J. Korean Math. Soc. 42 (2005), No. 5, pp. 1017-1030

AVERAGING PROPERTIES
AND SPREADING MODELS

KyUuGEUN CHO AND CHONGSUNG LEE*

ABSTRACT. In this paper, we study averaging properties in Ba-
nach spaces using the Brunel-Sucheston’s spreading model. We
show that the Schlumprecht space S does not have the Banach-
Saks property and I is finitely representable in the Schlumprecht
space S using the spreading model properties.

1. Introduction

We shall state some fundamental properties about Brunel-Sucheston’s
spreading model.

Let (z,,) be a bounded sequence with no norm Cauchy subsequence
in a Banach space X. Suppose that the limit

k
lim E Qi Tp,
m—0o0

m<ny <---<nyg |{1=1

exists for each (a;)¥; € Sp, where Sp is the space of sequences a =
(a;), i = 1,2,--- of real numbers such that only finite many of a; are
different from zero. We shall call such a sequence (z,,) a good sequence.
Then we can define the nonnegative function ¥ on Sy by

. k
qj((“t’)?:l) = 'rr%gnoo Z A;Tn,
m<ny<--<ny || i=1
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Clearly ¥ defines a seminorm on Sj. Furthermore, since () is assumed
to have no norm Cauchy subsequence, ¥ indeed defines a norm on Sy

[2]. Hence we shall write lZfﬂ aiei[ in place of ¥((a;)%_;) for each
(a;)f_, € So. Let F be the completion of [¥(Sp),|-[]. We shall call
[F, (en)] the spreading model of a good sequence (x,) and (e,) the fun-

damental sequence of the spreading model. Then (z,,) and (F, (e,)| have
the following properties :

(1) The norm |-| for F is invariant under spreading in the sense that

k k
_S_ a;€; E Ai€n,
=1 i=1

(2)

k
lim =
m—o0
m<ny <--<ny

k
Zaiei for every (a;)*_, € So.

=1

ATy,
1

i=

A Banach space X is said to have the Banach-Saks property if every
bounded sequence in X admits a subsequence whose arithmetic means
converge in norm. In 1938, S. Kakutani[5] showed that if X is uniformly
convex, then X has the Banach-Saks property. In 1963, T. Nishiura and
D. Waterman[7] proved that if a Banach space X has the Banach-Saks
property, then X is reflexive.

A Banach space X is said to have the weak Banach-Saks property if
every weakly convergent sequence has a subsequence whose arithmetic
means converge in norm. It is obvious that the Banach-Saks property
implies the weak Banach-Saks property. Indeed, if a sequence (z,) in
a Banach space X converges weakly to = in X, the arithmetic means
of any subsequence of (z,) also converge weakly to z, thus, the strong
limit of the arithmetic means, if it exists, must be z. For this reason, we
can translate any weakly convergent sequence to a weakly null sequence
and look for the arithmetic means to converge to zero in norm.

To end with this introduction, let us mention the following lemmas.

LEMMA 1. [4] If (z,) is a sequence in a Banach space, then there
exists a subsequence (z,,) of (z,) such that either no subsequence of
(¢,,) has convergent arithmetic means or every subsequence of (zn, )
has arithmetic means converging to the same limit. '
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LEMMA 2. [8, Theorem 1] Let (z,,) be a good sequence in a Banach
space X and [F,(ey)] be its spreading model. Then for any € > 0 and
integer t > 2 one can select a subsequence (z),) of (x,) with the following
property :

For every k,n; € N (1 =1,2,--- k) withn; < ng < --- < n and
(a;)k_, € So, we have

k
(1-¢) ’Zi.—_l ai€;
k ’
< “Zi:l ATy,

<(1+e¢) ‘Ef:l a;e;

— (2log, k) SuP<i<k |as | Slrle |zl

+ (3log; k) sup; <;<x lai| sup ||z,
n

LemMA 3. [2] In any Banach space, every bounded sequence with
no norm convergent subsequence has a subsequence which is a good
sequence.

LEMMA 4. [8, Lemma 1] Let (z,,) be a good sequence in a Banach
space X and [F, (ey)] its spreading model. We put

k
D e
i=1

Then p = limy_,o, p(k) exists and is equal to infy p(k).

p(k) = (k € N).

x| =

2. Banach-Saks property and spreading model

The following is an application of Brunel-Sucheston’s spreading model
to weak Banach-Saks property in Banach spaces.

THEOREM 1. Let X be a Banach space. Then the following are equiv-
alent:

(1) X has the weak Banach-Saks property.
(2) For every weakly null and good sequence (z) in X with its
spreading model [F, (ey)], p = 0.

Proof. Suppose that X has the weak Banach-Saks property. Let (y)
be a weakly null and good sequence with its spreading model [F, (ey)].
Then there exists a subsequence (z,,) of (y,) such that every subsequence
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of (z,,) has the arithmetic means converging to zero by Lemma 1. By
Lemma 2, there exists a subsequence (z) of (z,) such that for k € N,

k

3

_ (2logy k)~ sup 24| <
n i=1

k

Since kzz_ z} — 0 and (2log, k)3 — 0 as k — oo, kEz 1€ — 0 as
k — oo and p=0.

Suppose that for every weakly null and good sequence (z,) in X,
p = 0. Let (y,) be a weakly null sequence in X. We show that (yn)
has a subsequence with convergent arithmetic means. If (y,) has a
convergent subsequence, its limit is necessarily zero and so its arithmetic
means converge to zero. So we may assume that (y,) has no convergent
subsequence. By Lemma 3, (y,) has a subsequence (z,) which is a
weakly null and good sequence with its spreading model [F, (e,)]. By
Lemma, 2, there exists a subsequence (z},) of (z,) such that

1)l _s]t g
e A Z + (3log, k)— sup [l |
i=1 i=1
Since limg_, oo ‘ ;-1 €| =p =0 and limg_, (3 log, k)% =0,
1k
: ’
kl—l—vrgo k ;_:1 Ti
This completes our proof. O

Let (z,) be a good sequence in a Banach space X and [F, (ey)] its
spreading model. Let F,, be the closed subspace of F’ generated by the
vectors {e; : i > n} and Fp, = N,F,. Then [F, (e,)] has the following
properties which are found in [2].

LEMMA 5. [2] Let (z,,) be a good sequence in X with its spreading
model [F, (e,)]. Then

(1) There exists a linear isometry T on F' such that Te, = ep4 for
all n. T is called the shift on F.
(2) y e Ny F, = Fo if and only if y =Ty.
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(3) If Foo # {0}, Fw is 1-dimensional and F = Foo ® (I - T)F,
where (I — T)F is the closure of the manifold (I — T)F in the
norm | - |.

(4) Iflimpoo = 3 j<n € €xists in F', (zn) has a subsequence whose
arithmetic means converge in norm || - ||.

To prove Theorem 2, we need the following lemma and proposition.

LEMMA 6. Let (z,) be a good sequence in X with its spreading model
[F, (en)]. Then

(1) If Fo # {0}, then (e,) has a arithmetic means converging to a
non-zero element in F,, with a norm | - |.

(2) If (en) has a convergent arithmetic means with a norm |- |, then
the limit is an element of F.

Proof. (1) By (3) of Lemma 5, we may assume that ey = e +z~T'z
for some e € Foo and z € F. Then

n n

1S 1S

Jj=1
1« - A
= 3" (ew+ T2~ T7z) by (2) of Lemma 5

=1
1 n
=€po + — (x —T"x)
n
and
1 & 1 "
=35 — ool < - (lal + [17al)
j=1
2
< _le’
n

since T is an isometry on F'. This implies that % Yo 1€ — €xo € Fio.
Define amap f: ¥ — R by

k k
f (Z aiei) = Zai.
=1 =1
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Then f is continuous (cf. Proposition 2, [2]) and so there exists M > 0

such that
k k
S <MY e
i=1 i=1

Considering a; = ‘1 e,i > 37 > 0. This 1mphes that eo, # 0.
We complete our proof of (1)

(2) Suppose that ~ >-7_; e; converges to e in a norm |-|. It suffices to
show that Te =e Where T is the shift on F, by (2) of Lemma 5. Since

<M

1 n 1 n
—E —E ej+1—>Teasn—>oo,
n

n

|Te —e| = hm Z - % iej
=1

= nli_{{.lo h’len-i-l —e|

2
lim —|e1|
n—oo N

=0

AN

Then Te = e. This completes our proof. ]

PROPOSITION 7. Let (z,) be a good sequence in X with its spreading
model [F, (e,)] and z € X. Then

(1) (zn — ) is also a good sequence.

(2) If(frn) and (ey,) are not weakly null where |G, ( f,)] is a spreading
model of (z,, — x), then (f,) and (e,) are equivalent.

(3) If Fo # {0}, Goo # {0} where [G, (f,)] is a spreading model of
(z, — ), then (fy) and (e,) are equivalent.

Proof. (1) is obvious.
(2) Let [F,(en)] and [G, (f)] be the spreading models of (z,) and
(zn — x), respectively. We first show that there exists a M > 0 such

that
k
Z a;e;| 2 M
=1

t=1
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for all k € N and (a;)%_; € So. The following result is followed by
Rosenthal [; theorem and the spreading model property.

Since (e,) does not weakly converge to zero, it satisfies one of the
following properties :

(1) (en) weakly converges to e, e # 0.

(2) (en) is a nontrivial weak cauchy sequence.

(3) (en) is equivalent to the unit vector basis of I;.
First, suppose that (e,) weakly converges to e, e # 0. Then for all
keNand n; < <ny,

k k
E ai€;| = E Qi€n,
i=1 i=1
k
= lim E Gi€n;
Ng—00
i=1
k—1
Z E af’ienz+akzev
i=1
k
(1) > E a;| |e], because (e,) weakly converges to e.
i=1

Now, suppose that (e,) is non-trivial weak cauchy. Let e’ be the w*
-limit of (e,). Then we get the following inequality and the proof is
similar to the first with e” instead of e.

k k
E a;€4 E a;
i=1 i=1

Finally, suppose that (e,) is equivalent to the unit vector basis of ;.
Then there exists a N > 0 such that

k k
Z i€ Z a;l .
i=1 i=1

By (i), (ii) and (iii), there exists M > 0 such that

k
E Qi€
i=1

> Ie/,l'

(i)

k
(i) >N la| >N
i=1

k

>

i=1

> M




1024 Kyugeun Cho and Chongsung Lee

and

k
Eaifi

=1

= lim E ai(xy —
ny<-<nyg || Z( i

7741—'00
k
+1> ail <l
i=1

< lim Eaixm
ny<--<ny |4

ny—00

< iaiei —I—M zk:aiei
= M i=1
( = n) ol

In a similar way, we can get a constant M’ > 0 such that

k
| > M’
and
k k
o =]} "
;azez < <1+ M,) ;azfz :
Then
NEAY R |xn
M, Zazez < Zazfz < Zaz €;l -
=1 i=1

(3) Suppose that Fu, # {0}, G # {0}. We note that if F, # {0},

then
k ke
f:F—-Rbyf (Zaiei) =Zai
i=1

i=1

is continuous (cf. [2, Proposition 2]). Then there exists M > 0 such

that
k k k
Zaiei Zai Zaiei e F.
=1 =1 i=1

>M
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k k
Z a;fi| = lim Z ai(ZTn, — T)
i=1

n1< - <ny ||4
n]—o0 =1

[l

< lim E QiTn,
n <<y ||

niq—oo

S aer| +

=1

< Iy II)

In a similar way, we can get a constant M’ > 0 such that

k
+ Zai
i=1

< 1

> M’

k
> aifi
=1

k
>
i=1

and
: =1 |5

Za,e (1+—) Zaifi .

i=1 i=1
Then

[E] - el |
(15 YIS e < S| < (15 ) [ e

This completes our proof. O

The following is the main theorem of this paper.

THEOREM 2. Let X be a Banach space. Then the following are
equivalent:
(1) X has the Banach-Saks property.

(2) For a good sequence (z,,) in X with its spreading model [F, (e.)],
Fo # {0} or p=0.

REMARK. The two conditions of (2) of Theorem 2 are mutually ex-
clusive. Let F, # {0}. We show that p # 0. We note that if Fo, # {0},
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then f: F - Rby f (Zfﬂ aiei> = Zle a; is continuous (cf. Proposi-
tion 2, [2]). Then there exists M > 0 such that

<M

k
E a;€;
i=1

k
D a
i=1

for Zf jaie; € F. Considering ak = %, l%Zle ei| > 37 > 0. This

> 0.

implies that p = limg_, o ’ i1 €| = %

Proof of Theorem 2. Assume that X have the Banach-Saks property.
Let (z,) be a good sequence in X with its spreading model [F, (ey)].
Since X has the Banach-Saks property, there exists a subsequence (x},)
of (z,) such that for all subsequence (z,.) of (z7,),

k
1
EZJ;;“——)xEX

=1

by Lemma 1.
Suppose that £ = 0. Then by Lemma 2, there exists a subsequence
(z7,,) of (z7,) such that for all k € N,

2 10g2 k)— sup ||3Un” <

k
D
i=1

x| =

|-

DO =
??‘I'—‘

Since %Zle Tn, — 0 and £ (2logy k) — 0 as k — oo, p = 0.

Suppose that = # 0. By Proposition 7, (z!, — z) is also a good
sequence. Let [G, (f;)] be a spreading model of (z), — z). By Lemma 2,
there exists a subsequence (z;,, — x) such that for all k¥ € N,

k

L3 (@, )

=1

1
~ (2log, )3 sup |}, - o] <
n

N =
?rlr—*

SlncekzZ (@, —x) — 0 and (210g;2k)——>Oausk—>oo,kzz fi—
0 as k — oo. We first show that 1 Zz:l e; converges 10 a non-zero
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element in F'. Since

1 & 1 & 1 &
LSe-ftSal= mm [E5e - L5
=1 ny1< e <ng, =1 i=1
1 & 1 &
= lim ——Z(wni—x)—-——Z(wm—m)
7] —00 kl - k2 -
n1<~~<nk2 =1 =1 )
1 & 1 &
kl;f kZ;f or ki <k

and ¢ Zle fi converges to zero, Z L €; converges in F. Let 1 Zz_ e;
—ein F. Suppose that € = 0. Then by Lemma 2, there ex1sts a subse-
quence (z7,,) of (z;,) such that for all k € N

1 '
e;| + (31og, k)E sup ||z [|-

Slncekzl 1ez—>0and(3log2k)——>0ask—>oo,kz i—»O.

We get the contradiction, since ¢ Zz 1Zn, — ¢ #0. Thus ¢ Ei:l e;
converges to a non-zero element of € € F. By (2) of Lemma 6, € € Fi
and so F, # {0}.

Assume that (2) holds. Let (y,) be a bounded sequence in X. We
show that (y,) has a subsequence whose arithmetic means converge in
X. If (yn) has a convergent subsequence, the subsequence has a conver-
gent arithmetic means. So we may assume that (y,) has no convergent
subsequence. Then by Lemma 3, there exists a subsequence (x,) of (y,)
such that (z,,) is a good sequence in X with its spreading model [F, (e,,)].
Suppose that F, # {0}. Then by (1) of Lemma 6, 2 37 | e; converges
in F. By (4) of Lemma 5, (z,) has a subsequence whose arithmetic
means converges in norm || - ||.

Suppose that p = 0. Then there exists a subsequence (z),) of (z,)
such that

1 1
kz <2 kzez (3108 £) + sup 4.
Since p = limk_qooﬁzle e;l = 0 and limg_, (3 log, k)% = 0,

O

% Ele z} — 0 as k — oo. This completes our proof.
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3. The Schlumprecht space and spreading model

In (9], Th. Schlumprecht introduced the Schlumprecht space S and
showed that S is arbitrarily distortable. In [3], the author showed that
the Schlumprecht space S is reflexive and not uniformly convex. It is
natural to ask the following question.

QUESTION. Does the Schlumprecht space S or its dual space S* have
the Banach-Saks property?

In {3], the author proved that the dual space S* has the Banach-Saks
property by the direct computation. In this paper, we show that the
Schlumprecht space S does not have the Banach-Saks property using
the spreading model properties.

We need the following lemma and corollary.

LEMMA 8. Let (z,) be a good sequence in X with its spreading model
[F, (en)]- If (es) is a basic sequence in F, then Fo, = {0}.

Proof. Let © =3 .0, a;e; € Foo. Then by (2) of Lemma 5,

oo =)
E a;e; = = Tx = E Q;€541-
g=1 i=1

This implies that a; = a3 = 0. Continuing this process, we get that
a, = 0 for all n and so x = 0. This completes our proof. O

COROLLARY 9. Let X be a Banach space. If X has a spreading model
isomorphic to 1y, then X does not have the Banach-Saks property.

Proof. Suppose that X has a spreading model [F), (e, )] isomorphic to
{1. Since X has a spreading model isomorphic to {; if and only if it has
a spreading model whose fundamental sequence is equivalent to the unit
vector basis (z,,) of l1, we may assume that (e,) is a basic sequence and
there exist M, m > 0 such that

o) o]
E AnTn E An€n
n=1 n=1

m < <M

00
E AnTn
n=1

131 I

It suffices to show that Fo, = {0} and p = limg_oo l% Sk ei' > 0 by
Theorem 2. Since (e,,) is a basic sequence in F', Fo, = {0} by Lemma 8.
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Since
1 1<
p:kli—{go E_Zei kah—»n;o sz" =m>0,
i=1 i=1 I
p > 0. We complete the proof. O

In [6], D. Kutzarova and P. K. Lin proved that the Schlumprecht
space S has an [;-spreading model. By Corollary 9, [3] and [6], we get
the following.

COROLLARY 10. The Schlumprecht space S does not have the Banach-
Saks property and its dual space S* has the Banach-Saks property.

In [8], N. Okada and T. Ito proved that if X is a Banach space of type
p for some 1 < p < 2, then X has the weak Banach-Saks property. We
note that the Banach-Saks property and the weak Banach-Saks property
are equivalent in a reflexive space. Then by Corollary 10 and [8], the
Schlumprecht space X is not of type p, 1 < p < 2.

If Y is a Banach space with basis (y;) and if 1 < p < 0o we say that
lp is finitely block represented in Y if for any € > 0 and n € N there is a
normalized block (z;)?_; of length n of (y;) which is (1 + €)-equivalent to
the unit basis of i and we call (z;) ablock of (y;) if 2 =3, . 11 095
for i = 1,2,... and some 0 = kg < k; < --- in Ny and (a;) C R. In
[9], Th. Schlumprecht proved that [, is finitely block represented in each
infinite block of (e;), where (e;) is the unit vector basis of S.

In this paper, our concern is the finitely representability of the Schlum-
precht space S. We say that a Banach space X contains l&n) uniformly if
there exists 0 > 0 such that for every n > 1, we can find z1,--- , 2, in X
with ||z;|| =1 and |31, a;zi]| > 63, |as|, for all scalars ay,-- - , ap.
G. Pisier showed that A Banach space X does not contain l&n) uniformly
if and only if X has type p, for some p > 1 (Theorem 1, p.313 of [1]).

Since the Schlumprecht space is not of type p, p > 1, we get the
following.

COROLLARY 11. The Schlumprecht space S contains lgn) uniformly.

Since if a Banach space contains I{"”

representable in it, we get the following.

uniformly, then l; is finitely

COROLLARY 12. [y is finitely representable in the Schlumprecht space
S.
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