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Abstract

We investigate some situations in connection with two exact sequences of fuzzy linear maps.
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1. Introduction

Fuzzy modules were introduced by Negoita and
Ralescul5). Katsaras and Liu[2], and Lowen[4] have de-
veloped the theory of fuzzy vector spaces.

Fu-Zhen Panl7] investigated fuzzy vector spaces for
the following purposes; to establish a fundamental frame
of fuzzy vector space by virtue of homological algebra
and modular theory, and to stretch it out to study gen-
eral fuzzy modules. In fact, fuzzy vector spaces are the
simplest kind of fuzzy free modules. The theory of fuzzy
modules has been a virgin field for a long time.
Recently, many authors presented the same research on
fuzzy modules, properties of fuzzy finitely generated
modules and fuzzy quotient modules, etc. In particular,
Kim [3] investigated the properties of the sequence of
fuzzy linear maps and studied the situations in con—
nection with two exact sequences of fuzzy linear maps.

In this paper, we investigate some situations in con-
nection with two exact sequences of fuzzy linear maps.

2. Preliminaries

In this section, we review some definitions and some
results which will be used in the later sections.
Throughout this paper, we assume that all modules are
equipped with the same underlying commutative ring R

Definition 2-1 [8] A E-module M together with a
function ¥ from M into [0, 1] is called a fuzzy R-mod-
ule if it satisfies the following conditions ;

(1) for any a, b M, xa+ b = min{xa), (b}
(2) forany a € M, x—a)= xa)

(3) for the identity of M, x0) =1

(4) forany e € M and r € R, x(ra) = x(a)
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denoted it by (M, x) or xy

Definition 2-2 [8] Let x,, 7~ be any two fuzzy R-
modules, then 7: xy — 7y is called a fuzzy linear map

(or fuzzy R-map) if there exists a linear map f: M — N
such that 7 A &) = @) for all a € M.

Remark. Let x,, 7y be any two fuzzy R-modules.
Then F: xy — 7y is called a fuzzy strong linear map if

there exists a lYinear map f: M — N such that

2R a) = xa) for all a € M.

Definition 2-3 [8] For a fuzzy linear map ',
Tty — v 7 1S called the image of F denoted it
by 745 My={me M|
2 Am)) = 1} is called the Kernel of 7 denoted it by

X Ker 7+

Furthermore, x,,, where

Theorem 2-4 [8] Let F: xy — ny be a fuzzy linear
map, then g, ; is a fuzzy subspace of xy and 7,,, is

a fuzzy subspace of ny

Remark. For any fuzzy linear map 7 :xy — 7y

XKerfoKer'f and vlm/gnlrrﬂ'

Definition 2-5 [8] A fuzzy linear map 7 :xy — oy 1
s called epic (or monic) iff f: M — N is epic (or monic)

Definition 2-6 [8] A fuzzy linear map 7 : xy — oy 1
s called a quasi-monic iff xg,; =xu, Where M =
{me M| xim) =1}

Remark. Obviously, when ., ,= {0}, quasi-monic
is just ordinary monic

Definition 2-7 [8] Two fuzzy maps xy Z, 2y
—& oy are exact at gy iff 7, F = Dk s

Remark. By the induction, from Definition 2-7, we
can define an exact sequence of fuzzy linear maps.
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Definition 2-8 [8] A fuzzy R-module x, is called a

fuzzy singular R-module iff x(m) =1 for all m € M,
denoted it by 1.

Definition 2-9 [8] An exact sequence
1 —7’* XM_L UN"TL’ AOV—L 1,

where the two 1's are the appropriate singular fuzzy

R-modules and 7, 7 are the fuzzy identity map and
an epic map, respectively, is called a short exact se-
quence of fuzzy linear maps.

Theorem 2-10 [8] Given a short exact sequence of

fuzzy linear maps, 1 1, Tu L 7/N—~g—> PV—L 1

(1) Im7 =Ker7 = xy

(2) ImF = Ker' g =7y

(3) F is epic

where M ={m s M| xm) =1} and
Nln(n) = 1}

N ={n e

3. Connections with two exact sequences

In this section, we investigate some situations in con-
nection with exact sequences of fuzzy linear maps of
fuzzy H-modules.

Lemma 3-1 [4] For any fuzzy linear map 7 : xy —

N>
In S Xker >

where M = {m e M| x(m) = 1)}.

Pan[8] investigated the situation (Corollary 3-5) and
Kim[3] investigated the other situation (Theorem 3~2) in
connection with two exact sequences of fuzzy linear
maps of fuzzy R-modules.

Theorem 3-2 [3] Consider the commutative diagram
of two exact sequences of fuzzy linear maps

Tp
71 ~L_
1 z Xu L ”Ni’PV
~~_ 7
7o

T~
1,
where 1 Is the identity map.

Then (1) @ is quasi-monic and B is epic

(2)If @ isepicand Ker B C Im'T, then B
is quasi—-monic.

We investigate the another situations in connection
with exact sequences of fuzzy linear maps in the follow-
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ing theorems.

Theorem 3-3. Consider the commutative diagram of
exact sequences of fuzzy linear maps

1
-
Tp €s
71 & Il
1 - Au ‘1’ 7% —£, Oy
7t ~x_ 13
oy Tg
\1

where [ is the identity map.
Then (1) B, is epic
(2) If 7w is quasi-monic, then @7 Iis qua-
si-monic
Proof. (1) Let y & V. Then BA(y») € Q. Since % is

epic, there exists x € N such that A(x) = A(y). Since
B1(fx) = gN)€0 1,5 = 0k, p BAglx)) = 1. Since

Ble(x) = Kx) = By,
A en—») =1

So  gW—y € 0y, Since 0y,5=04,5, there
exists z € S such that £,(2) = 2(x) —y= 8((x))—y.

Thus
y= F(v(x)— B (2) = B,(x)—2).

Hence B is epic.

(2) To prove that @; is quasi-monic, we must show
that v, » C vy, where U = {u e Ul Aw) =1} by
Lemma 3-1. Let x & v, . Then x(a,(x)) = 1. Thus
a,(x) € xy, where M = {m € M| x(m) = 1}. Since
2 Ka, () 2 xa(0) =1,

Ka(x) € 75,

where N' = {rn € N| 7(n) = 1}.
By the commutativity of the diagram,

Aa (%) = wx) € ny,

which implies that 7(#(x)) = 1. So x € v, . Since &
is quasi-monic, v, = Yy S0 x € vy This

completes the proof of (2).

Theorem 3-4. Let the following diagram of fuzzy lin-
ear maps of fuzzy R-modules be commutative and let
the two rows be exact, :



#A_Z’VB
lE LB T
z

1‘—’le In—" Ps

—lecll

Then (1) If @ and 7 are epic, then B is epic
(2) If @ and 7 are quasi-monic, then B is
quasi-monic.

Proof. (1) Suppose that @ and F are epic. Let
vy € N. Then kx) € S. Since 7 is epic, there exists
x € C such that y(x) = &»). Since Z is epic, there
exists ze B such that g(2) = x. Since

k(B(2) = r((&(2) = nx) = k),
o(k(B(2) =) = o(R(5(2)) — K(y)) = 1.

So K@)~y e ay =0, » = 1,5 Thus there ex—

ists m € M such that k(m) = 8(2)—y. Since @ is ep-
ic, there exists a € A such that a(a) = m. Thus, by
the commutativity of the diagram

y = B(2)— h(m)
= K2)— i a))
= X2)— A Ra)
= Hz—Aa)

Thus 7 is epic.
(2) Suppose that
prove that 7 is quasi-monic, we must show that

@ and 7 are quasi-monic. To

Y ker g < vy,

where B' = {b = B| u(b) =1} by Lemma 3-1. Let
% € vy, 5. Then

7(8(x)) = 1.

So Bl) € ny. Since o(k(B(x))) = 9(A(x)) =1 and
kR(x) = re(x),

g(x) € € Ker7*
Since ¥ is quasi—monic,
€ Kery =¢€ C

where C' = {xe C| &(x) = 1}. Thus e(g(x)) = 1.
Hence x € vy, = v, 5. So there exists y< A

such that Ay) = x.
Since h(a(y) = B(Ay) = Bx) € 7y,

7(k(a(y) =1
which implies that a(3) € x g, = %, = %y’ - Thus
wa(y) =1

and SO ¥ € K q

Since @ is quasi-monic, # g, =# 4. SO y € 1,

The fuzzy linear maps

which implies that u(y)y=1. Since
Ux) = A 2 u(y) = 1,2 € vy

This completes the proof of (2).

We have the following Corollary 3-5 which is the

special case of Theorem 3-4.

Corollary 3-5 [8] Consider the diagram with two ex-
act sequences of fuzzy linear maps

1——-)2M—Z—>77N—i)pv—L>1
@ 1B 17
)

1_)le) VP——>ES———>1

where both @ and

Then B is epic and quasi-monic.

¥ are epic and quasi-monic.
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