Alamouti SAIZIRE SOl A5EME 28t closed-form BER E& 673
3:. B A .o _('3,] &S
oxw 1 - ‘q}

Alamouti F7HA] 7HE-3 9

closed-form

+

BER 3

R t+
= &8 & - Ho Van Khuong
2 o
Alamouti 'T‘)"Zl"\] 73 (Space Time Coding)2 UMTS-WCDMAS] E£9) 3 2202 Aotgly AxE 3 9ok 2 AF74H L3 v
2E o] T £39 closed-form HE o}H-EBER)el 3 T4 A7E Ho] gtk B =RAME ANEH|HL 5o A% AZo] Az &
HlE BA1817] 918k coherent BPSKZ ¥%3 HolHE ol&dle Axw] A% BAA #1¥ 4 & BER A%S $#4o2 3ty

I - SLAIZIRE S, AWGN, g2l FolE

Closed-form BER expressions for performance of Alamouti STC

Hyung-Yun Kong" - Ho Van Khuong'

ABSTRACT

Alamouti STC (Space-Time Code) is a part of the UMTS-WCDMA standard. However, up to the best of our knowledge no
closed-form BER formula for this famous code exists. Evaluating its performance through simulations is time-consuming and therefore,
there should be analytical BER graphs to serve as a reference which are derived in this paper for coherently BPSK-modulated data.
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1. Introduction

In wireless networks, signal fading arising from mul-
ti-path propagation is a particularly severe channel impair-
ment that can be mitigated through the use of diversity
[11 which is provided using temporal, frequency, polar-
ization, and spatial resources. Among them, spatial diver-
sity which relies on the principle that signals transmitted
from geographically separated transmitters, and/or to geo-
graphically separated receivers, experience fading that is
This
kind of diversity technique usually uses a class of special

independent has been intensively researched recently.

codes called space-time codes [2] whose performance was
proved to be very good in the flat Rayleigh fading channel
by simulation programs. The first STC was suggested by
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Alamouti [3] with simple structure and high code rate
(equal to 1),
equivalently, the application of STC remains the bandwidth
as that of uncoded data. As a result, it is selected as a
part of the UMTS-WCDMA standard [4]. However, its
performance is only exposed through computer simulation
which requires plenty of time. Therefore, the analytical
BER expressions for this famous code should be estab-
lished to serve as a reference. This is our motivation to

that is, there is no bandwidth sacrifice or

use a mathematical approach so as to formulate probability
of error formulas under the flat Rayleigh fading channel
plus AWGN (Additive White Gaussian Noise). In final
equations, we examine its BER for both cases of two
propagation paths to the receive antenna:symmetric (same
fading power) or asymmetric (different fading power).

The rest of this paper is organized as follows. The BER
expressions are deduced in part 2. Part 3 presents the
simulation and numerical results as well as the elaborative
discussions of all possible channel conditions and finally,
the paper is closed in part 4.
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2. Formula Construction

Alamouti STC for two transmit antennas is represented
by a transmission matrix

stc=| ™
GEEY

where x; and xz are two consecutive MPSK-modulated
symbols having the same amplitude at the input of STC
encoder; (- )" denotes complex conjugate operator.

The signal transmission on two transmit antennas is
processed as follows. At the first time slot, x; and x2 si-
multaneously are sent on antenna I and 2, respectively.

Then, -, and x; continue to be transmitted on antenna I
and 2 at the second time slot.

2.1 Channel model

The flat fading channel is usually assumed for most
spatial diversity systems in which path gains @ from
transmit antenna [ to receive antenna are modeled as sam-
ples of independent zero-mean complex Gaussian random
variables (r.v.'s) with variance o7 and are constant during

two-symbol durations but change over longer intervals.

2.2 Receiver
Consider the case of one receive antenna. The received
signal being a superposition of signals from two transmit
antennas attenuated by fading and corrupted by noise is
given by
K =X0,+X,a, +n

* *
B, =—X0, + X, 0, + 1, o))

where r; and r» are the received signals in the I and 2
time-slots; n; and ny are independent zero-mean complex
Gaussian r.v.'s with variance o2

Assuming coherent detection, maximum likelihood de-
coding can be achieved based only on linear processing at
the receiver [3]. As a result, the symbols x; and xz are
estimated by

' *

X =na; +ha, @)
f * *

X, =ha, —na, &)

Substituting r; and re from Eq. (1) into Eqs. (2)-(3), we
obtain

X, =(jocl|2 +|acz|2)>c1 +N, )
X, =(|a1|2+ia2|2)x2+N2 5)
where
N, =na +na, ®)
N, =na, -na, @

Egs. (4)-(5) show that STC provides exactly perform-
ance as the 2-level receive maximum ratio combining.

For coherent BPSK modulation, the symbols x; and x2
are detected by

=

= sign(Re(xi ))= sign(Ax, + ) Q)

=

= sign(Re(x'2 »: sign(Ax, + 7, ) ©)
where

* sign( + )« signum function
* Re( + ) :real part of a complex number
.7 =Re(Ni), i=1, 2

. /1=|a1|2+|a2|2 =x+y

Since a; are zero-mean complex Gaussian r.v.s with
. 2 . . . . .
variance ©;, x and y have exponential distribution with
2, .
mean value of &;; that is,

flx)=2,e* f,)=2e™

where

A =1lo} A,=lo; x=|al|2 y=|a2|2
and x, v = 0 filx), f{v) are pdfs of rv. x and y,
respectively.

The pdf of A, hence, is expressed as

£:A)= [£.()7, (- x)dx

é-__,s

Ao q,e P

[ S



Moreover due to the assumption of the mutual in-
dependence of m, N; and N:; are zero-mean complex
Gaussian r.v.s with the same variance ¢ 2, given the chan-
nel realizations

= (]allz +|a2|2)0'2 =Ac?

As a consequence, 7, are also zero-mean Gaussian r.v.'s
with the variance 2.

From Egs. (8)-(9), it is found that x; and x» are attenu-
ated and corrupted by the same fading and noisy level and
as a result, their probability of error is equal. Therefore,
the probability of error can be calculated through BER of
x1. Moreover, since x; is BPSK-modulated and transmitted
equally likely, the BER conditioned on the channel realiza-
tions is given by

il 24
P =P > i|2)= i =g 2
o> 4) I\/Zﬂg /2 Xp[ 27@2/2] ; Q( 02]

where

@ zl2 _xz
J[‘e"p["z‘]dy_‘J (zsmw}"” (10)

The second equality in Eq. (10) follows from the alter-
nate Q-function representation in [6, Eq. (4.2)].

Finally, average BER is computed by averaging P. over
the parameter A

m~ij1 (A4 = IQ[\F ]fl(ﬁ)dﬂ

2.3 Asymmetric case

The asymmetric scenario happens when fading level of
one of the propagation paths to the receive antenna is dif-
ferent from the other path. In this case, we have A, # /\y
and therefore,

T 22 ﬂ'xj' -4, -2 A
P = Q[ -——]—y ey—e‘}iﬂ,
v OI o JA, -4,
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By changing variable of the integration v= \/%?, we
obtain

{,1 39(@)0%5"%”‘1”

P =
eAVG l .

) ziy,iy jg(@ Jae

Each component integral in the above expression is cal-
culated in the Appendix, thus

2.4 Symmetric case
This is the case that both paths of similar quality to

the destination, that is, 4, =4, =a=1/ ol Hence, we ob-

P = :"[\Fj *ie*dA

By changing the variable of the integration z = a\ and

tain

letting ,B='l/(ao‘2):1/(0'2/0'l2), the probability of error is
reduced to

Pore = ?Q(\/ﬂ)ze_zdz

_w 1/!/2 .
—J{n ; [2s1 ¢jd¢} %

) sz exp[—[si:é y + l}szzjldqﬁ
_l”/Z B -2

= f(sin2¢+1) dg

__1—::/2 sin ¢
Tz I[sm ¢+ﬂj 9

Using [6, Eq. (5A.4b)], we rewrite the above as

N |-




676 TEMe|EH=2XIC M12-CH M 5=2(2005.10)

-y ? 2+,1/)
e =2 L] )4( (12)

where

. fiz T 1
1+8 V1+1/p J1+(az/af)

Eqs. (11)-(12) are closed-form BER expressions for the
STC with 2-transmit antennas and 1-receive antenna as-—
sociated with coherent BPSK modulation.

3. Numerical results

In the following presented simulation and numerical re-
sults, the signal-to-noise ratio SNR is defined as

SNR=(c{ +03)/6* =(1+8)o} /6* | where 8=0;/07 .
Moreover, the channel state information is assumed to be
perfectly known.

3.1 Symmetric case
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(Fig. 1) BER performance of Alamouti STC for the symmetric case

(Fig. 1) shows the BER performance of the Alamouti
STC as the quality of both channels from transmit anten—
nas to receive one is similar (67 =o3). It is obvious that
there is no difference between analysis (Eq. 12) and simu-
lation. Therefore, the mathematical analysis is demon-
strated to be completely exact.

3.2 Asymmetric case

We consider the asymmetric scenario because in order
for the path gains to be independent, the antenna elements
should be spaced sufficiently apart [7]. Then the signals
arriving at the receive antenna may experience the fading
with different average power or equivalently, é is unequal
to 1.
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(Fig. 2) BER performance of Alamouti STC for the different &'s

(Fig. 2) investigates the influence of § on the error
probability of the Alamouti STC. It is realized that the
smaller the value of 4, the worse the performance.
Specifically, the case of §=00! suffers a SNR loss of
approximately 3dB compared to that of §=0.05 at the same
target BER of 10" This is because if one of two
propagation paths to the receiver is severely faded, the
transmit  diversity reduced and thus, the
performance degradation happens. (Fig. 2) also reveals that
STC achieves the best performance when the symmetry of
channels to the destination is reached. Moreover, the
analyzed BER curves Eq. (11) perfectly agree with the
simulated ones. This again proves that the mathematical
derivation is absolutely precise.

level is

4. Conclusion

The exact BER formulas for analyzing the performance
of one of the most important STCs, Alamouti STC, are
derived. The simulation results verified the validity of
those expressions. Therefore, they serve well as a refer-
ence for quickly estimating the BER performance without
time-consuming simulations.

Appendix

In this appendix, we derive the following closed-form
expression )

Alamoutl BZIAIZIE T O] MSEME QB closed-form BER E31 677

B~ [olza e dg

Using the alternate Q-function representation in [6, Eq.
(4.2)], we obtain

e

The last equality is achieved by using [6, Eq. (GA.9)].
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