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1. Introduction?)

A warranty is a contractual agreement offered by the
manufacturer at the point of sale of a product. It requires
the manufacturer to rectify all failures occurring within the
warranty period or compensate the buyer. In this context,
warranty serves as a device to protect the buyer from de-
fective products.Offering warranty results in additional costs
to manufacturers from the servicing of the warranty.
However, warranties also serve as signals to inform cus-
tomers about the quality of product. In this context, better
warranty terms imply a higher product quality and manu-
facturers have tended to use warranty as a promotional tool
to increase sales and revenue. Hence, from a manufacturers
perspective, offering a warranty is worthwhile only if the
benefits (in terms of greater sales and/or revenue) exceed
the additional
warranty. Many different types of warranty policies for

costs associated with the servicing of

both new and second-hand products have been proposed
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‘arranty, Varying Usage Rate, Reliability and Stochastic Model.

and analysed. A taxonomy for warranty policies for new
products was proposed by Blischke and Murthy (1992).

For new products, the cost analysis of various one-and
two-dimensional warranty policies can be found in Blischke
and Murthy (1994). The cost analysis of one-dimensional
policies is based on the assumption that buyers are homeo-
genous with respect to the usage intensity (or rate). This
implies the usage rate is the same for all buyers. In con-
trast, two-dimensional warranty policies are characterized by
a two-dimensional region with one axis representing time
(or age) and the other usage. The product usage intensity
across the buyer population can vary and is modelled as a
random variable in the cost analysis. Two different ap-
proaches have been proposed and the details can be found
in Blischke and Murthy (1994 and 1996), Kim and Murthy
(1999).

In this paper we focus our attention on warranty cost
analysis for products sold with one-dimensional free re-
placement warranty and the usage intensity varying across
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the buyer population. A typical example that reflects this is
the following. The usage intensity (in terms of load and
frequency of usage per week) of a domestic washing ma-
chine varies depending on the size of the family. This is
also true for many other domestic and industrial products.
The product degradation and failure depends on the usage
intensity and this in turn has an impact on the expected
warranty cost. This needs to be taken into account in de-
termining the sale price and reliability decisions at the de-
sign stage. The usage intensity can be modelled either as a
continuous, or as a discrete, random variable. We will dis-
cuss both of these and develop some simple models for
warranty cost analysis that are analytically tractable.

2. New Model Formulation

The following notation is used in this section.

W:Warranty period

cw) xpected warranty cost

F(1;0) : Failure distribution function with scale parameter

F(r.0) arvival function associated with F(#:0)

f(1:6) silure density function associated with #(% )

r(1;0) ailure rate function

&) sale parameter of the Weibull distribution as
function of usage rate (u)

B . 1ape parameter of F(46)

o : arameter of Gamma distribution

J,¢ dsad parameters

U : sage rate (random variable)

U min . inimum usage rate of the light user

Unay . ‘aximum usage rate of the heavy user

G(u) sage distribution function

8() . sage intensity function

E[N@) xpected value of N(t)

C, : xpected cost of each repair

C, : «pected cost of each replacement

2.1 ltem Failures

Let F(f @) be the failure distribution function for the

product. gis the scale parameter and is a function of the
usage intensity as will be discussed later in the section.
The product is sold with a free replacement warranty peri-
od that requires the manufacturer to rectify all failures over
the warranty period at no cost to the buyer. The first fail-
ure is a random variable with distribution function F(¢; §).
Subsequent failures depend on the type of rectification ac-
tion used.

Case 1. The product is non-repairable. As a result, a failed
item under warranty needs to be replaced with a new one.
If the claims are exercised immediately and the time to re-
place is small relative to the mean time between failures,
then it can be ignored. As a result, failures over the war-
ranty period occur according to a renewal process asso-
ciated with F(y; g)(see, Ross (1972)).

Case 2. The product is repairable. We assume that the fail-
ures are minimally repaired (see, Barlow and Hunter
(1960)) and the time to repair is negligible so that it can
be ignored. This implies that failures over the warranty pe-
riod occur according to a non-homogeneous Poisson process
with intensity function given by the failure rate function
H &, 6) associated with Fi(# g). This failure rate function
is given by

160 =150 M

2.2 Usage Intensity

Let {7 denote the usage rate. This is a random variable
and characterize the different usages across the buying
population. We can model this in two different approaches;
the usage either as a continuous variable or as a discrete
variable.

Approach 1 - Continuous Variable

The usage rate is modelled a continuous random variable
distributed over an interval , . and , _ according to a
e wax

&lu)

These two limits denote the minimum and maximum usage

distribution function (yz) with density function

rates. Two forms of distributions will be considered in the
paper.
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+ iform distributions :

A1) =1/t e 2 )

+ mma distributions :

22) = /I aNu"e % a=0

Note that for the uniform distributions, 2 ;, =0 and
U o S 00 and for the Gamma distribution, « ; =0
and 2, = 0.

Conditional on the usage rate {j=y4, gis given by
&) =X 6, @

where @, is design parameter and §(y,) defines the effect

of the usage rate(or load on the item) and is modelled as

64w = }' —u )i"-;l

SN U
Uiy Sus U,

=1, 2, «k (3)

with 2, as the additional design parameters. The design
parameters depend on the design decisions and are under

the control of the manufacturer. Higher values for g, and

1, are resulted from better design.

Approach 2 - Discrete Variable

The usage population can be clustered into several
groups. The general case is to cluster them into % groups.
Let p; denote the probability that the buyer is 7 group's

user. Then conditional on the usage rate [f=4, gis giv-
en by

Kw)=¢""16,, i=12,k ¢=1

2.3 Expected Warranty Cost

Let p( W) denote the number of failures over the war-
ranty period for an item sold with warranty period W/
We first consider the case where the item is non-repairable
Let ¢

W

so that a failed item is replaced with a new one.
denote the cost of each replacement. Then, the expected
warranty cost per unit is given by

of

AW = C, HNW) %)

For repairable item, the failed item is repaired minimally.
Let C, denote the cost of each minimal repair. Then, the

expected warranty cost per unit is given by

AW =C HNW)] (6)

3. Warranty Model Analysis 1

In this section we obtain expressions for the expected
warranty cost per unit with usage rate being modelled as a
continuous random variable.

3.1 Non-repairable Product

For non-repairable product, each failure over warranty is
replaced with a new one. Since replacements are instanta-
neous, failures over the warranty period occur according to
a renewal process. We use the conditional approach to ob-
tain an expression for the expected warranty cost per unit.

Let AN(W:;& wz)) denotes the number of failures over
warranty conditional on

N(W; & 1)) is given by

U=z The expected value of

HNW, &w)] = MW &w)) ™

where A4 W. & )) is the conditional renewal function as-
sociated with the distribution function f{ W;&(¢)) and is
given by

MW, &) = F(W, &u))
+ J{;'WM( W: & 10)) aF (W 0(u))

using the formula for conditional expectation, the expected
number of failures over warranty, K[ N(W)], is given
by

¥ 4

ENWI= | 7 MW K)dGw)

¥

The expected warranty cost per unit sale is obtained
from (5) using (9).
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3.2 Repairable Product

Item failure over the warranty period, conditional on
UJ= u, occur according to a non-homogeneous Poisson
process with intensity function given by (£ 8z)). As a
result, the conditional expected value of the number of

failures is given by

I‘IMW “Zl))] - Jrgw'r(t;ﬁ(u))d ................................... (10)

Using the formula for conditional expectation argument,
the expected number of failures over the warranty period is
given by

ELN(W)] = l’:w él’,(z;a(u))dtd(}(u) ................... (1

=3

The expected warranty cost per unit is obtained from (6)
using (11).

In general, it is not possible to derive analytical ex-
pressions for the expected warranty costs. In this case, one
needs to use some computational schemes to obtain cost
estimates. However, if for the non-repairable product, the
failure distribution follows an exponential distribution and
for the repairable product, the failure distribution follows a
Weibull distributions, then the expected warranty costs can
be derived analytically. In the next section, we discuss
some special cases for which it is possible to derive ana-
lytical expressions.

3.3 Special Cases

The usage population can be clustered into several
groups. The general case is to cluster them into 4 groups.
In this example, the simplest case is to cluster them into 3
groups, i. e., the light users, medium users and heavy
users.

Example 1 : Non-Repairable Product with Gamma Usage
Rate Distributions

The usage rate is given by a Gamma distribution with

parameter @, therefore g(x) = o S R > |}

1
Ha) *
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Also if F(#:6) is an exponential with parameter
then from (9) we have

o u),

= wa ST ) et i-D/2) |
HMW) = Wo"gi H( ;. ) 1(a) '

[ a3 ) =l yzas D ) o (12)

Let 6./~0.1 1 5 =0 @, =5 B=1 W=2 and the
unit for usage rate IS 1(%m/year- Table 1 shows
FLN W] for different combinations of 4, 2, and ¢

Note that as ¢ increases ¢(y) also increases. As a re-
sult, the expected number of failures for the same warranty
period increases. (4 decreases as z also increases and
as a result the expected number of failures decreases.

<Teble 1> F[ AM(#¥)] for different combinations of 4¢,, 7, ad g

2,705 20, =100 ;= 1.4 2,=2.0 u,=2.9

a=1} 13.7118 - - - -
1,=1.0

a=2 537814 | - - - -

=1| 27314 | 06908 | - .
ll_»zl.s

—=9| 106412 | 26630 | - - -

==}| 0.8972 | 02324 | 0.1112 - -
#,=2.0

a=9| 34028 | 08534 | 03834

a=1| 04084 | 0.1102 | 0.0568 | 0.0392 -
1(3:::.5

=9| 14502 | 0.3654 | 0.1664 | 0.0982

=1| 0.2432 | 0.0688 | 0.0386 | 0.0290 | 0.0250
=30

a=2| 07750 | 0.1964 | 0.0914 | 0.0560 | 0.0406

Example 2 : Repairable Product with Gamma Usage Rate

Distributions

F(t;6) is a Weibull distribution with parameter ()
and g thus F(#;6)=1—e¢ “" Then from (11) we
have the expected number of failures over warranty is giv-
en by

fTn k' i _1 A =133
AN =073 i1 )
(@t = 1DBI2) 5,
I
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[c{uesar508) = e, par K05 D8] 13

Let p=9 and the remaining parameters are as in
Example 1. Table 2 shows zf A(W)] for different combina-
tions of 44, 14, and o

<Table 2> g a(wyy for different combinations of

W, U
and ¢
2, =0.5] 2, =10 ; = 1.1 ;=20 1,=2.5
=1l 3733 - - - -
Ng'_‘l.o
a=9| 10814 ; ; . .
a=1| 18668 | 10380 | - - -
ll_:=l.5
a=29 49348 | 2.5024 - - -
a=1| 12708 | 0.7400 | 0.5880 - -
1#,=2.0
a=2] 29632 1.5164 1.0584 - -
a=1| 10336 | 0.6212 | 0.5088 | 0.4640 -
2(3-':2.5
a=92| 21276 | 10988 | 07796 | 0.6368 -
a=1| 09296 | 05696 | 0.4744 | 04380 | 0.4220
wy=3.0
a=2| 17356 | 09028 | 0.6492 | 0.5388 | 0.4836

Note that as g increases (4, also increases. As a re-
sult, the expected number of failures for the same warranty
period increases.

4. Warranty Model Analysis II
In this section we obtain expressions for the expected

warranty cost per unit with usage rate being modeled as a
discrete random variable.

4.1 Non-repairable Product

It is easily shown that the expected number of failures
over warranty is given by,

AN = %pizs«x W0) (14)

where A W g) is the renewal function associated with

of

F(t;6). When the failure distribution is exponential,
M W)] is given by
p % f o}
HNW)) = Wy 3204 (15)

4.2 Repairable Product

It is easily seen that the expected number of failures
over warranty is given by

(16)

When E{ M W)] is a Weibull distribution, the expected
number of failures over the warranty period is given by

HNW)]=( Waﬂ)f)’ ézi;ﬂi(ﬁﬁ(i“” ..................................... (17

4.3 Special Cases

Example 3 : Non-repairable Product
Let 8;=0.L =L W=2,
(the mean usage per year the light user is 1(x1("), for

u=1, y,=3and 4,=4

the medium user is 3(x1(*) and for the heavy user is
4(x10%). Table 3 shows E[A(w)] for different combi-
nations of and p.

<Jable 3> pa(w)] for different combinations of ¢ and

tr
EIMW)] ¢=2.0] ¢=25| ¢=3.0

2.=0.3{ 00600 0.1580 0.3556 0,7080

p=0.3 | py=04] 00544 | 01340 | 0.2904 0.5640
b= 0.5 | 0.0488 0,1100 0.2248 0.4200

p=0.3 [ 00518 0.1280 0.2798 0.5480

p=04 1 p=04| 00462 | 01040 | 0.2142 0.4040
p,=0.5 1 0.0406 0.0800 0.1486 0.2600

=003 0.0438 0.0980 0.2038 0.3880

p=05 | p,=04 | 00382 0.0740 0.1382 0.2440
0.5 | 0.0326 0.0500 0.0726 0.1000
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The result show that as ¢ increases. this increases the
number of failure over warranty period. As p; increases,

the expected number of failure decreases as to be expected
since the buyer is more likely to be a light user.

Example 4 : Repairable Product

Let g=2 and remaining parameters are as in Example
3. Table 4 shows EF[A(W)] for different combinations of
$and p.

The result show that as ¢ increases. this increases the
number of failure over warranty period. As p. increases,
the expected number of failure decreases as to be expected
since the buyer is more likely to be a light user.

<Table 4> K[ N{W}] for different combinations of g and

pj.
¢=1.5 | ¢=2.0| =25 ¢=3.0
P 031 06600 1.0000 1.4200 1.9200
p=03 p=04] 06300 0.9200 1.5200 1.6800
p=0.5] 0.6000 0.8400 1.1200 1.4400
b= 03] 06100 0.8800 1.2100 1.6000
m=041 p=04] 05800 0.8000 1.0600 1.3600
pr= 0.5 05500 0.7200 0.9100 1.1200
pe= (.3 | 0.5600 0,7600 1.0000 1.2800
=051 pp=04] 05300 0.6800 0.8500 1.0400
=051 0.5000 0.6000 0.7000 0.8000

5. Implications for Manufacturer

The expected cost of servicing the warranty for a high
intensity user is more than that for a light user. The war-
ranty cost analysis carried out in earlier sections yield a
cost based on averaging over different intensity users. If
the manufacturer offers the same warranty terms to all
buyers and determines the sale price based on the average
across different usage intensities, it is unfair to low in-
tensity users as they receive less benefit than heavy in-
tensity users. This can be overcome in several different
ways and we discuss this briefly in this section.
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One option for the manufacturer is to sell the product
with the same warranty period but at different prices
(higher price for high intensity user). Another option is the
same sale price but different warranty terms (longer war-
ranty period for light users). These options, though may
seem fair from the buyer perspective, would lead to a new
problem for the manufacturer if buyers do not reveal their
usage intensity and there is no way for the manufacturer to
assess it for a potential buyer. The high intensity user
might be tempted not to disclose its usage in order to get
the benefit of cheaper price or longer warranty period thus
creating a moral hazard problem. Also, this type of differ-
entiation can lead to adverse selection problem with buyers
lack of information,
knowledge etc. The adverse selection and moral hazard
problems have received some attention -- Lutz (1989) deals
with a static formulation and Murthy & Padmanabhan
(1995) deals with a dynamic situation.

making wrong selections due to

6. Conclusions

Warranty cost model for one dimensional warranties as-
sumes that the usage intensity is the same for all buyers.
But in real life the usage intensity varies across the pop-
ulation of buyers. In the paper we deals with models to
study the expected warranty cost for products with free re-
placement warranty with varying usage intensity. We have
confined our discussion to the free replacement warranty
policy. New incentive-based policies can help reduce some
of the moral hazard issues and also the adverse selection
problem. One such policy is a combination policy where
the buyer incurs no cost for rectifying failure in the early
stages of the warranty and an increasing share of the cost
later in the warranty period. Also, the manufacturer might
offer extra period of warranty coverage at the expire of
the initial warranty if the buyer makes the right selection.
This would discourage high intensity users from claiming
to be light intensity users and the extra coverage for light
intensity users. This would compensate for the unfairness.
Some of these problems are currently under investigation
by the authors.
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