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Abstract

Interval-valued fuzzy sets were suggested for the first time by Gorzalczang(1983) and Turken(1986). Based on this,
Wang and Li extended their operations on interval-valued fuzzy numbers. Recently, Hong(2002) generalized results of
Wang and Li and extended to interval-valued fuzzy sets with Riemann integral. In this paper, using Choquet integrals
with respect to a fuzzy measure instead of Riemann integrals with respect to a classical measure, we define a
Choquet distance measure for interval-valued fuzzy numbers and investigate its properties.
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1. Introduction

Interval-valued fuzzy sets were suggested for the first
time by Gorzalczany[4] and Turksen[12]. Based on this
Wang and Li definded fuzzy numbers and gave their ex—
tended operations. Recently Hong generalized results of
Wang and Li and extended to interval-valued fuzzy sets
with Riemann integral. In this paper, we propose the
concept of Choquet integral with respect to a fuzzy
measure instead of Riemann integral with a classical
measure and we define a Choquet distance measure for
interval-valued fuzzy numbers using Choquet integral
with respect to a fuzzy measure.

In section 2, we give preliminary definitions which are
required in the following discussion. In section 3, we deal
some properties of interval-valued fuzzy numbers. In
section 4, using the Choquet integral with respect to a
fuzzy measure, we define a Choquet distance measure
for interval-valued fuzzy numbers and investigate its
properties(see [1,2,5,6,7.8]).
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2. Definitions and Preliminaries

At first, we introduce interval numbers and their basic
operations (see [3,4,5,6, 7,12,13]). Throughout this paper,
R* will denote the interval {0, ),

[I]=ile,t) | a5 e R*anda < b},

Then an element in [I] is called an interval number.

Definition 2.1. If ¢, € I, t € T | then we define

Ve po, = sup{a,:te T}

Aee vty =infla,: t € T}
We also define for [a, b]e [I], t € T,

Vie rla, b

Ave 7l by

:[vte Tat;AVte Tbt]y
=[Ave 1t NieTh].

Definition 2.2.
ke R*. We define

Let [al’ bl], [a:z: bQ]E Il and

lay, by ]+ [ay, by] = [a;+ ay, by +0,]
(ag, &1] + [ag, by] = la, - ay, by - by)
kla, b)) = [kay, kbl],

[al, 1] < [az; bz] if and only if
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a € ay and b < by,
[a;, b1] < [ay, by] if and only if

lay, b,] < [ay, by]

but [a, b;] = [ay, by).

Definition 2.3. Let X be an ordinary nonempty set,
then the mapping A : X— [I] is called an interval-valued
fuzzy set on X. All interval-valued fuzzy set on X are
denoted by IF(X). :

Definition 24. Let Ae IF(X), let
A(z)=[A_(z), A (z)], where z € X. Then two ordinary

fuzzy set A_: X—{I] and A~ : X— [I] are called lower
fuzzy set and upper fuzzy set of A4, respectively, simply
write A =[A", A*].

Definition 2.5. Let 4 € IF(X), [A\, A;]e [I]. Then
we call

Ap =z € X| A(m) = N, 4 (2) 2 )}

and

Apogy=lze X1 A_(z) > AA(z) > A}

the [Al, Ao]—level set of A and the (A1, A2 ) —level set
of A, respectively. And let A,-(z)={z € X | A_(z) > A}
and A (z) =z € X| A (z) > X ).

Definition 2.6. Let A € IF{X), A, Ay ]e [I]. We de-
fine

(An A ]A)(z) = (A, MIA[A_(z), A (2)).

Definition 2.7. Let A€ IF(X), {e, A:X-—>[I]
Assume that following conditions are satisfied;
(1) A is normal, ie, there exists Zye X st

A(zy) =1,
(2) For arbitrary [\, A€ [[1={0}, 4y ,,is closed

bounded interval.
Then we call A an interval-valued fuzzy number on X.

Let IF* (X) denoted the set of all interval-valued

fuzzy numbers on X, and we write [[]* = [I]—{0}.

Definition 2.8. Let A € IF (X). Then A is called an
interval convex fuzzy set, if for any z,y € X and
A€ [0,1], we have

Adz+(1—=XN)y) = A(z)NA(y).

29. Let A BelF(X) and
-, +}. We define their extended operations

Definition
c € {+} )
to
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(A4« B)(2)= V..., (A(z)AB(y)).

For each [A, A ]e [I]F, we write

Apoa * Baag= = g2 € Ay 1y € By

Definition 2.10. Let A € IF (X). Then 4 is called a

positive interval-valued fuzzy number, if A(z)= 0

whenever £ < 0; an A is called a negative inter-

val-valued fuzzy number, if A (z)= 0 whenever z = 0,

All positive interval-valued fuzzy numbers and all
negative interval-valued fuzzy numbers are denoted by
IF *(X) and IF_* (X), respectively,

Definition 2.11([8,9,10,11]) (1) A fuzzy measure on a
measurable space (X, ) is an extended real-valued
function u: £2— [0, o] satisfying

(1) ﬂ(d’) :O,/L(X):].

(i) whenever 4,8 € 2,4 C B,
then u(4) < u(B).
(2) p is said to be continuous from below it for every
increasing sequence {A,} € 2 of measurable sets, we
have

u[[] An]= i (4.

n=1 n—00

(3) i is said to be continuous from above it for every
decreasing sequence {4 ,} C {2 of measurable sets, we

have

M(% A"J: lim p(A4,),

n=1 n—oc0

(4) if p is said to be continuous from above and con-
tinuous from below, it is said to be continuous.

Recall that a function f: X — [0, ] is said to be
measurable if {dAx)>ateR for all ag=(—o00,00).

Definition 2.12({8,9,10,11]) (1) The Choquet integral
of nonnegative measurable function f is defined by

@ [ fau= [0 ar

where pg(n= p{z | f(® > r} and the integral on the
right-hand side is an ordinary one.

(2) A nonnegative measurable function f is called in-
tegrable if the choquet integral of f can be defined and
its value is finite

We note that "xeX g—a.e.” stands for "x=X u
—almost everywhere”. The property P(x) holds for



x€X p—a.e. means that there is a measurable set A
such that #(A)=0 and the property P(x) holds for all
x=A°, where A€ is the complement of A.

Definition 2.13 [11] (1) A sequence {f,} of non-
negative measurable functions is said to converge to f
in measure, in symbols f, — y f if for every &>0,

1,1“30’“‘( {a 1£,(0) — A)> e})=0.

(2) A sequence {f,} of nonnegative measurable func-

tions is said to converge to f in distribution, in symbols
f. = p F if for every &>0,

limp (N=pdr) a.e.,

where uA») = p({df(x)>r}).

Definition 2.14([89,10,11]) Let f, g be nonnegative
measurable functions. We say that f and g are como-
notonic, in symbol f~g if and only if

AxCAx) = glx)<g(x’) for all x,xX.

Theorem 2.15([89,10,111) Let £ g, # be nonnegative
measurable functions. Then we have

) £~ f,

@ f~g = g~1f,

(3) £~ a forall e=R*

) f~gand f~h = f~ (g+h.

Theorem 2.16([89,10,11]) Let
measurable functions.

D If f<g, then (O [fdu=(O) [gdn.
2)If f~ gand a,b<R*, then

(O [(af+ bgdu=a(C) [ fau+b(C) [ e
(3) ¥ A/g, then
(O [ ~Vg du=(O) [ fanv (O [ gan.

/, & be nonnegative

Theorem 2.17([89)) (1) If {f,} is an increasing se-

quence of nonnegative measurable functions, then we
have

lim (O)/ fadu.

n— oo

(C)[ im fudp =

(2) If {f,)} is a decreasing sequence of nonnegative
measurable functions and f; is Choquet integrable, then
we have

(C)/ lim f,dy = Iim(C)/ f.du.

n-— 0 n— oo
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3. Interval-valued fuzzy numbers

Lemma 3.1. Let A € IF (X). Then A is normal if
and only if A_ and A~ are normal fuzzy sets.

Lemma 3.2. Let A € IF (X). Then Definition 2.7(2)

that for  arbitrary
are closed bounded

is equivalent to saying
a € [0, 1]—-{0}y A—a and A;

intervals.

Lemma 3.2. Let A € IF (X). Then A is an interval
convex fuzzy set if and only if A_ and A~ are convex
fuzzy set.

It is noted that A_ (A7) is convex if and only if for
arbitrary @ € [0,1], A_, (A}) is convex set. Hence the

following result which is a generalization of convex sets
is convex.

Theorem 3.1. Let A € IF (X). Then A is an inter-
val convex fuzzy set if and only if for any [A, A,] € [I]*

, Ap,a, 18 a convex set.

3.2. Let A,Be IF(X)
-, =}. Then we have

« B)(z), (47« B7)(2)].

Theorem and

* EH—, >

(A« B)(2)=[(A_

Corollary 3.3. [3,12) Let A,Be IF (X). Then A+ B,
A—B, A.Be IF(X). Especially, A= Be IF'(X)
whenever B e IF (X)UIF_(X).

The following theorems are important results immedi-
ate as an application of Theorem 3.2 and commutatively
and associativity of fuzzy numbers under 4+ and e

(seel3, 12])

Theorem 35. Let
A« B=B ¢+ A where « € {+,

A,Be IF (X). Then
- }and 4,Be IF (X)

or A,Be IF,(X) whenever ¢ choose.

Theorem 36. Let A,B,CelIF(X). Then
(A+B)« C=4+«(B+C}) where * € {+, - | ad
A,B,Ce IF (X) or A,B, C € IF_(X) whenever  choose.

4. Main Results

In this section, we define a Choquet distance measure
between interval-valued fuzzy numbers.

Definition 4.1. For arbitrary interval-valued fuzzy
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numbers 4, BE IF'(X), the quantity
D.(4,B)=(C)[ dy(4(z),B(x))dp (=)
<[ Thel dy(4 (), B(z)) > a)da

is the Choquet distance measure between A and B,
where dy is the Hausdorff metric between A (z) and
B(z) which is defined as

dy(A(z), B(z))
=dy(A_(2), B_(z)) vdy(4A~ (z), B (z))

since A_(z) and A= (z) the lower and the upper end-
point of 4 (z),

A(z)=lA_(z), A (z)].

Theorem 4.2. Let A, BE IF (X). Then we have
Dg: IF (X)X IF (X)—[0, o)

is pseudo-metric.
proof. It is clear.

Theorem 4.3. Let A, BEIF(X) and 4,B are
continuous. Then Do(A,B)=0 if and only if
A=B p—a.e.
proof. (=)

D.(A,B)=(C)[ dy(A(a), B(z))dn(z)

<[Tniz | dy(4(2), B(2)) > alda
=0
Thus, for arbitrary =,

nia | dg(A(2), B(z)) > Lj=0.

If we putG,={z| dy(A(2), B(z)) > -71;} for all n,

then
G = {z| dy(A (), B(z)) = 0}

o0 1
:UnZI{x, dH(A('T): B(Z‘)) > _‘T_L-}
:U%O=1Gn
and G,< G. Thus, we have

w(G)= tm u(G,) =0,

n—»00

That is,
A=B p—a.e.
(<) If A=B p—a.e., then
dy(A(z), B(z))=0 2z € R p—ae..
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Clearly, we have

ple| du(A(z), B(z)) > a} = 0.

Theorem 44 Let {4,} is an increasing sequence of
interval-valued fuzzy numbers and for each z € X,
dy— tm A,(z) = A(z). Then we have

n—>c0

lim D (A, A)=0,

proof. Since dy— lim A(z)=A(z) for each ¢ € R,
we have

im dg(A,(z), A(z)) =0,
We note that and {dg(4,(z),A(z))} is a decreasing se—
quence and

(O) [ dy(Ai(2), A (2)) dus (2)
is finite, by Theorem 2.17 (2),

lim De(A4,, A)

n—00

= in ()] dy(4,(2), A(x) ) du(a)

n—0co

= (0) [ in dy(A4,(2), A(2)) du(z) =0

-

Theorem 4.5 Let A, B € IF (X). Then
Do(VA,, B) = vDy(A,, B),
proof. Using Theorem 2.16(3), we can prove as in the
proof of Theorem 4.4.
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