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Abstract — In this paper, an exponential bound of the distance between a Loop subdivision surface and its control mesh is
derived based on the topological structure of the control mesh. The exponential bound is independent of the process of
recursive subdivisions and can be evaluated without subdividing the control mesh actually, Using the exponential bound, we
can predict the depth of recorsion within a user-specified tolerance as well as the error bound after # steps of subdivision. The
error-estimating appreach can be used in many engineering applications such as surface/surface intersection, mesh generation,

NC machining, surface rendering and the like.
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1. Introduction

Subdivision surfaces can be used o model complicated
3D shapes with arbitrary topology without trimming
and patching. Their refining rules are usually very simple
and easy to analyze and code. A subdivision surface is
defined as the limit of a finer and finer control mesh by
subdividing the mesh recursively; hence subdivision is
closely related to multiresolution. Therefore, subdivision
surfaces attract much research attention in recent years
and are widely applied in fields including CAGD,
computer animation, surgical simulation and medical
image processing. Because the control mesh defines a
subdivision surface by approximating to it gradually in
recursive subdivision process, we usnally want to know
how well the control mesh approximates to the limit
surface. How many steps of subdivision would be
necessary to meet a user-specified error? These problems
are important in practice [1,3,4, 13], such as rendering,
intersection and numerical control machining of the
surfaces, and remain to be investigated further.

Loop generalized the box splines to triangular meshes
of arbitrary topologies in 1987 [7). Any triangular mesh is
refined step by step using his refining rules, and converges
to a smooth surface finally. Based on eigenbasis
functions, J. Stam proposed an evaluation method for
closed Loop surfaces [12]. Zorin and Kristjansson
extended the work of J. Stam by considering the
subdivision rules for piecewise smooth surfaces with
boundaries depending on parameters [14]. However, these
evaluation schemes are too complicated to be used to
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analyze the distance between a Loop surface and its
control mesh. In addition that the control mesh has an
arbitrary topology in general, the problem of error
estimate of Loop subdivision has not been solved vet.
The existing methods for computing the bounds on the
approximation of polynomials and splines by their
control structures are based on the special function
expressions, so that it is almost impossible for them to
be generalized to subdivision surfaces [2, 8, 9, 10, 11].
In 1998, Kaobbelt et al. developed a technique to construct
bounding volumes and envelope meshes for Loop
surfaces from the resulting control mesh after n steps of
subdivision [6], but their method can not be used to
predict the error bound for the control mesh with the
recursion depth n or estimate the subdivision depth for
a user-specified tolerance. A new method is presented
in this paper to estimate the error bound on the
approximation of a Loop subdivision surface by its
control mesh, without subdividing the control mesh
recursively.

In the following, Section 2 outlines the subdivision
rules of Loop surfaces. Section 3 presents the estimating
formula for the distance between a Loop surface and
the control mesh after n subdivision steps. In Section 4,
the exponential bound between a Loop surface and its
control mesh is derived. Section 5 describes estimates
of error bound and depth of recursion (or subdivision
depth) of a Loop surface. Finally, concluding remark is
given in the last section.

2. Loop Subdivision Surfaces

Loop subdivision surfaces are designed to generalize
the box splines to triangular meshes of arbitrary
topologies. In a subdivision step, each triangle is
divided into four pieces as shown in Fig. 1. At the
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Fig. 1. Loop subdivision.

(a)

Fig. 2. Local structures: (a) updating an old vertex; (b} evaluating
the new vertex for an edge.

same time, each old vertex is updated, which is called
vertex point, and a new vertex, called edge point, is
introduced for each edge of the old control mesh. The
subdivision rules are given as follows (see Fig. 2) [7]:

m-1
V=(-a)V+22 3 P, E=2(0,+ 0+ 50 +0)
™ i 8

where m=>3 is the valence of V and ¢,=5/8-
(3+2cos(27/m))*/64. Note that each vertex point has
the same valence as the corresponding old vertex, and
all edge points are newcomers and have valence 6. A
control vertex is called extraordinary point if it has a
valence other than 6. In the following text, we use two
constants Mi and Ma to denote the minimum and the
maximum of the valences of the vertices, respectively.
Note that Ma=6.

Consider any control vertex and all vertices connected
to it in the mesh after n subdivision steps, and denote
those vertices by V", Pj, P{, ..., P)._,, respectively.
Let C,=(V", P, P .., P! ), then C,, =AC,,
where the subdivision matrix is

abbbb-bbb

o
and g = 1 -, =ﬁ.c=§,d=%.ltisshownin [12]

that A has the following eigenvalues:

3.1 2=xm
Ap=1>1,=4,= §+ZCOSE>IH2"'ZM'”I .

Let p=p@m)=A1,= g + i cos%, then p increases with

the increase of m. Obviously, vo=(1,1,..,1)7 is an
eigenvector corresponding to the eigenvalue Ap. Let
be the left eigenvector of A corresponding to Ao such
that {,-v,=1, then we obtain = (c, , b,..., b)/(c+mb).

3. Distance Between Control Mesh
and Limit Surface

Loop subdivision surfaces are designed to generalize
the recurrence relations for box splines to irregular meshes
to produce smooth surfaces of arbitrary topologies. Stam
showed the piecewise parameterization for the control
mesh with isolated extraordinary vertices such that the
values of the limit surface can be evaluated exactly at
any parameter position [12]. In detail, corresponding to
a face in the control mesh, the limit surface patch can
be expressed as a smooth function p(x, v), whose domain
of definition is Q= {(u,V)lue [0,1] and ve [0,1-u]}.
In the case of non-isolated extraordinary points, Stam’s
parameterization scheme is not directly applicable.
Considering a face containing more than one extraordinary
point, however, one can find that the limit surface patch
is divided into four less ones after one subdivision of
the control mesh and each one has an exact expression
according to Stam’s scheme, then we can establish a
piecewise parameterization naturally for the surface patch
from the expressions of four less ones. Thus, for any
face in the initial control mesh, the corresponding
surface patch has an exact parameterization scheme,
denoted by p(u,v) uniformly. Accordingly we denote
the linear parameterization of a face by (i, v}, which is
exactly the triangular face itself.

The approximating error of the control mesh to the
limit surface is usually deftned as

E'=max sup |pi(u,v)—(1,v)]
k (uv)e

where pi(u,v) is the limit surface patch corresponding
to the k-th face Ii(#, v) in the control mesh after »
subdivision steps. However, due to arbitrary topologies,
it is almost impossible to find an applicable recursive
relation for E” for estimating the error bound or
predicting the subdivision depth without subdividing
the control mesh recursively. On the other hand, it is
reasonable to use the distance between the control vertices
and their limits to describe how well the control mesh
approximates the limit surface, so we propose the
following error-estimating scheme:
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Table 1. Comparing D" and E" for the regular tetrahedron
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Table 2. Comparing D7 and £ for various control meshes

n E" D* n E" D" Model VN FN £ o Deviation
0 0.800000 0.800000 4 0.187940e-2 0.187941e-2 bishop 250 496 0.113895 0.113895 0

1 0.120281 0.120281 5 0.469854¢-3 0.469853¢e-3 torus 384 768 0.801320e-1 0.801316e-1 de-7

2 0.300703e-1 0.300703e-1 6 0.117465e-3 0.117466¢-3 hand 1055 2130 0.895788e-1 0.895788¢-1 0

3 07517592 0.751759e2 7 0.293698e-4 0.293770e-4 dragon 1257 2730 0.165643  0.165643 0

D" =max| P{-F7|
i

where P? denote the control vertices in the mesh and
P are the corresponding limit points in the subdivision
process. In general, D" is a good approximation of E”
because the distance between a control polyhedron and
the corresponding limit surface usually reaches the
maximum value at some vertex for such subdivision
scheme whose refining coefficients are all positive.

Let us have a look at a regular tetrahedron. We
subdivide it several times and compare D" and E" for
the initial control mesh and all newly-generated ones,
see Table 1, where # is the subdivision time. In our ex-
periments, we compute sup |pLu, V)-4{u,v}| by

(u,v)e Q

sampling parameter values Lnjfomﬂy in Q for each
face, and accordingly obtain £, From Table 1, one can
find that D" and E” are always uniform. Some tiny
deviations of D" and £ can be attributed to the use of
32-bit floating-point numbers. Furthermore, we have
experimented with more triangular meshes, which are
often used in the computer graphics community. The
experimental result shows that D can be regarded as a
good approximation of E”, because they are uniform for
most cases and have a very little difference for some
critical cases (e.g. a model of horse shown in Fig. 3).
Several typical Loop surfaces are shown in Fig. 3, and
the corresponding experimental result is listed in Table
2, where VN and FN denote the numbers of vertices
and faces, respectively, and the last column denotes the
deviation of D" and E” for each model.

For the sake of briefness, some symbols are introduced.
Let §* denote the set of all vertices in the control mesh
after n subdivision steps, and C(V™) denote the average of

shape 2562 5120 0.393520e-1 0.393520e-1 O
triceratops 2832 5660 0.414170e-1 0.414170e-1 0
blob 8036 16068 0.194231e-1 0.194231e-1 0
horse 19851 39698 0.338017¢-1 0.300205e-1 2.88e-3

all vertices connected to V*, ie., C(V")=— E P Y.

is called the neighbor’s barycenter of V" In addition,
the set of all vertices connected to V" is denoted by
Circle(V"y={Py, Py, .., P,_,}.

It is proved in {5] that the limit of ¥ is ¥"=(I, C,)*.
As a result,

[cV"+bZ P”j

c+mb
It is followed that

Ve-V'= —P—S 8 Z(P” V"
8m(1-p%) =0
SO

2
v —1|= 2=2_| ey -]
8(1-p")

Then the distance of the control mesh after n steps of
Loop subdivision to the limit surface is

D maxﬁp—lcw”) V| (0
Ve s §(1—p

Using Eq. (1), it is convenient to compute the
approximating error of the resuliing polyhedron in
recursive subdivision, which is very useful, especially
for multi-resolution rendering of subdivision surfaces.
By the way, in order to apply the error-estimating scheme
proposed in the paper to open control meshes, it is only

Fig. 3. Some typical Loop surfaces: bishop, torus, hand, dragon, shape, triceratops, blob and horse, in turn,
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necessary to extrapolate the meshes such that each
boundary vertex becomes an inner point. In many cases,
however, we want to estimate the approximating error, but
it is not necessary to subdivide the control mesh actually.
Moreover, it is usually very expensive o subdivide a
control mesh. Therefore, it makes sense to find an
efficient estimate of the approximating error with enough
accuracy based on the initial control mesh.

4. Exponential Bound

Since Eg. (1) cannot be used to predict the recursion
depth or the error if the control mesh is not subdivided
enough times, in this section our goal is to seek a new
error bound, which is evaluated for the mesh at level
using only the level O (initial coarse) mesh. In order to
achieve this, we need to find a recursive relation of D"
firstly, and then educe an estimating formula which
does not use the value of any D" of n > ). Based on the
topological structure of the control mesh, we will
develop such error bound in the following text. At first,
let us investigate the difference between a vertex and its
neighbors® barycenter. Note that there are two types of
vertices in the resulting mesh after subdividing the
control mesh at level n once, i.e. vertex points and edge
points. For 2 vertex point ¥ "+,

1 mzl P el n+1
r—:(]

2( (V'+PY+= (P”]+P+I)]
=@

C(Vnﬂ)_vnﬂ

1
m

~(1~a)V"- '"zp" @)

m{‘ ”.'SLIP" ”}=[§~am)<C<V’)—V“)

where m is the valence of V". In the section, we obey
the convention that P!=P},, for any integer / and ;. For
the edge point P, the local structure is shown in
Fig. 4. One can get

CPIY)-prvi= K (V4P )ik SRl P,f’))
{30 el (P”+P,+~,‘)]
'3 ”n I iz 13
+(§(P,- +P1'-i)+§(v +Q:’-!))
oGP rpvagn)
+(1—0€,.,)V”+%C(V”)+(l-ak)P}‘+akC{P?}J

( (V”+P“)+ (P,'L +P2, ]

Fig. 4. Local situation of an edge point.

where £ is the valence of P!. Then,

1

- 6[ —(P"2+P"+P”2)+P"-—(Q Q" ,)]

3

In order to deal with C(P/*)-P!' further, we
consider the following item firstly:

G,=max max|V"~(Pr,+Pr+P2,)3)|
yiest i
For a vertex point, one can obtain

m-]
V}H—l ;(Pn-i-} P?i ++21)=‘/"+_%I_7?2(P;!_V1}
=6

_...(3 V4 3P+P! +PL)
_—(3V”+3P,-"_2 +P3+ P )

-—-—(3V +3P] 4P +P )

=1

=3 f«f#,,»[ Vn_.31.(p;1 2+P}‘+I’;‘+g)J
j=0

where
Y8~a,/m, if j=i;
4= V8@, /m, if j=i-1 ot j=i+1:
~ 0, /m, otherwise

For an edge point, it follows in the same way that

n+ 1 el 1 n "
P! 3[1/ HSGPIPL VRO )

+§(3P}'+3P;11 +v”+g;=)]

=Zn E[V"ﬁ (P +P! PM}]

3m Jar

rg Pr-3@0+V+0L) ]
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Therefore, we have

G, £06G, (4)
m-1
where 6= max (1/8+e,/3,T,)and T, =T, = z
Mism<Ma ) =0
|2, for any i. It is not difficult to prove that 7}, is not
less than 1/8+¢,/3 and increases with the increase of
m, S0 0= Ty,
Let F,= max lcovy- V"l then from Eqs. (2)-(4)

one can obtam

lc™)-v*|<(3-a, |F, and | Cr*-PI"Y

Ozm+a',( |
< F.+:G
6 | ntgn

thus

F,, Smax{yF,, yF,+0"Gy/8}

where y= max (5/8-¢,) and = max (,/3)}.
MismsMa MismsMa

Note that o, decreases with the increase of m, so y=
5/8—-ony, and W= oy,/3.

g O, = p(Ma) 2p(6)° 1L 2> a1,

hence y=5/8-04= p(May’>y. In addition, it is
shown that 6>y and o>2y. Let

n=-1

2,= (0" '+ Tyt )

then for any n21 we have the following statement:
Fns YnF0+gJ:GO/8 (5)

Proof. We use the method of mathematical induction to
prove the inequality (5). The statement is obviously
true for n=1. Suppose that it is also true for some
integer #21, we consider the case of n+l. Since
y<y<&and g,,= Gg.+ ¥ = 6"+ yg,, we have

SY For 18,68 <7 ot 0g,Gy/8<Y 'R,
+gn+IGG/B
and
YF,+0"GyByY Fo+(wg,+0")Gy8<Y"'F,
+«gu+ IGO/S

Note that ¥,,,<max{ yF,, WF,+0 G,/8}, so it follows
that

n+1<‘]/I F0+gn+]GO/8 .
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From the inequality (5), we obtain

Therefore,

2
D<F, 58" ¢ Got ' -¢)
" Migmerta 8(1—p) [yn 8oy ]u(

where ti(m)= —8}% is a degressive function with

8(1-p(m)")
regard to m. The inequality (6) can reduce to an equality
in some special cases, e.g. a regular triangular mesh
with the vertices (i2+/,i/3/2,0), i, je Z.

Here, we use the initial control polyhedron to estimate
the error instead of the resulting control polyhedron
after n steps of subdivision. Therefore, one can not
only pre-compute the error bound for the control mesh
after n times of recursive subdivision without actually
subdividing the initial mesh n times, but also predict
the depth of recursion within a user-specified error
tolerance. In contrast, the method of Kobbelt et al uses
the resulting control mesh after n steps of subdivision,
so it is dependent on recursive subdivision, which is
usually a time-consuming operation.

5. Estimating Subdivision Depth

Equation (6) can be used conveniently to estimate the
subdivision depth n. If the user-specified error is
denoted by ¢, then

[Y'Fo+8,Gy/8)u<e
and [y Fotg, Gy/8lu>e (7

Since g,20"™", we know ¥'Fyu<e and 0" Gy/8<e,
thus

n>maquogy#F 1 [IOg",u,gG —]+1) (8)

Note that 6>2y, so0 g,_,<20" . It follows that ¥ uF,

+20"72 4Gy /8> €, s0
max (Y™ yF,, o' *UGy/8)>e/3

In the same way, we can obtain

nSrnaleogyﬁ;JH, {logcr 32—20J+2] %)

The right hand sides of (8) and (9) are denoted by n~
and n*, respectively, and accordingly n <n<n*.
Therefore, increasing # by | each time with the initial
value n”, one can easily find the proper integer » in the
interval [#~, 2*] to satisfy (7).

Let us glance at three examples as shown in Fig. 5.
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() (b) ©
Fig. 5. Control polyhedra of Loop subdivision.

Table 3. Depths of recursive subdivision and the corresponding
errors from Equation (6)

n 1 2 3 4 5

Example 1 0.132679 0.057722 0.029211 0.016434 0.009799
Example 2 0.049952 0.023346 0.012499 0.00755% 0.004941
Example 3 0.017235 0.009900 0.006192 0.004173 0.002949

n 6 7 8 9 10
Example 1 ¢.006003 0.003721 0.002318 0.001447 0.000904

Example 2 0.003365 0.002336 0.001636 0.001150 0.000810
Example 3 0.002137 0.001568 0.001158 0.000857 0.000635

For the first example, one can get Mi=4, Ma=6, l=
0.563636, 0=0.625000, G,=0.653562, y=0.250000, ¥
=0.161458 and F=0.610553. Assume the user-specified
error £=0.01, then the subdivision depth can be
calculated: n=5 with n"=5 and n*=7. The emror between
the Loop surface and its control mesh is not more than
0.009799. Similarly, one can obtain for the second
example Mi=5, Ma=8, 4=0.528578, ¢=0.705136, G,
=0.227720, y=0.304458, y=0.140155 and F(=0.216900,
and accordingly the subdivision depth n=4 with n"=3
and n*=6 for £=0.01 and the corresponding error is not
more than 0.007559. For the last one, the subdivision
depth is predicted as 2 in the same way. All predicted
error bounds are given detailedly for different n in
Table 3.

6. Concluding Remark

Based on the topological structure of the control
mesh, we have presented in this paper an exponential
bound for Loop subdivision surfaces, which is independent
of the process of recursive subdivisions and accordingly
can be evaluated without actual recursive subdivisions.
Using the exponential bound, we can predict the depth
of recursive subdivision within any user-specified error
tolerance. This is quite useful and important for pre-
computing the subdivision depth of subdivision surfaces
in many engineering applications such as surface/
surface intersection, mesh generation, NC machining,
'surface rendering and the like. For instance, the parallel

S-Buffer method for generating NC tool paths [3] can
be directly extended to Loop subdivision surfaces by
using the error-estimating algorithm proposed in the paper.
The experiments have shown that the exponential bound
can be used to estimate the bound on the distance
between a Loop surface and its control mesh effectively.
Our error-estimating method can be generalized to other
subdivision surfaces.
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