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FREE ACTIONS OF FINITE ABELIAN
GROUPS ON 3-DIMENSIONAL NILMANIFOLDS

DongsoON CHOI AND JOONKOOK SHIN

ABSTRACT. We study free actions of finite abelian groups on 3-
dimensional nilmanifolds. By the works of Bieberbach and Wald-
hausen, this classification problem is reduced to classifying all nor-
mal nilpotent subgroups of almost Bieberbach groups of finite in-
dex, up to affine conjugacy. All such actions are completely classi-
fied.

1. Introduction

The general question of classifying finite group actions on a closed
3-manifold is very hard. However, the actions on a 3-dimensional nil-
manifold can be understood easily by the works of Bieberbach, L. Aus-
lander and Waldhausen[4, 5, 13]. Free actions of finite, cyclic and abelian
groups on the 3-torus were studied in [3], [6] and [9], respectively. It is
interesting that if a finite group acts freely on the 3-dimensional nilman-
ifold with the first homology Z2, then it is cyclic ([1]). In this paper we
study free actions of finite abelian groups on 3-dimensional nilmanifolds
which includes the main theorems 3.2 and 3.3 of [1] as corollaries.

Let H be the 3-dimensional Heisenberg group; i.e., H consists of all
3 x 3 real upper triangular matrices with diagonal entries 1. Thus H
is a simply connected, 2-step nilpotent Lie group, and it fits an exact
sequence

1-R—-H—-R?—1,

Received May 7, 2004. Revised October 11, 2004.

2000 Mathematics Subject Classification: Primary 57525; Secondary 57M05,
57517.

Key words and phrases: group actions, Heisenberg group, almost Bieberbach
groups, Affine conjugacy.

Supported in part by KOSEF grant R01-2000-000-00005-0(2004).



796 Dongsoon Choi and Joonkook Shin

where R = Z(H), the center of H. Hence H has the structure of a
line bundle over R%2. We take a left invariant metric coming from the
orthonormal basis

O = O

0 0
00
0 0

SO =

0 0
? O 0 I’
0 0

o oo

0
0
0

O O e

for the Lie algebra of H. This is, what is called, the Nil-geometry and
its isometry group is Isom(H) = H »x O(2) [11, 12]. All isometries of H
preserve orientation and the bundle structure.

We say that a closed 3-dimensional manifold M has a Nil-geometry if
there is a subgroup 7 of Isom(H) so that 7 acts properly discontinuously
and freely with quotient M = H / 7. The simplest such a manifold is
the quotient of H by the lattice consisting of integral matrices. For each
integer p > 0, let

I,m,néez

— 33

11
I,=< [0 1
0 0

Then I'; is the discrete subgroup of H consisting of all integral matrices
and T, is a lattice of H containing I'; with index p. Clearly

HI(H/FP5 Z)= F;D/[Fpa Pp] =7’ Zp.

Note that these I',’s produce infinitely many distinct nilmanifolds NV, =
H/T', covered by N;. In this paper, we shall find all possible finite
abelian groups acting freely on each N,.

Let G be a finite group acting freely on the nilmanifold N,. Then
clearly, M = N,/G is a topological manifold, and 7 = m (M) C
TOP(H) is isomorphic to an almost Bieberbach group. Let 7’ be an
embedding of 7 into Aff(H). Such an embedding always exists. Since
any isomorphism between lattices extends uniquely to an automorphism
of H, we may assume the subgroup I', goes to itself by the embedding
7 — 7' C Aff(H). Then the quotient group G’ = 7' /I, acts freely on the
nilmanifold N, = H/T,. Moreover, M’ = N, /G’ is an infra-nilmanifold.
Thus, a finite free topological action (G,N,) gives rise to an isometric
action (G’,Np) on the nilmanifold V. Clearly, N,/G and N, /G’ are
sufficiently large, see [5, Proposition 2]. By works of Waldhausen[13]
and Heil[4, Theorem A], M is homeomorphic to M’,
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DEFINITION 1.1. Let groups G; act on manifolds M;, for ¢« = 1,2.
The action (G1, M4) is topologically conjugate to (G2, Mz) if there exists
an isomorphism §: G; — G2 and a homeomorphism h: M; — M; such
that h(g-z) = 0(g) - h(z) for all z € M; and all g € G;. When G1 = G2
and M; = M, topologically conjugate is the same as weakly equivariant.

2. Criteria for conjugacy

In this section, we develop a technique for finding and classifying all
possible finite abelian group actions on 3-dimensional nilmanifolds. The
problem will be reduced to a purely group-theoretic one. We quote most
of the Introduction and Section 2 of [1] in our Introduction and Section 2
for the reader’s conveniences.

Let I" be any lattice of H and Z(H) be the center of H. Then Z =T'N
Z(H) and T'/T' N Z(H) are lattices of Z(H) and H/Z(H), respectively.
Therefore, the lattice T' is an extension of Z by 72, that is, there is an

exact sequence:
15Z 5T —>7Z% 1.

Let a, b and ¢ be elements of I' such that the images of a and b in Z?
generate Z? and c generates the center Z. Then it is known that such I
is isomorphic to one of the following groups, for some k # 0:

T'x = (a,b,c| [b,a] = ck, [c,a] = [c,b] = 1),

where [b, a] = b~1a~1ba. This group is realized as a uniform lattice of H
if one takes

100 110 10 1
a=|0 1 1|,b=]01 0],c=|0 1 0
00 1 00 1 00 1

Remark that Tk is equal to I' .
The following proposition gives a characterization of an almost Bieber-
bach group (see [7]).

PROPOSITION 2.1. An abstract group m is the fundamental group
of a 3-dimensional infra-nilmanifold if and only if m is torsion-free and
contains T, for some k > 0 as a maximal normal nilpotent subgroup of
finite index.

It is well known that all 3-dimensional infra-nilmanifolds are Seifert
manifolds (see [8, 10]). Assume M is a 3-dimensional infra-nilmanifold.
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Then M has a Seifert bundle structure; namely, M is a circle bundle over
a 2-dimensional orbifold with singularities. It is known [2, Proposition
6.1.] that there are 15 classes of distinct closed 3-dimensional manifolds
M with a Nil-geometry up to Seifert local invariant.

Note that if M = H / m is a 3-dimensional infra-nilmanifold, then
there is a diffeomorphism f between H and R3, and an isomorphism ¢
between 7 and 7', where 7’ is a subgroup of Aff(R?) = R® x GL(3,R)
such that (m,H) and (7/,R3) are weakly equivariant. Therefore, an
infra-nilmanifold M = H / 7 is diffeomorphic to an affine manifold M’ =
R3/n’. The following proposition [1, Proposition 2.2.] presents an
imbedding of Aff(H) into Aff(R3) C GL(4,R), and will be used to realize
an action of G = 7/N on the nilmanifold H/N, where N is a normal
nilpotent subgroup of 7w isomorphic to I'k.

PROPOSITION 2.2. Aff(H) = H x Aut(H) imbeds into Aff(R3) C

1 =z =z
o 1yl ([B)72])) —
0 0 1

GL(4,R) by
ps — qr g(pv* —ru*) %(qv* — su*) k—gﬂ —kz

0 p q T
0 r s Y ’
0 0 0 1

where k is any nonzero real number, u* = 2u + x and v* = 2v + y.

From now on, we shall use the presentations of almost Bieberbach
groups in [2, pp. 155-164]. In the following presentations, we shall use
t; € Affi(H) (i = 1,2,3) whose explicit representations into Aff(R3) are
A(a), A(b) and X(c), respectively. That is, for some k& > 0,

[STE

O O

_=O = O
OO O =
O O =
O OO
= =00

COHO OO —O
O = OO
O O =

1
OO oo o
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and by Proposition 2.2, we get

tq

o

[

o~

N

Il
O O -
O == O
ot O

(-

t3 =

O et © O ==
|
bl

respectively, where I is the identity in Aut(H) = R? x GL(2, R).

The following is the list (see [1]) for 15 kinds of the 3-dimensional
almost Bieberbach groups imbedded in Aff(H) = H x (R? x GL(2,R)).
In each presentation, m, means Seifert bundle type k, n is any positive
integer, and t3 is central except 73 and m4. Note that t; and ¢, are fixed,
but k in t3 varies for each m; ;. For example, k = n for my; £ = 2n for
o, etc.

Ty = <t1,t2,t3 1 [tg,tl] = tg )

T = (t1, o, t3, [tz t1] = 13", a® = t3,at1at = ]}, ot = £;1),

_1
10 in 0 -1 0
o= 01 O , ol'l o -1
0 0 1
T3 = (t1,ta, ta, ¢ | [to,t1] = 27, [ts,t1] = [ts,t2] = 1, atza™ =1¢37,
atia™t = t1, aty =ty lat;", o =ty),

ol (1 4]

] o1’lo -1

mg = (t1,t2,t3,, B | [ta, t1] = t37, [ts, t1] = [t3, 2] = [, t3] = 1,
B3t = t31 aty = t7 a3, aty = t; otz ",

a?=t3, B2 =t1, Bt =t Bta = t; 15t 7",
af = t7 '3 Baty; PHY)y,

Q

I
OO =
O =N

1 0 —5= 1
8n = _
(o SN 5])
00 1 T2 B
(14 1
=0 i H (15 S)))
[0 0 1 2
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ms1 = (t1,to,ts, | [ta, t1] = 15772, atie™l =1y, atsa™t =7,
a4=t3),
1
10 T 4{dn—2) 0 0 —1
a = 01 0 , ol’l1 o
0 0 1
7r5,2=(t1,t2,t3,ai[t2,t1] 4", atia”! =ty, atral =171,
ot =1t3),
33!
(10 -5 0 0 -1
01 o0 |, ol 11 o
00 1
75,5 = (b1, to, t3, | [tz,tl] =", atia”l =1y, atpa™! =171,
ot =t3), '
_ e
L0 =, 0] [o -1
o1 0 |, ol'l1 o
00 1 | |
= (t1, b2, 13, | [tz,tl] =" atija”l =ty, atra”t =750
—t3 >a
1 _L
0 (1) 0 0 -1
“\lipl1 <1
0 0 1 2
Te2 = (t1,t2, t3, 0 | [t2,t1] =t atia”l =ty, ateat =175}
o® =13 ),
~2
1.0 0 0 —1
0 1 S
0 0 1 2
Te,3 = (t1,t2,t3, ¢ | [tz,tl]: "2 atiaTl =y, atea” =175,
t% )s
1 0 -
9n—6 —
o1 | (9] [7 )
(0 0 1 2
Tea = tl,tg,tg,a | [t2,t1] 31 atiaml = ty, atpat = 17150,
=13 ),
_ 372
L 0 9n-3 0 0 —1
o = 0 1 0 s 1| 1 _1
[0 0 1] 2
mT7,1 = (tl,tg,t3,a ! [tg,tl] = tgn, atla‘l = 1110, Oltga_l = ti_l,

a6 =t3>,
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[1 0 —=
36n 1 —
e=(]o 0 &) (3]0 %)
LO 0 1
|

Tr = (t1, b, ta, | [ta, t1] = 5772, atia™! = tity, atpa™t = 't

a6:t3),
(10 36n—12 1 _
e= (o L W)
0 0 1

mrs = (t1, ba,ts, a | [to, t1] = 187, atia™! = tity, atpa™! =177,
6

1 0 —3, 1 _
a={ o 1) [0 D))
00 1
|

74 = (t1, b ta, | [t2, 0] = 13774, atia™! = tita, ataa™ =177,

1 0 —=—2_
36n—24 1 -
o (A R )
0 0 1
Let (G, N,) be a free affine action of a finite abelian group G on the
nilmanifold A,. Then N, /G is an infra-nilmanifold. Let 7 = m(Np/G),
and T', = m1(Np). Then 7 is an almost Bieberbach group. In fact, since

the covering projection NV, — N, /G is regular, I'; is a normal subgroup
of 7.

DEFINITION 2.3. Let m C Aff(H) = H x Aut(H) be an almost
Bieberbach group, and let Nj, No be subgroups of m. We say that
(N1, ) is affinely conjugate to (Ng,7), denoted by N1 ~ Np, if there
exists an element (¢t,T) € Aff(H) such that (¢, T)n(¢,T)"! = 7 and
(t, T)Ny(t, T)™* = No.

From now on, we shall denote the normalizer of ™ by Nagw) (7).
Our classification problem of free finite group actions (G,Np) with
71 (Np/G) = 7 can be solved by two steps:

(I) Find all normal nilpotent subgroups N of 7 each of which is

isomorphic to 'y, and classify (IV,7) up to affine conjugacy.
(II) Realize the action of G on H/N as an action of G on H/T'p = N,

For the first part (I), we need the following lemma([1, Lemma 2.4.]),
and for the second part (II) “Realization”, we just follow Procedure of

1.
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LEMMA 2.4. Any normal nilpotent subgroup N of m has a set of
generators of the form

{9ty 152452, 15,
where 0 <m < dy, 0<n; <ds, i=1,2.

The second part (II) “Realization” can be done by the following pro-
cedure. Let 7w be an almost Bieberbach group and N be a normal sub-
group of # with G = n/N finite. To describe the natural affine action
of G on the nilmanifold H/N as an action of G on N,, we must make
the nilmanifold H/N the nilmanifold A, whose fundamental group is I,
and describe the action on the universal covering level. In other words,
the action of G should be defined on H as affine maps (this is really
explaining the liftings of a set of generators of G in 7), and simply say
that our action is the affine action modulo the lattice I'p. It is quite
easy to achieve this. Find an automorphism B € Aut(H) which maps N
onto I',. Therefore, the conjugation by B € Aff('H) maps 7 into another
almost Bieberbach group in such a way that N maps onto I'j. Suppose
{a1, -+ ,ax} generates the quotient group G when projected down via

m — G, then {Ba;B™!,--- | BayB~'} describes the action of G on the
nilmanifold N,.

3. Free actions of finite abelian groups G on the nilmanifold

In this section, we shall find all possible finite abelian groups act-
ing freely(up to topological conjugacy) on the 3-dimensional nilmanifold
N,. The following proposition is a working criterion for determining all
normal nilpotent subgroups of each almost Bieberbach group n which
are isomorphic to I'y.

ProOPOSITION 3.1. Let N be a normal nilpotent subgroup of an al-
most Bieberbach group m and isomorphic to I',. Then N can be repre-
sented by a set of generators

Kdydy

d d
N = <t11t5ntgl7 t22t22> ts ? >’

where di, dp are divisors of p; K is determined by t§ = [ta, t1];
0<m < dy, ogni<K—dpﬂ (i=1,2).
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Proof. Let A = m NH be pure translations of 7. Then
A= <t17t27t3>

is the maximal normal nilpotent subgroup of 7. For every 7, A contains
the relations
[to, t1] = t&, [ts, t1] = [t3, t2] =1,
where K is a positive integer. Let N be a normal nilpotent subgroup
of m. Then N is a subgroup of A and can be represented by a set of
generators
(11585, 197157, 15°)
by Lemma 2.4. Note that
13265, a5 ] = 157, 1] = [to, ]2 = 4571,

Since N is isomorphic to I'p, we have d3 = K—‘Eﬂa. By the normality of
N in w, the following two relations ’
Kd
b (PP )ty ! = (1) (80 %
Kd
b = (PG () TS

show that dy, dg are divisors of p. This completes the proof by Lemma
2.4. O

Remark that if p = 1, then we obtain the following result, which is
the same as Proposition 3.1 of [1].

COROLLARY 3.2. Let N be a normal nilpotent subgroup of an almost
Bieberbach group © and isomorphic to I'y. Then N can be represented
by a set of generators

N = (185, tat52, t5),

where 0 <n; < K, i =1,2, and K is determined by tX = [t2, t1].

Now we shall deal with 15 distinct almost Bieberbach groups up to
Seifert local invariant. This, as in other parts of calculations, was done
by the program Mathematica[l4] and hand-checked. From now on, we
shall denote affine conjugacy classes by AC classes and use the following
notation.

NOTATION: %(ay,---, ax) means the subgroup generated by conju-
gations of ay,---, ax by &.
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THEOREM 3.3. (m2) Table 1 gives a complete list of all free actions(up
to topological conjugacy) of finite abelian groups G on N, which yield
an orbit manifold homeomorphic to H/m,.

Table 1
Group G Genertors  AC classes of normal nilpotent subgroups
2n

Zsn (a) 2 eN Ny = (t1, t2, t57 )
&(q) " eN, p#1l sz(tl;tztf,t?)
& (a) Na = (1183 , tat? )

Ly X Lsn Mt ) T eN,pe2N Ly = (3, o, tg%)
M2t o) 2;"6N,p€2N+2 L2=<t%,t2t?7t?>

szzzmeTnc(tl,tz, a) %GN,pEAIN N = (3, t%,t?)

where I is the identity in H, and

o[ ) =LA )
a= G BL ) =1
GO D)

T = (tl,tg,tg,a [ [tz,tl] = t%n, [tg,a] = [t3,t1] = [t3,t2] = ].,
o =t3, ato =17, atpa™l = 1),

_1

10 dn 0 -1 0

a = 01 0 , o'l o -1
0 0 1

Let N be a normal nilpotent subgroup of 73 isomorphic to I', such that
ma/N is abelian. Then

2ndjdg

N = (¢Beg td24n . ° ), (0§m<d2, 0<tr<

2nd1d2 )



Free actions of finite abelian groups on 3-dimensional nilmanifolds 805

by Proposition 3.1. Since [ma, m2] = (82, t2, t3") C N, the possible pairs
of (dq, dg) are (1,1), (2,1), (1,2), and (2, 2).

(i) When dy = dz = 1: We have
2n 2n 2
N = <t1tg, tztg, t3p >, (0 <lr< —n, il S N) .
p P

If n is not a multiple of p, then there exists only one normal nilpotent
subgroup

2n
Nl - <t1a t2) t3p )

Since N is a normal subgroup of m, if n is a multiple of p, then the
following two relations

a(tit§)a™t = (t1t5) 712 e N,

a(tgtg)a‘l = (tgtg)_lt? eN

show that £ = 0 or % ,andr = 0Qor %. Thus the possible normal nilpotent
subgroups are

2n
14

2n n
Ny = (t1, to, t5" ), Ny = (t1, tat3, t5 ),
2n 2n

N3 = <t1t3;, tgtgg, t3—p_>, N4 = (tltg, tg, t3T>.

To calculate the normalizer Nag)(72), let (t,T) € Nagp)(m2). Since
TAT ! = A for a = (a,A) € mp and a € Z(H), we have

t,T)(a, A)(t,T) a,A)™ =t- At™D).
Therefore
(t,T) € Nagr)(m2) if and only if t- A(t™") e A=7mNH.
Thus we obtain
Nag(r)(m2)

T e GL(2,Z), r,s € Z

TN
[ —
oo
—_
N
N

O =3

1
= 0
0

=N %
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It is not hard to see Ny ~ N4 by using

1 0 O

0 01
010 ’([O]’[l OD € Nagn)(m2).
0 0 1

Note that ) .

1 —~2—P5 ZW -0-

ll:l: O 1 0 9 0 )I 3
[0 0 1] L
_ . )
L =g 2 0] [0 1

H2 = 0 1 0 ’ 0 ) 1 O
|0 0 1] L™

are the only ones that can conjugate N; onto N,. However, when p > 1,

i & Nagry(me) (i=1,2).

Thus we proved that N, is not affinely conjugate to No. Similarly we
can prove that N7 (or Ny) is not affinely conjugate N3. Note that when
p=1 N; (i = 1,2,3) are affinely conjugate each other [1, Theorem
3.3.(Type 2)]. Therefore if 2 €N and p # 1, there exist 3 affinely
non-conjugate normal nilpotent subgroups N; (i = 1,2, 3) of .

(ii) When d; = 2, dy = 1: Let L be a normal nilpotent subgroup of
7o isomorphic to ', such that 7/ L is abelian. Then by Proposition 3.1,

. in 4
L= (tftg, tats, ), <0§€,r< ?n, pEQN).

Since t? € [my,m] C L, we have ¢ = 0. By the normality of L, the
following relation

altath)a™t = (tatf) M2 € L

shows that r =0 or 27", whenever 25”- € N. Therefore the possible normal
nilpotent subgroups are '

4n

' 4an 2n 4n
Li= ({3, to, t7),  Lao= (3, tats , t& ).
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Remark that if p = 2, then L; ~ Ly by using

1 -5 0 0
0 0f, ([0] aI> € NAH(H)(W2)'
0 1

However if p € 2N + 2 and 27" € N, then there does not exist p €
Nas(3)(m2) whose conjugation maps Ly onto La. Thus Ly is not affinely
conjugate to Lo.

(iii) When d; = 1, dp = 2: By Proposition 3.1,
myl 24T o 4n
L:<t1t2 t3, t2 3 tgp >, 0Sm<2, OSE,T<;, p€2N .

Since t2 € [mp,m2] C L, we have r = 0. By the normality of L, the
following relation

a(tt5)a™t = (ttpth) P e L

shows that £ = 0 or 2?", whenever %n € N. Thus the possible normal

nilpotent subgroups are
2 4an 2n 2 4n
L3 = <t17 tza t3P >7 L4 = <t1t3p ) t27 t3P )
4n 2n
Ls = (tita, t3, t7 ),  Le = (hitaty , 13, t ).
It is easy to see that L3 ~ Ls and Ly ~ Lg by using

1 0 O
0 1 0
52 T (L] o)) <ot
0 0 1

Note that if p € 2N + 2, we can see that L3 is not affinely conjugate to
L4. However we know that L; ~ Lz and Ly ~ L4 by using

1 0 0

0 0 1
010 ,<[0},[1 0]) € Nagr)(m2)-
0 0 1

Therefore if %@ € N and p € 2N + 2, then there exist 2 affinely non-
conjugate normal nilpotent subgroups L; and Ly of ms.
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(iv) When d; = do = 2: Since [mq, T3] = (2, 13, t3") C N, if p € 4N
and 8?” € N, then there exists only one normal nilpotent subgroup

8n
N = (8, &, t ).

The realization of the action of G = m3/N; on the nilmanifold H/N;,
as an affine action on the nilmanifold N, , is easy provided that we
follow the “Realization” procedure. For example, the normal nilpotent
subgroup N; of my is equal to T'p itself. Therefore G = m3/Ny = Zan
acts on N,. Thus the generator « of the group G can be obtained from
a € my. However we observe that N; in mp is not equal to I',, but
isomorphic to I'p. To obtain an action of G = 73 /N3 on N, one has to
conjugate the representation of w5 so that Ny becomes I';, by means of
an automorphism & € Aut(H), where

- (3]s 1) enmo

Thus we can see that £, No &y 1= I'p, and

1 0 -2
4n 1 _
Gag =101 0 ([5][ 0 —01D
00 1

describes an action of w3 /Ny 2 Zsn on N, That is, it acts on H by
P

1 z =z 1 -z z-¥-21L

—-1 P i
oty -10 1 yl =10 1 —y
0 0 1 0 O 1

Similarly for the case of N3 in 72, using an automorphism

= (- ([} ) <o

we can see that &3 N3 53‘1 =T, and

10 -4 1
_ n 1 1 0
Goti={]0 0 ¢ ’([—pl}’[o —1D
0 0 1 P
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describes an action of w3 /N3 = Zan on N,. That is, it acts on H by
F2

Lrabyt-

S O
O =R

1
0 1 —y
0

- N
I

For the case of Lg, since G = ma/ Ly = Zy X Zsn is generated by the
P
images of t; and «, and L, is not equal to I'p, using an automorphism

(e (4] 1 2)

we can see that ny Lany = I, , and

o

(1 L 0
2

W2t1772_1= 010 s ([8]7[(])- 2:|) ’
0 0 1
i 1

1 10 5 o] [-1 o

Nzany = 0 1 0 ) 0 ) 0 -1

[0 0 1
The other cases can be done similarly. O

THEOREM 3.4. (m3) Table 2 gives a complete list of all free actions(up
to topological conjugacy) of finite abelian groups G on N, which yield
an orbit manifold homeomorphic to H/m3.

Table 2

Group ¢ Generators AC classes of normal nilpotent subgroups

Ze £<Ol> 597—1 eN N = <t;22n., ta, t3)

Zop x Ty ™{(ots) PN, ne2N Ny = (], ta, )

ya
" (q, t3) Ny = (t7ts, ta, t3)
P
Zz—pﬁ X Zz ”3(a,t2) ﬁ eN Ll = (tfn7 t%) t3>

P
e <C¥,t2> L2 == <tfn t2’ t%a t3>
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Z% XLy X Ly < (o, ta, t3)

2 (a, ta, t3)
S {a,ta, t3)
S {a, ty, t3)
S (a, ta, t3)

o <a7 t2, t3>

B
£ e N,ne2N Ky = (27, 13, t3)
B .
Ky = (t7ty, 13, t2)
P
K; = (t2"t3, t3, t3)
2 oeNyne2N—1K,=(t5, t2ts, 12

2
Ky = (t¥ ty, tits, t2)

P
£ eN,pe2N+2 Kg= (t2"t3, t3t3, t2)

where

et
N2 = (I,
N4 = (I,
e (L
o=t

[5G (B )
S =G )
15 ) e G0 )
IRER) AR )]
ST ) e EHE )
)5 2)

Proof. Let N be a normal nilpotent subgroup of 73 isomorphic to r,
such that 73/N is abelian. Then by Proposition 3.1,

2ndj;dg

N = (74585, 1575, by *

)s (0§m<d2, 0<tr<

2nd1 d2

).

Since [m3,m3]=(t3t}, t2) C N, ds must be 1 or 2, and 2"—‘;1‘12 must be 1

or 2.
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(i) When dy = 1, d; = - € N: There exists only one normal nilpotent
subgroup

N = (7, t, t3), (% eN).
(ii) When dp =1, dy = £ € N: We have
N = (t7t, tat], 12), (0 <tr<2, % € N) .
By the normaiity of N, the following two relations
ot th)a™" = (t th)t5™ €N,

alteth)a™ = (tot3) "y € N

show that » must be an even integer. Therefore the possible normal
nilpotent subgroups are

E ya

Ny = (t], ta, 13), Ny = (t7ts, to, t3),
p P

Ny = (t]', tats, t2),  Ng= (t]ts, tats, t3).

Now we shall show that N; is not affinely conjugate to Ny, but N; ~ N3
and Ny ~ N4. First, we need to calculate the normalizer Nag(s)(73)-

Let
1 =z =z u a b

1 0

0 _1] >, one can see that

the normalizer of Zs in GL(2,Z) is Zo x Zy, where [_ 0

Since the holonomy group of 73 is Zy = < [

1
0 -1 € Zo.
Thus it is not hard to see that

v=0, y=k/2 (ke€Z),

z + u must be a multiple of 1/2n, and z must be a multiple of 1/4n.
It is easy to see that Ny ~ N3 and N ~ Ny by using i, € Nagr)(73),

where )
1 =5 O 0] [1 0
10’0’01
0 0 1

=
3
!
o
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Note that
1 =z =z
=101 % ([‘()"’”]T) , TE€ZyxZs, 7, 2R,
0 0 1

are the only ones that can conjugate Ny onto N,. However, since n € 2N
and £ € N, p must be an even integer. Therefore

tp & Nagr)(m3).
Thus we proved that V7 is not affinely conjugate to Ns.
(iii) When d3 = 2, d; = £ € N: By Proposition 3.1,
P
L=, 5, t3), (0<m<2).
Thus the possible normal nilpotent subgroups are
_(+3m 2 o 2
Ly = (¢, 83, ta), Ly, = <t1 ta, 13, t3).
Note that for any p € Nag(s)(73), the conjugation by p cannot map ¢,
onto t1t5. That is,
1 L Fky
4n in
pFp =0 10 |, ([8] ,I) # tits.
0 0 1
Thus we proved that L is not affinely conjugate to Lo.
(iv) When d; = 2, d; = £ € N: By Proposition 3.1,
2
K = (7 t3th, 315, t3), (0<m<2,0<¢4r<2, £€N).
Since 22 € [m3, 73] C K, if n € 2N, then r = 0. Therefore the possible
normal nilpotent subgroups are
2 2
K, = <t12n’ t%’ t§>7 K; = <t12nt2’ t%’ t%))
2 P
K3 = (ti"ts, t3, t3), K= (t7"tots, t2, t2).
If n € 2N — 1, since t%t;; € [m3, 73] C K, then r = 1. Thus we have
2 B
Ky = (t27, tits, t2), Ks = (t¥7ty, t3ts, 13),

Ko = (t37ts, t2ts, 2),  Ki = (t7toty, 25, £2).
It is easy to see that Ky ~ Kj and K5 ~ K} by the conjugation by
Un € Nagr)(ms). Note that K4 ~ Kg only when p = 2. It is not hard
to see that K; (1 < ¢ < 6) is not affinely conjugate to each other except
for such one case by applying above methods.
The realization of the free action of the group G on N, can be done
easily by using the method in Theorem 3.3. O
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THEOREM 3.5. (74) Table 3 gives a complete list of all free actions(up
to topological conjugacy) of finite abelian groups G on N, which yield
an orbit manifold homeomorphic to H/my.

Table 3
Group G Generators AC classes of normal nilpotent subgroups
Zy X Lo (8, a) p=4dn N1 = (t1, to, t3)
Zo X Zy (3, a) p=2n Ny = (t1, tots, t2)
Zo x Ty X Ly S{B,t3,a) p=28n Ly = {t1t, 12, t3)
ZoxZo xZy “(B,tz,@) p=4n Ly = (titots, t3, t3)
where

o= ([ 24) [ 1)

Proof. Recall that

T4 = <t1,t2,t3,a, ,8| [t2;t1] = t%”, [t3,t1] = [t3,t2] = [a,t3] =1,
Btsf7t =131, aty = t] atd", oty = t; otz ",
a?=ts, B2 =t1, BBt =t1, Bto = t; B3>,
of = t7 15 faty O V),

1 0 —& 1
(o L (T A]))
00 1 2 B
{ 1 1
2 8 0 1 0
o= 131 ([S) [0 4)
[0 0 1 2

Let N be a normal nilpotent subgroup of m4 isomorphic to I', such that
74/N is abelian. Then by Proposition 3.1,

4ndjdy

N = (tPtes, 1245, t, 7 ), (0§m<d2,0§€,r<

47’Ld1 d2 )
D .
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Since [mq,m4]=(t2, t3, t3, titats) C N, dy must be 1, and dp must be 1
or 2.
If d; = dy = 1 and p = 4n, then there exists only one normal nilpotent

subgroup
Ny = (1, t2, t3).

If di = d; = 1 and p = 2n, since t1tat3 € N, then there exist two
normal nilpotent subgroups

N2 = <t17 t2t3a t%)a N3 = <t1t3, ta, t%)

However, it is easy to see that No ~ N3 by using u € Nagx)(m4), where

100 0 0 1
= 01 0], ol 11 o
0 0 1

If di = 1,ds = 2 and p = 8n, then there exists only one normal
nilpotent subgroup
Ly = (t1tg, 13, t3).

If di = 1,d; = 2 and p = 4n, then there exists only one normal
nilpotent subgroup
Ly = (titats, t3, t3).

The realization of the free action of the group G on N, can be done
easily by using the method in Theorem 3.3. O

According to Theorems 3.4 and 3.5, if p = 1, then we obtain the
following result, which is the same as Theorem 3.2 of [1], where N' =
H/T'1 is called the standard nilmanifold.

COROLLARY 3.6. There does not exist any finite group acting freely
(up to topological conjugacy) on the standard nilmanifold N which
yields an orbit manifold homeomorphic to H/m3 or H/m4.

THEOREM 3.7. (ms) (A) Table 4 gives a complete list of all free ac-
tions(up to topological conjugacy) of finite abelian groups G on N,, which
yield an orbit manifold homeomorphic to H/ms 1 or H/m5 3.
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Table 4
Group G Generators AC classes of normal nilpotent subgroups
K
Zﬂ(_ (a) % €N Nl = <t1, t2a t3p>
P .
K 35 I 47
o) (*)55 €N Ny = (it totd?, t7)
: 2K
Zo X sk 7l< tz,a> % eEN, p>2 L=<t1t2,t%,t3p >
P

where K = 4n — 2 for the case of 51 or K = 4n for the case of 75 3,
and

(S ) I R (H A )]

Here (x) : for the case of K = 4n, N; is affinely conjugate to N2 only
when p = 1.

(B) Table 5 gives a complete list of all free actions(up to topological
conjugacy) of finite abelian groups G on N, which yield an orbit manifold
homeomorphic to H/ms 2.

Table 5

Group G Generators AC classes of normal nilpotent subgroups

4n

ZIGTn <Oé_1t3> % eN Ny = <t1, ta, t?)?>
. ) 2n 2n 4n
$(a~ts) ZeN, p>2 Ny=(taty’, tats” , t3")

) 8n
Ty X Lzon "ty a lt3) 82 €N, p>2 L=/ tity, 13, t5 )
p

Proof. Recall that
Tss = (t1,to, ta, a | [to, t1] = t&, [ts3,a] = [ts3,t1] = [ts, 2] = 1,
=ty, atoa~ ! =17}, ot =17),

L0 —ak 0] [0 -1
=g T GLE D)
00 1

=
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where 1 <1 < 3, K = 4n—2 for the case of 75 ;, or K = 4n for the cases
of 752 and 75 3, and m = 3 for the case of 75 5, or m = 1 otherwise.

Let N be a normal nilpotent subgroup of 75 ;(¢ = 1,2, 3) and isomor-
phic to I', such that 75 ;/N is abelian. Then by Proposition 3.1,

Kdydp Kd+d
N = (¢, t2tg, t, © ), <0§m<d2,0§€,r< p”).

Since [ms 5, 75 5] = (tat7 !, t71t5 7, tX) = {t1ta, 13, tX) C N, d; must
be 1 and ds must be 1 or 2.
(i) When dy = dy = 1: We have

s K K
N = <t1tg, tgtg, tsp >, (O <flr<—, E € N) .
p

Since N is a normal subgroup of s, if K is a multiple of p, then the
following two relations

a(titd)a™t = (Lt5)tE" e N,
a(tath)a™t = (t15) M5 €N

show that £ =r =0 or % with the condition % € N. Thus the possible
normal nilpotent subgroups are

K

K K K K
Ny = (t1, t2, t7), Ny = (t1t37, tots?, t5 ).

Recall that ({1, Theorem 3.3.(Type 5)}) the normalizer Ng)(7s,:) is

of the form
1z 2 0 a b
u = O 1 y b O b c d ?
0 0 1

where z = p/2, y = q/2 (p, ¢ € Z), z € R, and z? must be multiple of
m/K, and

@ om0 F] 5 %))

1 3 z -
P 0
u= 0 1 L ,(O:|) T) 7T€Z4>4Z27
0

Note that
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are the only ones that can conjugate N1 onto No. Therefore if p=1 and
K = 4n, then N; is affinely conjugate to Ny, but when K = 4n — 2,
N; is not affinely conjugate to Ny because z2 = 1/4 is not a multiple
of 1/(4n —2). If p > 1, then pu ¢ Nag(r)(ns,;). Thus Ny is not affinely
conjugate to No.

(i1) When d; =1, dy = 2: By Proposition 3.1,

2K
L = ( titoth, 315, 57 ),
where 0 < 4, r < %{—. However, [75 4, T5,4] = (t1te, t2, &) C N implies
that £ = r = 0 and p > 2. Thus there exist only one normal nilpotent
subgroup
2K
L= (tity, t3, t° ).

The realization of the action of G = 75;/N on the nilmanifold on N,
is easy if we follow the procedure of Theorem 3.3. We shall deal with
only the case of 75 2. Since a* = 3, it will be nice if we can find 3 € 75 2
such that #* = t3. In fact, 3 = o~ 't3 is such one. Since N; is equal
to T'p itself, the group G=ms /N1 = Z% =7 16n is generated by the
image of 3, where

10 16n ] _
o= 0 1 0 , ([8 ,[10 01]> € 75,2,
0 0 1 -

1 0 —5 ]
p=eti= o 10" ([o] [ o))
00 1 |

However N; in 75 2 is not equal to T',, but isomorphic to I'y,. Therefore
we must conjugate the representation of 75 2 so that Ny becomes I', by
.means of an automorphism

(o ([5] ) eamo

Thus we can see that £ No¢~1 =T, and

_ L 0 1 0 1
PR B(GREE)

and

describes an action of 75 3/Na = Zi6x on Np.
Y4
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THEOREM 3.8. (mg — a) Table 6 gives a complete list of all free ac-
tions(up to topological conjugacy) of finite abelian groups G on N, which
yield an orbit manifold homeomorphic to H/me; (i = 1,2).

Table 6

Group G Generators AC classes of normal nilpotent subgroups
Zon <6¥> 3?71 €N N, = <t1, ta, t3 >
P
n n 3n
£2(A) DeN, p>2 Np=(tit], tatf, t5’ )
2n 2n 3n
(&) LeN, p23 Ny=(tity, t2t3p Lt )
Zz x Lan "ty Q) -9;7- €N, pe3N L= (] 83, t3 )
P

where & = « for the case of Te 1, or & = o~ t3 for the case of g2, and

=6 (16D o=6 (BLE D)
= (e (S )

Proof. Recall that
6,5 = <t1,t2,t3,0& | [t27t1] = t§n7 [t37 ] - [t37t1] = [t3;t2] =
atio ! =ty, atpa”t =75, o =t

1 0 -2 ’
9n —
a={lo &) (1 2)),
0 0 1 2
where ¢ = 1,2, m = 1 for the case of 761, and m = 2 for the case of
71'6,2.

Let N be a normal nilpotent subgroup of 7g; and isomorphic to I'.
Then by Proposition 3.1,

o =

1,
)

Snd]dz 3 dd
N = (t90ed, 18245 ¢, » ), <O§m<d2, 0<e,r< 4 2).
D

Since 76 ,;/N is abelian, the following relation

(6.6, Te 4] = (tat1?, t71t52, t37) = (tity ', t3, B3*) C N
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induces that d; must be 1 and ds must be 1 or 3.
First we shall deal with the case of d; = d; = 1. Then we have

an 3n 3
N=<t1tg, tgtg, t3p >, <0§£,’I"< —_—, —nEN>
p p
By the normality of N, the following two relations
a(tyth)a = toth = (tat5)ts " € N,
a(tath)a™t = (t1th) M (tath) HETT € N
show that £ = r = 0, % or 2?”, whenever 2 € N. Thus the possible
normal nilpotent subgroups are '

- 3n n n  3m 2n 2n  3n
Ny = (t1, ta, t ), Np = (tatf, tatZ, t ), N3 = (t1ts", totsd , t5° ).

We shall show that if % € N and p > 3, then these are not affinely
conjugate each other. By applying the method used in Theorem 3.3, we
can find the normalizer Nagx)(76,:):

v 1 =z =z u a b
wz,y,z,u,v)={ 10 1 y ([,U}{c d]) :
0 0 1

where z € R and

a b 0 1 0 1
@ a ez =([50) [1a]):
and if ad — bc = 1, then

_ z=(2r—s)/3, y=(r+s)/3 (r,s€Z)
if ad — bc = —1, then

z=(@p+9)/3, y=02p-q)/3 (p,9€Z)
Note that (u,v) € Aut(H) can be evaluated respectively by the elements
of Zg X Zs. More precisely, (u,v) is either (0,1/2), (—1/2,0), (0,0),
(-1/3,1/3), (-1/3,-1/6), or (1/6,1/3). For example, we can find

1 = =z 1

11 _ -3 0 1

N(l"ya 2, _57 g) = 0 1 yf, ([ _13:| ’ [1 0:|> € NAff('H)(ﬂ-G,i)'
0 0 1 3
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It is interesting to see that if p = 1, then N; ~ N3 and N5 ~ N3 by the
conjugation by u(—%, %,0,0,0), which also induces that if p = 2, then
Ni ~ N3. It is not hard to see that there does not exist 11 € Nag)(7s,:)

which conjugates N; onto N». For example,

Loy 2 0 0 -1 |
— 1 — -
Uy = 0 1 35 ([J,T) , T=T1or [_1 0],
0 0 1

are the ones that can conjugate both N; onto Ny and N, onto Nj.
However, when p > 1,

px & Nagry(mei) (i=1,2).

Thus we proved that Nj(or Ny, respectively) is not affinely conjugate to
Ny(or Ns, respectively). Similarly we can prove that Nj is not affinely
conjugate to N3 except for p = 2. Therefore if % € N and p > 3,
then there exist 3 affinely non-conjugate normal nilpotent subgroups
Ni (’L = ]., 2, 3) of 76,i-

For the case of d; = 1 and d; = 3, if 97" € N and p € 3N, then it
is easy to see that there exists only one normal nilpotent subgroup L
isomorphic to I',, where

9n
L= {(t:t3, t3, t ).

The realization of the free action of the group G on N, can be done
easily by using the method in Theorem 3.3. O

THEOREM 3.9. (mg — b) Table 7 gives a complete list of all free ac-
tions(up to topological conjugacy) of finite abelian groups G on N,, which
yield an orbit manifold homeomorphic to H/7e,; (i = 3,4).

Table 7

Group G Generators AC classes of normal nilpotent subgroups
K
Zsx (@) KenN N = (t1, t2, 7 )
P
3K
Zs X Lox "ty @) 8K €N, pesN L={tt3, 83, t," )
P

where K = 3n — 2 énd & = a~ 1t for the case of 76,3, or K = 3n —1
and & = a for the case of g 4, and

NAIE)!
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Proof. Let N be a normal nilpotent subgroup of mg; (i = 3, 4), and
isomorphic to I',. In the proof of Theorem 3.8, when d; = dy =1, we
have

K K K
N = <t1tg, t2t§, ty >, (0 <ir< *I;', ;‘ € N) .

By the normality of N, the following two relations

atitd)a™! = toth = (t215)t5" € N,

a(tath)at = (t,t5) 1 (tat5) ST e N
K

show that £ = r = 0, because 3p cannot be an integer for K = 3n—1 or

3n — 2. Thus there exists only one normal nilpotent subgroup

K
N = (t1, ta, t).

The remaining work can be done similarly as Theorem 3.8. O

THEOREM 3.10. (w7) Table 8 gives a complete list of all free ac-
tions(up to topological conjugacy) of finite abelian groups G on N, which
yield an orbit manifold homeomorphic to H/m7,, (i = 1,2,3,4).

Table 8

Group G Generators AC classes of normal nilpotent subgroups

K
Zsx (&) L eN N = (t1, to, t7)

P

where K = 6n and & = « for the case of m7;, K = 6n — 2and & = «
for the case of w72, K = 6n and & = o'tz for the case of 77,3, OF
K =6n —4 and & = o~ 't3 for the case of w7 4.

Proof. Recall that
777,1' = <t17t27t37a| [tzatl] = té() [t37a] = [t37t1] = [t3’t2] = 17
atia”! = tity, atpa™t =71, of =17),
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where 1 < ¢ < 4, m = 1 for the cases of m7; and 772, and m = 5
otherwise.

Let N be a normal nilpotent subgroup of 77 ; and isomorphic to Iy
such that 77 ;/N is abelian. Then

Kdydp Kdid
N = (theeh, 1245, 5 7 ), (0§m<d2,0§€,r< p”)

by Proposition 3.1. Since [m7,4, 77 ;] = (t7 15, ta, t5) = (t1, ta, tF) C
N, di and dp must be 1. Then we have

K K K
N:(tltg, tgtg, t3p>, <OS£,’I’<?, ;EN)

By the normality of N,

a(tits)a™ = titath = (1115)(tat3)t37 € N,
a(tath)o ™t = 1714 = (t1t8) 4 e N,

show that £ = r = 0. Therefore there exists only one normal nilpotent

subgroup
K

N = (t1, t2, t7),
isomorphic to I'p.
The realization of the action of G = w7 ;/N, (1 <4 <4) on H/N can
be done by the similar method of the other cases. ]

THEOREM 3.11. (my) Table 9 gives a complete list of all free ac-
tions(up to topological conjugacy) of finite abelian groups G on N, which
yield an orbit manifold homeomorphic to H /7.

Table 9 -

Group G Generators AC classes of normal nilpotent subgroups

did dy dp %2
Zay X ZLay *(t1,t2,t3) P48 €N, N =1t t3 7 )
X Zindydy p>didy, dy > ds
P
where

(05 2D)
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Proof. Recall that

w1 = (t1,ta, b3, | [to, ta] = 15, [t3,t1] = [t3,t2] = 1).

Let N be a normal nilpotent subgroup of 7, isomorphic to I',, such that
71 /N is abelian. Then

ndyd

did
N = (e, e, ), (ogm<d2, 0<er< )

by Proposition 3.1.

Note that [71,m1]=(t%) C N, and for [ g b

d] € GL(2,Z),

1 =z =« u o b
NAff('H)(ﬂ-l): 01 Yy a(|: ] ; |: :l)
00 1 v ¢ d

where n(cz + cu — ay — av + ac), n{dz + du — by — bv + 3bd) € Z.
It needs some calculations to see that N is affinely conjugate to

z,y,u,v ER 3|

Ny, = (7145, t5° )
m — A1 Y2 Y2 5 ¥3

using the conjugation by

o gl (22 ] o 1))
00 "1 il L0

where 0 < m < g = ged(di, dz2), which can be obtained by using other
representation of N,, and GL(2,Z) € Aut(H). If ¢ = 1, then N, is

ndydg

affinely conjugate to Ng = (t9*, t42, t, * ). Note that

nd] do
No~ (2, 85", t5 7 )
by using [ 10 (1)} € Aut(H). However if ¢ > 2 and ged(m, q) = c, then

dido ndjdg

NmN(i’ ty© 7-t3p >

by using GL(2,Z) € Aut(H). That is, m1 /Ny, is isomorphic to either
Za X Zan for the case of c = 1 or Z X Zayay X Znaya, for the case of
F2) c r
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¢ > 2. Recall that ¢ is a common divisor of d; and dy. Therefore there
exists only one normal nilpotent subgroup

dydg

di gdy 4T
N:N0=<t117t22’ t3 © )>

where "—d;ia €N, p>didy, di >ds. O

According to previous Theorems, if p = 1, then we obtain the follow-
ing result which is the same as the Theorem 3.3 of [1].

COROLLARY 3.12. Suppose G is a finite group acting freely(up to
topological conjugacy) on the standard nilmanifold N'. Then G is cyclic,
and it is one of the following :

Table 10
T Group G AC classes of normal nilpotent
subgroups isomorphic to I'y

m - L = (t3) N = (t1,12,1%).

o Zay = (@) N = (t1,tq,t3™).

5,1 Zign-8 = (@) Ny = (t1,t2,t53"72),

Zagn—s = {a) Ny = {t283" 7%, 283", 237 72),

5.2 Zien = (o~ 1t3) N = (t1,2,t5™).

5 3 Zagn = (o) N = (t3, 2, t37).

6,1 Zgn, = () N = (t1,t,,t3").

6,2 Loy = (o™ 3) N = (t1,12,t3").

6,3 Zon_s = (o™ 't3) N = (t1,tp, 3" 72).

6,4 Zon—3 = (@) N = (tl,tg,tgn_l).

7.1 Zsen = (@) N = (t1,t2,t§™).

7,2 Z3en-12 = (@) N = (t1,t2,18"%).

7,3 Z3en = (0~ 1t3) N = (t1,t2,1§").

7,4 Z3en—24 = (a7 't3) N = (t1,12,t5"7%).
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where £ = (1, ([_%%] : [(1) ?D) € H x Aut(H).

The following example shows that a free action of a cyclic group on
the nilmanifold N, has more affinely non-conjugate classes than that on
the nilmanifold N; by comparing the example given in [1].

EXAMPLE. Assume Z4g acts freely on the nilmanifold Ny = H/T's.
Then there exist 10 distinct topological conjugacy classes of free actions.
In fact, there exist two distinct free actions in each infra-nilmanifold
whose m1(N3/Z4g) is 75 2 Or 75 3, three in 7o, and one in 71, 76,4 OF 77,2.
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