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Abstract

This paper proposes an alternative observation scheme, T-S fuzzy model based indirect adaptive fuzzy observer.
Nonlinear systems are represented by fuzzy models since fuzzy logic systems are universal approximators. In order to
estimate the unmeasurable states of a given nonlinear system, T-S fuzzy modeling method is applied to get the
dynamics of an observation system. T-S fuzzy system uses the linear combination of the input state variables and
the modeling applications of them to various kinds of nonlinear systems can be found. The adaptive fuzzy scheme
estimates the parameters comprising the fuzzy model representing the observation system. The proposed indirect
adaptive fuzzy observer based on T-S fuzzy model can cope with not only unknown states but also unknown
parameters. In the process of deriving adaptive law, the Lyapunov theory and Lipchitz condition are used. To show
the performance of the proposed observation method, it is applied to an inverted pendulum on a cart.
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[. INTRODUCTION

There often conflicts the problems that states are
partially or fully unavailable in many practical control
problems because the state variables are not accessible
for direct connection or, sensing devices or transducers
are not available or very expensive. In such cases,
observer based control schemes should be designed to
generate estimates of the states . Therefore, Observer
design has been a very active field during the last
decade and has turmed out to be much more difficult
than the control problem. The design of state observers
and the design of controllers can be carrted out
independently [8].

Based on a consideration of works to represent and
identify practical systems, a number of studies on fuzzy
modeling and identification have been developed over last
decades since fuzzy logic systems are universal
approximators [10]. As the structure of fuzzy models,
Takagi-Sugeno(T-S) fuzzy system is widely accepted as
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a powerful tool for design and analysis of fuzzy control
systems [9l[10l. T-S fuzzy system uses the linear
combination of the input state variables and the
modeling applications of them to wvarious kinds of
nonlinear systems can be found [9]1[10]. To design fuzzy
observers, nonlinear systems are represented by T-S
fuzzy models.

Fuzzy systems are supposed to work in situation
where there is a large uncertainty or unknown variation
in plant parameters and structures. Generally, the basic
objective of adaptive control Is to maintain consistent
performance of a system in the presence of these
uncertainties. Therefore, advanced fuzzy systems should
be adaptive. If a controller is conducted from adaptive
fuzzy systems (an adaptive fuzzy system is a fuzzy logic
system equipped with a training algorithm), it is called
an adaptive fuzzy controller. The most important
advantage of adaptive fuzzy control over conventional
adaptive control is that adaptive fuzzy controllers are
capable of incorporating linguistic fuzzy information from
human operators, whereas conventional adaptive
controllers are not [11]. Adaptive schemes for nonlinear
systems that incorporate fuzzy systems have been
enormously popular [12-18}.

Our goal is to design T-S fuzzy model based indirect
adaptive fuzzy observer. In order to estimate the
unmeasurable states of a given nonlinear system, T-S
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fuzzy modeling method is applied to get the dynamics of
an observation system and based on the T-S fuzzy
model, an adaptive fuzzy scheme is proposed. The
adaptive fuzzy scheme estimates the parameters
comprising the fuzzy model representing the observation
system. The proposed indirect adaptive fuzzy observer
based on T-S fuzzy model can cope with not only
unknown states but also unknown parameters. In the
process of deriving adaptive law, the Lyapunov theory
and Lipchitz condition are used. In addition, the stability
condition is given by them.

The rest of this paper is organized as follows. In the
Section II, the fuzzy system is briefly reviewed and the
problem to be considered is formulated. The proposed
observer is designed in Section II and the derivation of
adaptive law is derived in Section IV.. In Section V,
some example and its computer simulations are given to
demonstrate the effectiveness and applicability of the
proposed observer. Finally, some conclusions are drawn
in Section VL

Il. OVERVIEW AND PROBLEM
STATEMENT

A. Takagi—Sugeno Fuzzy Model

T-S fuzzy model can express a highly nonlinear
functional relation in spite of a small number of
implications of rules [91[19). T-S fuzzy model can be
briefly presented below by the following IF-THEN form
or In-Out form.

1) IF-THEN form

Plant rule 1
IF x is My and % is My and... and x"70 is M,
THEN x'® = alx + bu, i=1,2, ,.7
where
[x x—x*VYTe R a4 e R", b <R,

M; is the fuzzy set and r is the number of rules.

x =

2) Input—Output form

x ¥
i
= Zlh,-(x){ alx + bu}
where
wid = M), iy = 22

;}1 w(x)

M (xY~P) is the grade of membership of z“V in M,

It is assumed that w{x) = 0,

i=1, 2, 3, =, 7

glwi(x) > 0
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Hence, h,(x) = 0, Zr:lh,-(x) =]

B. Problem Specification
Consider the regulation problem of the following n-th
order nonlinear SISO system.

x= Ax+ B[Ax) + g(x)u]

y=Cx 2-1)
where,
01 0 0 0
001 - 0 0
A=) ¢+ ¢ o~ vl B=| 1|, C=[10 - 0 0]
0 0 O 1 0
0 0 O 0 1
and Ax), g(x) are unknown but bounded continuous
nonlinear functions. % is a control input. Let
x=[x x - 96(”_1)]7-2[961 % - x,)7€R" be the state
vector of the system which is assumed to be

unmeasurable,
Parameter updating
1
u T-8 Fuzzy |J e Fuzzy ¥
System Observer

1.5 Modeling {

Nonlinear
System

Adaptive Law

Fig. 1. Configuration of the proposed observer

The goal of this paper is to estimate unknown states
and unknown parameters. T-S fuzzy model and indirect
adaptive scheme are used to solve this problem. Using
T-S fuzzy model, the structure of the proposed observer
is designed and the unknown parameters of that is
estimated by derived adaptive law. Fig.l shows the block
diagram of the proposed observation system. The
nonlinear function can be expressed using TS fuzzy
model as follows.

An) = Zlh,-(x) 0% 2-2)

gx) = g‘,lh,.(x) b; (2-3)

Therefore, the original system and the observer
system can be described based on T-S fuzzy model as
follows.

<The original system>

x=Ax+ B[ Zlhi(x) a;Tx+ Zlh,-(x) b,—u]

y=Cx (2-4)



lll. INDIRECT ADAPTIVE FUZzY
OBSERVER

In this section, a fuzzy observer and adaptive law are
developed. The developed observer guarantees to
estimate states well. The design process starts with the
TS fuzzy model based presentation of the proposed
observer system.

Let* and ¥y be an estimated state vector and the
output of the proposed observer system.
}""”]T:[;c\l %

Where, z=[% % - 5] ’er

<The proposed observer system>

x=A%+ B[ Z}h,(?c) ZZ,-T3c+ Zlhi(7c)5iu]+L(y—3))
y=Cx 3-1D

where, @; and B; are adaptive parameters.

The estimation error, which is the error between the
real states and the estimated states 1s defined as

e =x—3% (3-2)

Therefore, After differentiating e and substituting the
original systemn and the observer system into it, an error
dynamic equation can be obtained as follows.

~Ta

'eZ(A—LC)e-i—B[ ’Z_rlh,-(})( a;"x— @ x)+

136, B)]

Note that 2{% should be used as the membership
function for both x and % since only % is measurable.

It is very obvious that all entries of e will approach
zero if all eigenvalues of (A~ LC) have negative real
parts ,and 2 and P estimate the original parameters a
and & well. Hence, The adaptive law should be derived
in next process.

IV. DERIVATION OF ADAPTIVE LAW

A. Lyapunov function is chosen as follows

_ T 1 s s =T+ 1 -
V=-e'Pe+ alzlaa “21 ?7'5 (4-1-a)
Ei = 5 b 51‘ (4_1_b)

where,

V . a positive definite and radially unbounded function
P a symmetric positive definite matnx
a;, @, @ positive adaptation constant gains

After differentiating
V<0 (negative semi-definite) can be constructed. The

V, an adaptive law to make
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derivation of V is as follows.

V= e " Pe+ eTPe’+l a ~T-l--——- 21 5; 5 (4-2)

1 LS

By substituting (3-3) into (4-2),
follows

V is expressed as

V=eT(A—LCO)TPe+eTP(A— LO)e
+2eTpB[ (D aTx— 77D + 3, h((bi- B

2 553"+ 32 557
1 =1 ay i1
——eTQe+2¢7PH| 3 (D a2+ 0%~ 73— 07D

+ SN B+ B @2+ L bE

o Ta

Tay
=—eTQe+2eTPleh(x)a e+2eTP[ h (X)) T, %

+ Zlh(x)”b’u] +l z aaT+ —2— z 57 4-3)

Since the error state e has to approach zero as time

goes to infinite, an adaptive law that makes V negative
definite should be derived from the equation, (4-3). In
order to obtain the adaptive law, we need some definition
and condition as follows.

Definition 1 :
let A (M) denote the smallest eigenvalue of M and

A (M) the largest. Then, it follows from M= UTAU

that
A e D Tl P<ax TMx<A . (30 1x]1? (4-4)

where, M is a positive definite matrix, UTU=1 and
A is a diagonal matrix containing the eigenvalues of the
matrix M.

Using Lipchitz condition [7] ,
Zh,(?c)( a;Tx— a;TD<k}lx—7%l

In addition, according to Definition 1, the following
inequality is accomplished.

=—eTQe+2eTPleh(x)a e+2eTPB[ Zlh(x) "%
+ B +E S T+ L 5 5]
< ——eTQe+2k,HBH/1m(P) llel|2+ZeTPB[ WICKAE

+-2 % T
(1’1 P a, ;15;‘ b;
<=2 i (Q) Nlell? +2/<?fHB|I/1m(P)IIell2

+20"PE 3 (B 73+ S (DB + 2 5 wa]

1 ¢

+ Z}hi(})"ﬁiu] +—2 2

2 5557
9 =1
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< [ Ao (Q — 26| BIA s (Pl +26TPB| 32 1(3) 775

+ Eh@va +E S aa k56 @)

?

In (4-5), in order to make V negative definite, we
have to not only find suitable P and @ but also derive

the adaptive law of @; and 3,

P and @ can be easily chosen, which satisfy (4-6).

o (4-6-a)

BTp=C (4-6-b)
(4-6-a) means that —[A ., (Q) —2kJIBIA nax (P ]llell® in
(4-5) is negative definite. Therefore, What we only have
to do is to converge the rest part of (4-5) to zero such
as

T+ % (x)au]+l A

=

2eTPB[ Z}lk,-(?r) Z

+ == ?)'75
azl

4-7
Now let assume that
S=2¢7PH| WICKAE D W) Bal,
then S=ST since S has a scalar value. Hence,
2P| 3,13 @3+ F 00

PSS WICLA ‘-9 @8

Note that BTPTe equals (y— %) because of a symmetric
positive definite matrix, P and (4-6-b).

Using (4-8), the equation, (4-7) can be expressed as
follows.

z v T r
2| Eh® a5+ HrDva] G-n+L £ aa”

2 Sy T -

+ 2, ;15, b, =0 (4-9)
with respect to g,

Z ~ ,\T___ . 2 & = ~T
ZlZlhi(x)x a; V) + lzl

noa . T_ (o aT = . =
IZI a; a; = allzlh;(X) 4.y

—— =N LD T 4-10)

with respect to b,

2 5 m(DuT 5 -+ L 5,

=1

;:':1 5,5, =—a, Z:lh,-(ac)zﬁ 5,7 (y—3)

930

== (=3 T AU F U-1D)

where, from (4-1-b), @, =— @, &, =— B,

From (4-10) and (4-11), @; and B; are obtained after
some calculation.

ﬁirz a1(y_ ’jf)h,(ja 357‘
b, = ay(y— MhLDu’

V. SIMULATION

Let's consider the problem of balancing and swing-up
of an inverted pendulum on a cart. The state equation of
motion for the pendulum is as follows.

X, = X
Ax) + gDu + 4D

_ _&sin(x)) —aml %,% sin(2%)/2 — acos(x)u

Xy =

(5-D

41/3 — amlicos *(x;)

Fig. 2. Inverted Pendulum System

where

x, angle 6( in radians) of the pendulum from the
vertical;

x, the angular velocity;

g the gravity constant, 9.8 m/s%

m the mass of the pendulum;

M the mass of the cart;

27 the length of the pendulum,

« the control force applied to the cart (in Newtons);

1

“= M

We choose m = 2.0kg, M = 8.0kg, 2/ = 1.0m in

the simulation.

As a model for the pendulum, we use the following
Takagi-Sugeno fuzzy model with two rules. Membership
functions are shown in Fig. 2.

Rule 1: [F % is about 0 THEN %, = a,"% + bu



Rule 2 : IF %, is about =5 (| H|<F)
THEN %, = a,"% + byu

Rute 2

0 £

]
ola

O{deqree) z
2

Fig. 3. Membership Function
For computer simulation, the following observer gain
and adaptive gain are used.
L:[ 70 1250]y (11:(12:1
Note that the observer gain can be every value, which

2
satisfies L=[ L, l;; ] The only difference between a

high gain and a low gain is how fast observer states
catch up with original states.

Fig. 5. Observation error(x1)

indirect Adaptive Fuzzy Observer Design
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Fig. 7. Observation error(x2)

Figs4 and 5 show the simulation results of the
proposed observer. From Fig. 4, it can be seen that the

observer state, %, observes the original state x, very

well as expected. There shows that the observation error
disappears within very short time in Fig. 5. Also Figs.6
shows original state x, and observer state % ,. And
Figs.7 shows an observation error that disappears within
very short time.

Vi. CONCLUSION

This paper proposed an indirect adaptive fuzzy observer
design method based on T-S fuzzy model and applied it
to an inverted pendulum on a cart in order to show the
performance of the proposed observer. T-S fuzzy model
was adapted to construct the structure of the proposed
observer system. Using indirect adaptive law, system
parameters were estimated. In the process of deriving
adaptive law, the Lyapunov theory and Lipchitz condition
are used. Therefore, the proposed observer system were
able to deal with not only unknown parameters but also
unknown states. At last, simulation results confirmed that
the proposed algorithm could achieve the observation
problem of unknown states together with the estimation
problem of unknown parameters.
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