . Then,

PROOF. First we check that 02 and 7= have the same order. (If m
is even, then o(c?) = 2 = 0(7'%1), and if m is odd, then o(c?) = m =
o(r% ).) The relations show every element of G has the form 707 where
0<i<n—-1land 0<j <1 So|G| <2n Butog <7 > since o
and 7 do not commute. (Otherwise, 7 = 77! but o(r) > 2.) Therefore,
|G| = 2n. < 1 > is a normal subgroup of G since oro~ ! = 77 L. Note
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that m > 1 is a consequence of the relations since m = 1 implies ¢ = 1,

2
72 =1, and n < 2, a contradiction to assumption n > 2. Since rm = o2,

m 2n m _1\2n —2n 2n =2n
ormo l=1m. Butormo ! = (010" )m =77m ,s07m =7 m and
an
7m = 1. Hence n|- and m|4. Therefore, m = 2, 4. O

Let N/F be a Galois extension with Galois group G(N/F) = G where
G is the group constructed above. Let L be the fixed field of < 7 >.
Assume char F' fn and assume that F contains a primitive n-th root of

1. Then N = L(a%) for some o € L* since N/L is a cyclic extension of
degree n. Here, an denotes a fixed n-th root of o in N. We have oL
has order 2 since o¢ < 7 >. Note that N = L(a%) = L(a(a)'}?_) since
N/F is a Galois extension. Kummer theory implies o(a) = of3" for
some 3 € L and gcd(j,n) = 1. (cf. [2, Th.8.24, p.497))

Since G(N/L) =< 1 >, T(Oz%) = (ia% where ( is a primitive n-th
root of 1 and ged(i,n) = 1. By relabeling, we may assume i = 1. Thus
T(a%) = Ca%. Since a(a%), a'}zﬁ are roots of 2" —o(a), a(a%) = a%ﬂci
for some 4, 0 < ¢ < n —1. We may replace 8 by 3%, since f" = (8¢")™.
Thus, we may assume a(a%) = anB. Now we consider the equation
ar(a%) = T‘la(a%); aT(a%) = a((a%) = (oﬁi»ﬂ, and T‘lq(a%) =
" (a%B) = fr(an) = fr(ax) = A(¢"'aw) = f(~Ia%. Thus,
¢ =¢7 and so j = —1 mod n. We may assume j5 = —1 and conclude
o(a) = a~1B" for a possibly different 8 € L. Therefore, Npp(o) =
ao(a) =" € L™ N F, where N /p is the norm map.

LEMMA 2. Let L/F be any Galois quadratic extension and let o €
G(L/F), o # id. Assume F contains all n-th roots of 1. Then

F"Ua*F" ifn is even and L = F(\/a), where a € F,
L"NF={ F" if n is even and char F = 2,
Fm if n is odd.

PROOF. Clearly “D” holds. Let A € L, and A® € L" N F. Then
a(A") = A" and o(\) = CA where ¢ is some n-th root of 1. Since ZX) ¢
F, we have -U()\—’\) = a(@) = %%2 = ﬁ Thus A2 = ¢(\)? = o(\?)

and so A> € F. If A\ € F, then \* € F". If A\¢F, then L = F(/b)
where A2 = b € F. So, char F # 2. We must have n even for if n is odd
then A2, \" € F would imply XA € F. Now A" = (A\2)% = b3 € b2 F™.

Suppose L also equals F(y/a). Then ¢ € F? and ‘;Tf € F™. This implies
a?F" = b3 F" and the proof is complete. D
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Assume n is even and L = F(y/a), the fixed field of < 7 > in N =
L(oﬁli) given in after Lemma 1. We now determine when Ny /p(a) € F™.

PROPOSITION 3. Ifn is even and the fixed field of < 7 >, L = F(y/a),
then Ny p(a) € F™ if and only if m = 2.

Proor. UQ(Q%) = U(a’%ﬂ) = a(a_%)a(ﬁ) = a'rl?ﬁ'la(ﬂ). So, m =
2 iff 02 = idy iff 02(04%) = an (since N = L(a%) and 0| = idy) iff
B lo(B) =1, ie., o(B) = Biff B € F (since B € L and o| # idr) iff
p" € F™ (since F contains all n-th roots of 1) iff Ny /p(a) € F™ (since
Npp(a) = ") O

REMARK 1. The above proposition can be proved by computing the
corestriction of a symbol algebra (o, z; L(x)), from L(x) to F(x) where
L(z) is the rational function field over F, using the formula of core-
striction given in [1, (1.3)] and Projection Formula ([1, Prop.1.4] or [4,
Th.3.1})

Now, we are ready to give our main theorem.

THEOREM 4. Let L/F be a Galois quadratic extension of fields such
that F contains a primitive n-th root of 1. Let o € L* and assume
Npp(a) € L"NF. Let N = L(a%) where an denotes a fixed n-th root
of a. Let m = [N : L]. Then N/F is a Galois extension and

() G(N/F) = Dy if Ny jp(a) € F7,

(il) G(N/F) = generalized quaternion group of order 2m if
Np/p(a)¢F", and m is even.

PROOF. Let G(N/F) = {idy, o}. By assumption, ao(a) = Ny p(«)
= " for some 8 € L*. So o(a) = o '™ By Kummer theory ([2,
Th. 8.24, pp.497]) L(a%) = L(o*(oz)%) and so N/F is a Galois extension
as N is the composite of L and a splitting field of (2" — a)(z™ — o(a))
over F. Let G = G(N/F). As L contains a primitive n-th root of 1, N/L
is a cyclic extension. Let G(N/L) =< 7 >. Then o(7) = m. Denote
an automorphism of N extending o by o, again. Then a(a%) = a_%‘ﬁ(
where (" = 1. As g™ = (8", we can replace 8 by 3¢ to assume
a(a%) = o~ = 3. Then 02((1%) = U(Oz—%ﬁ) = a(ﬂ)a%ﬂ_l.

(i) If Np/p(a) = 8" € F", then 8 € F as F contains a primitive
n-th root of 1. It follows 02(04%) = . This implies 02 = idy as
N = L(a%). As T(a%) = Cla% for some primitive m-th root {; of 1in F/,
O'T(CX%) = Cla(a%) =Ga = 7'_10'(0(%). Also, o1|p = 77 to|L. So,
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ot =71710, 0o(0) = 2, and o(7) = m. Hence G(N/F) =< 7,0 >= Dy,.
(i) If Np/p(a) = B"¢F™, then " € a% F™ where L = F(y/a) by Lemma
2 as " = Npjp(a) € L"NF. So B € /aF, and o(B)f~' = -1. Tt

follows o(c) = 4. Also, o() =m, o7 =710, and 02 = 7% as 0%(an) =

1 a m
—an = (P am = 7'7((1%) since m is even. Hence, G(N/F) =< 1,0 >
generalized quaternion group of order 2m. O
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