A Cege Shudy on the Guiding the Mitherrafically Gifted Stderts to Investioate on the 4-Divensionsl  Flgues 1

ETFTHBHSR

Journal of Gifted/Talented Education
2005, Vol 15 No 1, pp. 85-102

A Case Study on Guiding the Mathematically Gifted
Students to Investigating on the 4-Dimensional Figures

Sang-Hun Song
(Gyeong-In National University of Bducation, Incheon, Korea)

shsong@ginue.ackr

Abstract

Some  properties on the mathematical hyper—dimensional figures by 'the
principle of the permanence of equivalent forms' was investigated. It was
supposed that there are 2 conjectures on the making n-dimensional figures
simplex (a pyramid type) and a hypercubelprism type). The figures which were
made by the 2 conjectures all satisfied the sufficient condition to show the
general Euler's Theoremithe Euler's Characteristics). Especially, the patterns on
the numbers of the components of the simplex and hypercube are fitted to
Binomial Theorem and Fascal's Triangle. It was also found that the prism tvpe is
a good shape to expand the Hasse's Diagram.

b mathematically gifted high school students were mentored on the investigation of
the hyper-dimensional figure by ‘the principle of the permanence of equivalent
forms'. Research products and ideas students have produced are shown and the

‘suided re-invention method' used for mentoring are explained.
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I. Introduction

1. The Background of Research

Many Korean students are very interested in 4-dimensional(4-D)world.
Although they would like {o imagine the 4-D world, they could not experience
it physically. Then, how can we guide them to experience it in mathematical
world?  3-dimensional figures could be drawn on the 2-dimensional
plane(especially, on the paper) by sketch, development figure, and planar graph.
As the similar way, we can represent 4-dimensional figures on 2 or 3-D space

by using some mathematical methods.

2. The Purpose of Research

This study is focused on how to guide the science school (mathematically
gifted) students toward to self-oriented study. They are pre-professional
researchers in the field of mathematics. So, it is important to accomplish not
only the ready-made product but also the mathematical thinking, attitfude and
interest. The role of the teacher is to encourage and promote his students to
study, on themselves, the geometrical representation of 4-dimensional figures
and it's applications This study is to show a case how to guide the

mathematically gifted students to investigate on the 4-dimensional figures.

3. Objects

The objects were all 1lst grade 5 students in Gyeong-(xi Science High
School. Except one of them were not attended accelerated course. Only one

student was studying advanced calculus on himself.
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4. Research Contents

The research contents are as follows.

1} To find different representations for the 4 dimensional figures and their
relations.

2) To find the cases to extend and generalize the mathematical theorems
and rules on the 3 dimensional figures toward to the 4 dimensional
figures.

3} To suggest and to give an examples of the role of mentor.

II. Theories and Research Method

1. Theories

1) The principle of the permanence of equivalent forms

The principle of the permanence of equivalent forms, proposed hy G.
Peacock(England, 1791 1858), is a powerful guideline to generalize or expand
the definitions in old number systems to new number system with maintaining
the old general mathematical properties. For example, in the law of exponents,
it is trivial that a™'™ = a™a™ for all a=0", m.n=z* Then, by the principle of
the permanence of equivalent forms, we will get follows by defining .%=1i:

a* TV =0%a¥ for all =R —40), 5=,

2) The method of guided re-invention

The method of guided re invention is proposed by H. Freudenthal(1905 1990,
Netherland), The learning process has to include phases of directed invention,
that 1z, of invention not in objective but in the subjective sense, seen from the

perspective of the student. It iz believed that knowledge and ability acquired
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by re-invention are better understood and more easily preserved than if it was
acquired in a less active way. So, we have to offer into acted-out mathematics
rather than as already-made product. The opposite of ready-made mathematics
is mathematics in statu mascendi.Freudenthal, 1973 @ 115-118).

Guiding means striking a delicate balance between the force of teaching and
the freedom of learning. But the leamer’s free choice is already restiricted by
the “re” "of ‘“reinvention” . The learner shall invent something that is new
to  him but well-known to others{for example, his guide or
mathematicians)(Freudenthal, 1991 '@ 48). The term of “guided” “implies the

roles of teacher.

2. Method

1) Using Tool

Zonodome System which was made in USA(Zometool, Inc.)

2} Process

@ Face to face regular meetings(4 hours per a month for 8 months)

@ Discuss and present the result on homepage : http.//club.nate.com/sixpig

@ Invitation lecture meeting about planar graph
@ Tour the Exhibition of Teaching/Learning Material Tool

3) The Roles of the Mentor

Mentor is a man/woman who is guide his/her students(mentees) to
investigate professional works on themselves. He/She has to enhance his/her
students’ inherent curiosities and encourage their desires. I guided my students
to expand and generalize the given samples what I supposed for examples.
They have learned how to use ‘the principle of the permanence of equivalent

forms’. And they have guided by the ‘'method of guided re-invention’.
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3. Geometrical hypotheses on 4-D figures and their verification

Conjecture [1]: The trajectory space which is made by translation an
n-dimensional figure to another dimensional direction is a n+l dimensional

figure.(prism type)
Conjecture [2]: The space which is made by connecting with lines between

all vertexes of an n-dimensional figure and a point out of the n-dimensional
space(which is containing the given n-dimensional figure) is a n+l dimensional

figure.(pyramid type)

g \\
ARy ‘\‘
A - A
S = B
- -----a -:—dJ U ~ r . . =
0-dim 1 -dim Z2-dim 3-dim 4-ddim §-dim
point  line segment parallelosiam cuke periibe
[Fig. 1] prism type based on conjecture [1]
... o
" ¢t S
P ' - \
[ ] .------ a ‘
0 -lim 1 -dimn 2 -dim 3-dim 4 -dirn
point line segment riangle itriangular pyramid simple=
[Fig. 2] pyramid tvpe based on conjecture [2]

Now we can verify that it is reasonable to apply the two conjectures to the

original mathematical theorems by the principle of the pemmanence of

equivalent forms.

Verification 1. Proof with the Euler’'s Characteristics
is satisfied for every

We already know the Euler's theorem V-E+F=2
polyhedrons, where each V, E, I is the numbers of vertexes, edges, and faces
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of the given polyhedrons. But if we consider the number of 3-dim figure in
polyhedrons(we call this S, $=1), then the formula will be changed to
V-E+F-5=1. And, now, we can expand the Euler’s theorem to the bheyond of

the 3-dimension

[Euler's Charactenstics] Let %3 is the number of £-dim figures in »dim convex figure.
Then the following formula is satisfied for all natural number fi<=n)

agt o FOoD7 ooy = gﬂ(—lié atty =1

sty A2 T pfaT .

For example, in 4-D space, we can get ;2,5 from 325 by two conjectures,

[1] and [2]. In prism type based by conjecture [1], we can get the following.

2= 38, s = oIt s 1= o2+ sy, 1¥5= 252+ s@z.

Since, 3% — s+ 30— 5235=1 by the Euler's theorem in 3-D space, it is

easy to get the following.

12— g+ go— gzt goy
= saprl—{ sapZ+ sapht( sopeZ+ sapd—( sassl+ sapit+ 1
= zop— 0t zop— zoz— ezt l=1—-1+1=1

Similarly, in pyramid type based by conjecture [2], we can get the following.
o= saptl, go= st s g@p= soet @1 . 13— szt sop
Since, sap— sart s@:— sas=1, it is easy to get following.

gip— gey + ogap— oyt goy=1.

We can get several examples which are shown as follows.
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<Table 1% Euler's Characteristics on several convex 4D Figures

e el Eomen | Facon | Songn |+ | Eugers

Kinds of Figures { %) (2) | (@) | (2) | (%) )
5-cell{regular simplex) 5 10 10 5 1 1
B-cellhypercube) 16 32 24 ) 1 1
regular 16-cell 3 24 32 16 1 1
polytopes 24 cell 24 96 9% 24 1 1
120-cell 600 120 720 120 1 1
600-cell 120 720 1200 6] 1 1
hexagonal prism 7 12 7 1 1
deformation by Conj[1] 14 31 26 9 1 1
deformation by Conj[2] 17 30 3 11 1 1
octagonal prism 16 24 10 1 1
deformati| deformation by Conj[1]| 32 [ 44 12 1 1
NS ldeformation. by Conj[2]] 17 30 34 11 1 1
truncated jcosabedron 60 90 32 1 1
deformation by Conj[1]| 120 240 154 34 1 1
deformation by Conj[2]| 17 30 34 11 1 1

Verification 2. Proof with the Binomial Theorem
As you see in <Table 2>, in the expansion of (x+2)7%, the coefficients of

gFare ¢, - 27"7% so we get the formula (1).

(r+2h%= - 2%+ O 2RI Gt ERTE e O, T 2 O 0 (1)

-

If we substitute x=——1-in (1), we get (2) (where, ,0,is the nmumber of

k-dim figures in n-dim figures).

1= ,Cp 2= & 287 14 O 288 (=108 820 = =t = (=1 e,

g:ﬂ(_lhk ady {2)
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<Table 22> the numbers of 4—dim figures in n-dim figure(prism type)

T the number of | O-dim | 1-dim | 2-dim | 3-dim | 4-dim n—1dim| n-dim
QPN |Vertexes| Edges | Faces | Solids |Figures| --- |Figures | Figures
Kinds of Figrues {20) (o) | (@) {a3) ) { 24—1) )
0-dim{point) 1
1-dim
{line segment) 2 L
2-dim
{parallelogram 4 4 1
J-dim(quadrangul| g 12 6
ar prism)
4-dim{hypercube) 16 32 24 8 1
w-dim 2" |m-2*! 2n 1

Verification 3. Proof with the Pascal’s Triangle

<Table 3> the numbers of s~dim figuwres in n-dim figure(pyramid type)

the ntimber of| ).dim 1-dim | 2-dim | 3-dim | 4+ dim n—ldim| n-dim
UMPONEN'S| Yo rtexes | Bdges | Faces |pyramid [Figures| - | Figures | Figures
Kinds of Fignegs| (%) | (@) | (@) | (@) | (@) (%-1) | (%)
O-dim{point) 1
1-dim(line
segment) z 1
2-dim
(triangle) 3 3 !
3-dim{triangular
vam 1 6 4 I
4-dim({simplex) b 10 10 5 1
n-dim wt151 w1 wt15a w150 w1 ot |

As you see in <Table 3>, in the expansion of (x+1)*!, the coefficients of

11 are w1541, so as follows!

+1_ 2 +1
(+ 170 = ot e E 2t L G a0 Oy 27 e (3)

Substitute x——1"in (3), we get (4) (where, »% is the number of k-dim

figures in n-dim fig).
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w1617 w1t DR 0 = g it e H DR e, =1 (4

Especially, <Table 3> is similar with Pascal’s Trnangle.

Verification 4. Proof with the Hasse's Diagram

Let's try to make lines for all divisors of any given natural number if two
divisors are related to divisor and multiple, each other. Then as we see in
[Fig. 3], as running to the right the numbers are doubled, and as running to
the upwards the numbers are tripled. And it is very easy to find greatest
common divisor((G.C.D.) and least common multiple(L.CM.) of any two
divisors, for example, G.C.D(18, 24)=6, L.C.M(18, 24)=72.

12 9—15—36 O— 18— 36— 72
N REEEREE
T 3—6—12 3——6—12 3 —f 12—
2 3 §| I \ ‘ g ‘ | I I |
~ 4 {ee2—4 1—2—4 1—2—4—8

[Fig. 3] Examples of Hasse's Diagram{1)

If a natural number has three prime numbers in it's factorization, the
Hasse’s Diagram will he cubic form. As the same way, we can expand the
Hasse’s Diagram according to the factorization of any natural numbers
A=pT p3*pgt o pi'. We can see some examples{16 =2 5i0=2%3%5 and

420 = 2%x3=E=7 ) in [Fig. 4.
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[Fig. 4] Examples of Hasse's THagram{Z)

M. The Results

My students(mentees) were guided to investigate on 4-D figures. And they
were encouraged to re—find mathematically meaningful properties by using ‘the
principle of the permanence of equivalent forms’. ‘The principle of the
permanence of equivalent forms was very useful to guide students in a
stranger mathematical situation or a new context. Some examples of the

products are as follow.

1. Imaging several 4-D structures and Representing them on paper ar 3-D space

A student explained that it is possible to construct 4-D structures if he
could build 3-D structures along the 4th axis as he could attach 2-D
structures(polygons) along the 3rd axis.
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the 4tF asgs

[Fig. 5] the basic ideas of constructing 4-D structures

He supposed that the minimal number of A-dim figures which meet in a m
-dim components of p-dim figure 1is C'r and the minimum of k-dim
figures which meet in a m-dim components of n-dim figure is =) %. This
idea is very contributable to prove the existence of only 6 regular polytopes
which is on the next section.

One student proposed several expressions{|[Fig. 6], [Fig. 7]) on 4-D which
was derived by 3 expressions on 3-D{sketch, development figure, and planar
graph). He named the 3rd expression of [Fig 6] as ‘solid graph’, and ‘4-D
prism’ and ‘4-D prismoid’ in [Fig. 7]. And another student proposed the
sketch of hyper ball{[Fig. &]). They said that their ideas were result from the

using ‘the principle of the permanence of equivalent forms’.

sketch

development , . L o
‘ 4-D prism (track of translation) 4-D prigmoid(track of projection)
figure
planar
graph

3-Dicube) 4-D{Hypercube, &-cell) sketch of simplex solid graph of simplex

[Fig. 6] several expressions of 3-D and 4-D figures [Fig. 7] different expressions on 4-D figure
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, |

[Fig. 8] skeich of hyper ball

2. Proving the existence of 6 regular polytopes

A student proved that there exists only 6 regular polytopes on the analogy
with the proof of the existence of the 5 regular polyhedrons. He used the
dihedral angles of faces of the polvhedrons in each edges{which are given on
the web information) instead of the angles hetween the edges of the polygons
in each peoints, This is very important founding in 4-D figures., He got thig

r

ideas from the using ‘the principle of the permanence of equivalent forms’,

<Table 4> kinds of regular polvtopes

CtL'lee];gLyll(éc;lersles i Number of - 3 . ;
Kinds of regular - @ dihedral angle
tetrahedron 70°32° — simplex{5-cell) 16-cell 600-cell
hexahedron 90° hyper cube(8cell) x .
octahedron 109°28° + 24 cell * %
dodecabedron 116°34° — 120-cell : s
icosahedron 138°11° + x x x

3. Hyper Volumes and Hyper solid angle

An excellent student who has learned advanced calculus, on himself, he
calculated several 4-D cells and hyper ball with integration. He often used to
use ‘the principle of the permanence of equivalent forms’. The results are
already known to the mathematics community, but he was very excited to

know the result on the general p-dimensional figures, He was satisfied that
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he could use the ‘the principle of the permanence of equivalent forms’, And

his mentor would like to use the method of ‘guided re invention’.

(1) hypervolumes of each cells( » : the length of each sides)

D 8—cell : 34
@ 16-cell : %
/5,

@ bH-cell : o7

(2) hyper volumes of Hyper-ball( # : the radius of the ball)

2

1 P
=1

H

(3) k-dim hyper volumes of hyper-balls( # : the radius of the ball)

_ mME
@ k: even V= Ch)
S it € V) VA
® k: odd V= CESN]
(the limit of all V is 0) : (%) these results are from web-surfing
‘.u;-iﬁquz:la .
Volume Boundary T E e
B= -4 .
ar [.‘a:]':_::i
2-D disc wr’ —  Zwr — rdim  Ix radian -
3-D ball : % wr®  —  dmr? — oeelidagle 427 grpradian ’4
4-Dhyperball : L2t — 255 — UTuge 260 7
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e % — veos 8 . wdlsin 8= ¥ cas 88

2 e 3
Aot Helghe, @IV‘L (1— sin8) © cos 849

=

ol

M, ] —sin?8= cos?6 0102 —533 MJ;Z cos 846

ClZHEl T THE ASEe 25 YE

¥ 7 3
%IWL cos 048 =4§,—mﬂf0 —4Lc1+cc.sze)zdg=l3ﬂ‘j; (L+ cos 2828

= [ Qr2cos20+ cos 20000 = R | (14 Zeos26+ -k +F cosddat
5k 3 )

- %mﬂf(% +2cos 26+ 1 cosd@d? = %mﬂ[% a+sm25+—é sindd] ¢
= % ;W”(ﬁwa sinz+% sinZzﬁsinﬂﬁ% sinl) = % Fol
[Fig. 9] from a student’s report
4, others

After the period of the study, a curious student who would like to make
magic square supposed a ‘magic hyper cube’ as like [Fig. 10]. Now, he is
tying to find anocother types of magic square with using planar graph of

pseudo-regular polyhedron and ‘solid graph’ of some 4-D figures.

1/3\ meite 14 R
B|\ .8 _5

\7\ e 1514 11 007 B 3 2
2

P | | |

[Fig. 10] magic hypercube
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And a student gave a conjecture about the maximal number of 4-D sections
to be cut by 3-D figure which was come from the maximal number of 3-D
sections to be cut by 2-D figure(plane) and 2-D sections to be cut by
1-D{line) figure, as <Tahle 5> He suggested that the pattern is the number
of planar sections on [Fig. 11]. And he would like to know that the pattern of
the maximal number of 5-D sections to be cut by 4-D figure. But he couldn't

solve the suggestion, vet,

[Fig. 11] the mumber of planar sections

{Table 5> the mesxdmum of secticng of »n-D fisure divided bv (n—1) D cutter

the maximal number the nmumber of cutter(n—1 dimensional figure)
of sections
1 2 3 4 h G
to be |1-Diline) 2 3 4 o §] T 8
cut 2-Diplane) 2 4 T 11 16 22 29
) 3-Dispace) 2 4 3 15 22 33 49
obiect 7D figure 2 1 8 16 31 53 86
{n-dimJ [5-D figure p) 1 g 16 32 B3 116

IV. Conclusion

Korean high school students are very excited in investigating 4-D figures.
But they don't know how to start their works. 4 high school students{except
only one student) were not attend to accelerated course, but they could
imagine 4-D figures and debate about geometrical relations, They could

understand and discuss several difficult mathematical theorems by themselves
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where I had used to guide them by using Freudenthal’s ‘guided re-invention
method’.

The role of mentor is very important There are 3 suggestions to guide
students as a mentor.

The first, every mentor has to introduce the essence works, as possible as
in detail, to their mentees. It is important to know the sub goals of the study.
The goal of this project was to address their reports what they re-invented to
the other co-workers and to suggest a mathematical paper, whether it is good
or not. The quality of their products was up to each mentee’s ability and
effort.

The second, mentor has fo enhance students’ inherent curiosities and
encourage their desires. Every students would like to get new things which
are not already published. They would like to suggest a new theorems or
findings. But it will not be so easy. So it is necessary to be allowed fo
re-invent anything, if it is very related to the given subject, and if it is a
new finding to the mentees not to their mentees. It is necessary to encourage
them to propose their conjecture and to produce anything what they are
thinking. If students attended in the process of their study by the self-directed
learning, they could explain the research result with confidence. The best
teaching is not to teach but to study themselves. The method of ‘guided
re-invention’ is one of the useful teaching methed. But every mentors have to
think and expect that their mentees can find or invent a new product and
they have creative abilities and aggressive mathematical attitude.

The third, mentor has to give some exemplifications of the products, and to
giide mentees to try suppose more creative ideas or general solution. They
would like to know the relations of the properties among all dimensions, and
how to expand the given examples. ‘The principle of the permanence of
equivalent forms’' is one of the very useful to expand the student’s ideas
which is already known to the unknown results. High school students could
find and invent some meaningful mathematical properties and conjectures in
the 4-D figures by using the ‘the principle of the permanence of equivalent

forms”.
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