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Abstract

We investigate the P-generating functions, L-generating functions, and A-generating function, respectively induced by product
t-norms, Lukasiewicz t-norms and additive semi-groups. Furthermore, we investigate the relations among them.
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1. Introduction

The basic ideas of triangular norms (t-norms) were
introduced in 1961 in a series of papers by Schweizer and
Skiar [7] for the purpose of generalizing the triangle
inequality in metric spaces to probabilistic metric spaces.
Triangular norms were introduced into the fuzzy set
community for modeling . the logical conjunction and the
pointwise intersection of fuzzy sets [1-6, 8-10].

In this paper, we investigate the P-generating functions,
L-generating functions, and A-generating function, respectively
induced by product t-norms, Lukasiewicz t-norms and additive
semi-groups. Furthermore, we investigate the relations among
them.

A binary operation T:[0,1]x[0,1]—[0,1] is called a
t-norm if it satisfies the following conditions:
for each «x,y,2=[0,1],

(T1) T(x,») = T(y,2),

(T2) T(x, Ty, 2)) = T(I(x,y), 2)

(T3) T(x,1)=x,

(T4) if y<z then T(x,y)< T(x,2).

We denote T(x,y)=xQOy. A tnorm T is called weaker
than a t-norm T o( T is called stronger than a t-norm T g,
denoted by T <T,, if T (x,3)<T,(x,3).

A function £[0,1]—[0,1] is called a P-generator for T,
if T Ax,9)=rf""A0A»VAD) is a t-norm.

A function g[0,1]—[0,c0] is called an A-generator for
T,if T x,»=g "((glx)+g(»Aeg(0)) is a t-norm.

A function /[0,1]—[0,1] is called an L-generator for
Tyif Ty, )=h "((hx)+ K3)—1)/\D) is a t-norm.

Theorem 1.1 [6] If T is an Archimedean t-norm, then
there is an order isomorphism £[0,1]—[A0),1] such that

WQy=f'ADRYVAD) for all  xys[0,1]. If
2[0,11-[g(0),1] is an order isomorphism, then
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Oy=g "N gx)g(») Ve(0)) for all x,y=[0,1] iff
Ax)=g(x) 7 for some »>0.

- xv
Example 1.2 Let N, ) Vxl4+y2—x2y2 be a t-norm
and a P-generating function f of T.

= _1
For anxn_xn‘l’ xO_?,

since x ,Ox ,=/ " (Ax )Ax )VAD)), we have
Ax o )=Rx JAx ). Put Rz ,)=a, and

1
f(x0)=a0=7 . Then @, ;=ad?, ie.

log _%_a,,_1=210g aLa ". We obtain
_ . —_¢dye
f(x,,)—a,,—(z)
2
x,0x,= 21 —x,=L
Since ! ! \lzx%—x“l % 2 then
o=\, AlE)=2?
x2 D)
x2®x2=7,m_xl=v 5
’ 1
xo=| . ) H)=2""
%2
x3®X3 2x233—x% =x2=w%
N 8 \_o"F
2=\ 37, A qp)=2
Put

=4 1w Lr=f 2 b= 4 wly=f &
P A 1
V2r 43 V143-277F)

B =4 -

x2

m2 =)=

__1
We obtain (%)= 1+3x Since
+L-p
we have fx)=2 3 =



Theorem 1.3 [5] If 7 is an Archimedean t-norm, then
there is an order reversing continuous  function
£[0,11-[0,00] such that xOy=s""((Ax)+AMAA0))
for all x,y=([0,1]. If g[0,1]—[0,cc] is an order reversing
continuous function, then xQOy=g ~((g(x)+ g(M)Ag(0))
for all x,y=[0,1] iff Ax)=ag(x) for some #>0.

Xy
x+y—xy be a tnorm. Let

Example 14 Let xQOy=

=1
A-generating function g of (. Put g = 9. Then we
obtain

Hence 80=—27  &x+y) = 20O

A =g M x)=-1

Thus,

2. Generating functions
Lemma 2.1 Let g be a differentiable function as

(%) -1=4 Then

(1) If g(xy)=g(x)+ g(y), then g(x)=alnx.
Q) If glx+y—1)=g(x)+g(y), then glx)=ax—~a.
(3) If g(xy)=g(x)+g(»)—1, then g(x)=1+alnx.

Proof (1) Since g(1)=0, we have

j— 1 _gi—Lgi_l“
_d%g = lim xﬂt *
(g1 +-1) — g(x)
= lim
0 ¢
21+-5) - g(1)
=lim——————
0 ¢
—e (DL =2
=g D=

Then g (= “x. So, g(x)=alnx+c

Since g(1)=0, g(x)=alnx.
(2) Since g(1)=0, we have

_d =i glx+ 16— glx)
€ T t
20+ g1+ — g(x)

¢
g1+ —g -
¢

= lim
0
= lim
0
=g (D=a.

Then g (x)=a. Since g(1)=0, gx)=ax—a
(3) Since g(1)=1, we have

d . gxt+H—glx)
2 € = lim f
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20e(1+-L) — el

= lim
=0 t
g1+-5)— g(1)
=lim—————
t
A
=g (1) o x.

Then & (®)= “x . Since g(1)=1, glx)=1+alnx

Theorem 2.2 Let g [0,1]—{0, o] be a strictly decreasing
function as (<g{0)<co, Then:

(1) A function £[0,1]-[A0),1] with Ax)=»5

for b1 is iff gf ! is
differentiable and

WQy =f " (ADANVAD)
=g " 1((g(w) + () A&(0))

(2) If g(0)<oo, a bijective function #{0,11—[0,1] with

€5
hx) =— 2(0) +1 is an L-generating function iff gh™"
differentiable and

- g(x)

a P-generating function

2Oy =h "1 ((h(x) + i(y) — 1DHVO)
=g "W (g(x)+ gy Ng(0)).

(B) If g0+)=o0, hx)=log (glx)+1),a>1
A-generating function iff gh~! is differentiable and

WOy =g "(g(0)g(») + g(x) + ()
h () + i(y))

is an

—glx)  f7

Proof (1) Since Ax)=b Y()=g "' (—log ),
then &f ~'(x)=—log ,x is differentiable ,
If Ax)Ay)=A0), then
Wy = l(J‘(x))‘(y)\/f(()))
_f— (b g(x)b g(y)
=g 1(_ log b g(x) — g(y))
=g “(g(x)+g(y))

If Ax)A»)<K0), then

ADANCAD) b ~ &0y 8 —8®
o —glx) —g(»<{—g(0) =gx)+g(»>g(0)

Conversely, let f ' (Ax)Ay))=g ~'(glx)+ 2(»).
gf THADA) = g(x) + ()

Put k=gf ', Ax)=4Ay)=s Then k(s)=k(s)+ k( D.
By Lemma 2.1, A(#)=alnt¢ Thus, g(x)= alnAx).

Then

() Since hm:‘%“, (2 =g"" (&(0)— g(0)x)
then gh ~!(x)=g(0)— g(0)x is differentiable ,
If #(x)+ A(y)=1, then

Qy =k~ (Wx)+hy)—1)
=h7N(~ g(g)-kl——giy)—g(o)-kl—l)
=kl R

=g (g0 + &)
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If #(x)+ r(y)<1 , then

_ &), ey
h(x)+ (e g(g) +1- -2y +1<0
Sglx) +g(v)> g(0)

Conversely, let & " '(h(x)+h(y)—1) =g g(x)+g(3)
Then gh ~'(h(x)+ h(y) —1) = g(x) + &(3)

Put  k=gh ' k(x)=thy)=s
ks)+ki# By Lemma 21 |,
&(x) = g(0) — (0)r(x).

Then &(s+ t—1) =
k(x)=ax—a  Thus,

(3) Since #(x)=log (g0 +1),r Y=g '(a*—1),
then gh ~'(x)=a*—1 is differentiable. We obtain

WOy =g aglely) + g(x) + g(y)
=h " H(h(x) + A(»)

Conversely, Since
BN () + W) = g N e(xn)e(y) +a(x) + &(y)
put k=gh ~', then
k(x+ v) = kx)k(y) + k(x) + k(y) = (k(x) + 1(K») + D —1
Since & is increasing, then A(H+1=4a’, a>Liie
gx)=a" —1. So, hx)=log (g(x)+1),a>1

Theorem 2.3 Let £[0,1]—[A0),1] be order preserving

with A0)>0 . A bijective function /x[0,1}-[0,1] with
In Ax)
hx)=1- InA0) is an L-generating function iff &/~' is

differentiable and

2Oy =k " ((Ax) + k() — DVO)
=TI ADAMIVADY)

Inf(x)

Proof (1) Since MO=1—70%07 ad »-'w=
FOUAD) ), B "N ) =1—log qpflx) s
differentiable.

If h(x)+ h(y)=1, then

then

WQ©y =h () +R(y)—1)
N vy ()R Y. () It
RPN .7 O
=" ADAW).

In A0)
If A(x)+ ”(y)<1, then
__InAAv)
h(x) + () <152 mff(o) <1
InAx)Ay)

SR L ADRAO).

Conversely, let f (Ax)A))=h ~'(h(x)+ k(y) — 1) Then
A Y ADA) =h(x) + h(y) — 1. So, k(st) = k(s) + k() — 1.
By Lemma 2.1 , Ax)=1+alnx. Thus, A(x)=1+alnAx)
In A{x)

Since A4(0)=1+alnA0)=0 then Wx)=1- InAQ)is an

L-generating function.

Example 2.4 Let g(x)=1—x be given. Then Ax)=e *~'
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and 7(x)=x. We have

2Oy = FHADANVAD))
= g( (g(x) + g(mMA(0)
= h( (h(x) + K(y) — DVO)
=(x+y— VO
Example 25 Let Ah(x)=x” be given. Then

g =a(l—x?,a>0 and Ax)=A0) '~*". We have

Wy =F HADANVAD))
= o (g(x) + g(yNA=(0))
=h((h(x)+ m(y) — li\/O)

=((x"+y*=DVO) *

_ s =1
Example 2.6 Let g 0=~ s—1

» 0<s<® where

g,(x) = limg (x)=lim(— In s"_—l )=—Inx
51 1 s—1
_ —g(0__ s*—1
Then fs=e #= s—1 > fl(x):x.
_ s _,_ 2s—1—s" 1
h()=e 1 ] LR (x) o 1,
We obtain:

WOy =f; 1 0F ()
=g ((g,(D+g,6M
=h; Y h Db, D+ h,(D)+ 2
= log s(l—l——(—-)—(—)—sx—sl_iy_l )

WOy =1L ()
=giHg,(0+g,; (M
=hT Dk (D +h D+ k()
—xy

Example 2.7. Let £ be an A-generator as

In(1+ sx)
In(1+5s) ’

Then &3 ' @="T((1+917*=1)

1+sx
1+s +521 Then

g=1-In,  (1+s0=1— 1<s

put S D=1+ -2
£ =1(1+95-1), we obtain

WOy =g7 (g, () +g,(MNeL0)
—g7l(2~ ln(ll-;(SfC)éﬁ)-i-sy) ()

In(t+9)

:—i((us)_” — V0

g 1+s

=L((1+3) ~1DVO
_ 1,0+ +sy)

- S<M—llz ol DVO
1, s“xytsxt+sy—s

- s( 1+s WO

_ _

—=( sx2+1x++sy 1)\/0



We can obtain a t-norm by a generator f as

WQy =71 @D, (MV FL0))
_ 1y ltsx 1+sy 1
=7 N 1+s 1+s v 1+s)'
_ o sxyvtaxtyv—1

Since £,(0)=In(1+s9),s>1, put &,(x)=2k,(x)—2. Then

D=5 —Fn (s =1—4 A e

be an L-generator.

Moreover, hzlz—ls_((l"'s) -1

WOy =k, () +h (3)—1V0)
= h7N (@ log 14 (1 )1+ /VO)

:(ﬂ%y—_l)vo

3. Relations of t-norms

Definition 3.1 Let 7, T ; be t-norms. T,

dominates 7 5, denoted by T ;< T, if for each
X1,%9,¥1,¥.€[0,1]

T(Ty(x,,50), Tolxg, o)) 2 To( Ty (21, 25), Ty (31, ¥9)).

Theorem 32. Let 7,7, be a strict tnorm with

P-generators f,g. Then we have the following properties:
(1) Ty is stronger than T, iff it satisfies

Ws=n(s) - w(), Vs, tl0,1], h=g-f"".
(2) T dominates 7T iff it satisfies,
Vs tel0, 1], h=g- F .
B~ (s DR(ED)IR ™ (s 5)h(t )
25 (s ¢ DB T (s 52 5)).

(3) If T, dominates 7, then 7T is stronger
than T,
(4) Every t-norm 7 dominates 7.

Proof (1) Since
T Lx,)=F "(RAOAM=T (x,3)=g " (elx)e(s))

we have:

gf HADAY) = g(g " (g(0)g(»))) = g(x)g().
Put s=Ax) and ¢= Ay). Then:

W(s=h(s) - k1), Vs, te[0,11, k=g~ f L.

The converse can be similarly proved.

(2) For each % ,,%3,¥,¥2.<[0,1],

FFe T ez ey ) - Ag ™ elx ey )))
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=T (g " (elx Dely )).g " elx)e(yy)

=TAT, (x Dy ), T (xq,55)

ST AT (x)xy), TAy1,59)

=g " Ng((F 1 Ax DAx ) - &(f =Ry DAY IN).

It implies
Ag ez Dely ) - Ag " '(elx )e(y )
>fg Mg ((f T (Ax DAx )+ g(f "Ry DAY )
Put f(x1):Slyf(xz):-92,f(y1)=t1yf(y2):t2 and
h=g - f L Then
BN Ch(s DRCE DB T (BCs ) h(E )
Zh ¥1(h(s 1 t 1))h _l(h(s ztz)).

The converse can be similarly proved.

(3 By (2), put s2=1 and ¢;=1. Then
h _l(h(s 1))h _l(h(tz))zs 1t22h _l(h(s l)h(l‘z)).

So, (s t)=h(sh(ty). By (1), Tyis stronger
than T,

(4) For each % 1,%2,¥,,¥,<[0,1]

T( T(x1.,V1),T(x2,yz)) = T( T( T(xl.y1)yx 2),3/2)
=T(T(x,, T(x 1,y 1)), )
= T(T(T(xz,xl),yl));J/2))
=T(T(x4,x2 ), T(y,,v2)
= T( T(xl,xg), T(ylyyz))

Example 3.3 Let 7 and 7, be continuous t-norms with
P-generators as Ax)=x, g(x)=2%—1

Then we obtain A(x)=g- f Y x)=2"—1.

Since A(sH=h(s) - h(D, Vs, t=[0,1],
than T,

T, is stronger

Example 34 Let 7, and 7, be continuous t-norms with
P-generators as

1L
Axy=e *,
The we obtain

h(x)=g°f_‘(x)=[
x —<x<1

Since A(st)=h(s) - h(?),
T; is stronger than 7.

Vs, (0,11,

But 7, does not dominate 7, because
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o =k T KSR T RS

oLyl y— 1
#h Tt =<l

Theorem 3.5 Let
A-generators f* and g* respectively, then

(1) T, is stronger than 7 - iff h*=g* . F*~! satisfies
R (stD<h™(9+h" (D, Vits<[0,1]

@) T, dominates T .- iff for each S;,53,%;.¢2,=[0,1]

T, and T, be strict t-norms with

B RT G+ @D+ R (s) +h*(E,)
2 THRT (s s+ R+ ).

Proof. (I)Put /(x):e _f'(x), g(x)Ze—g'(x) Then

y=f"Yx)=f*""!'(—Inx). By Theorem 3.2, we have
W) = g(f 1 ()= ~F VD= g U (-0

It implies

h(st)ze —g'(f" (— nst))

SO D= 2V 0N, —2 T (=)

So,

g (N = InsH<g*(F ' (— N+ F " (—ny)

Put —Ins=x, —Ini=yand h*=g"*-f*"' Then

Toh*(s+D<h*(+h*(H, Vts=[0,1]

(2) Since A(x)=e ~& VT (-l gpd
s DRV O D)2 h ™ s 1) o)),
we have
A= Ink(s DECt D)+ 27— In k(s ) k(1))
<k Ink(s yt ))A(s ot o).

Put —Ins,;=x, —Int;=y,, i=1,2 and
ht:gt th—]
— Inh(s # )Dh(s ot )
e ~h MG~k )

=h*(—In(s,5,))+h"(—In(t,t,)
=h*(x;tx)+h(y,+y,).
Hence
R B )+ r oy D+HRT R (x )+ 2% (yy)
2N R Fx) R (Y + o)),
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