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THE HARMONIC DISTRIBUTIONS ON LIE GROUP

Boo-Yong CHot

ABSTRACT. Harmonic distribution is the distribution which has the
minimal value of functional called energy. In this paper it is shown
as a specific distribution of semisimple Lie group whose manifold is
compact.

1. Introduction

Let M and N be complete Riemannian manifolds. Assume that M is
compact. A smooth map f: M — N is called harmonic if it is a critical
point of the energy functional. We consider when N is a Grassman-
nian bundle over M and f: M — N is a smooth map which happens
to be a section of this map. If N is a tangent bundle over M with a
connection type metric, then f is a harmonic map if and only if it is
a parallel section ([4]). And in [8], a distribution is a section of the
Grassmannian bundle G,(M), or the immersion M — Gp(M) given by
the section. We call it the Gauss map of the p-dimensional distribution.
Hence the Gauss map of p-dimensional distribution on a Riemannian
manifold M is called harmonic if it is a harmonic map from the mani-
fold into its Grassmannian bundle G,(M). With the above definition, it
becomes harmonic distribution when the Gauss map is a harmonic map.
The definition of harmonic distributions, or harmonic sections, is used
by other authors [4], [5], [6], [8] in a similar context but for a different
concept. They call a section harmonic if its vertical energy is stationary
with respect to vertical variations. In our case, however, we are more
interested in the harmonic map itself, and therefore we have to consider
both vertical and horizontal parts. Also in [1], they provide new exam-
ples of harmonic distributions when the base manifolds are homogeneous
spaces and the integral submanifolds are totally geodesic. In [8], if G is
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a compact semisimple Lie group of rank k&, then the Cartan subalgebra
of T,G is not only a minimal but also harmonic. In this paper, it will
be shown that any invariant subspace of compact semisimple Lie group
is harmonic. In the following section, we will consider the geometry of
Grassmannian and obtain a necessary and sufficient condition for any
smooth map between Riemannian manifolds to be a harmonic map. We
will also obtain the tension field of Gauss map on Riemannian manifolds.
In section 3, the proof of the main theorem is presented. We refer to (2],
[3], [7] for basic tools and more detailed description of harmonic maps
between Riemannian manifolds.

2. Grassmannian bundle and tension field

The Grassmannian bundle G,(M) is isomorphic to the quotient of the
orthonormal frame bundle O(M) by the action of SO(p) x SO(n — p).
The orthonormal frame bundle 7 : O(M) — M is a fibre bundle with
structure group SO(n). Both canonical form and connection form are
globally defined on O(M),

0 =(04), w=(waB), waB = —wBA.

They form a basis of the cotangent bundle of O(M) and satisfy the
structure equation;

dfs = —wap NOp
dwap = —wac Nwep +QaB
and the curvature forms Q4p. Let
7T Gp(M) > M

denote the Grassmannian bundle over M of p-dimensional distributions.
It is a fibre bundle over M associated to O(M) with standard fibre of
the Grassmann manifold

Gy(M) = SO(n)/SO(p) x SO(n - p)

on which SO(n) acts on the left by multiplication. Since there exists a
local cross section of the principal fibre bundle

S0(p) x SO(n —p) — 50(n) — Gp(M),

we can pull the canonical forms 64 and connection form wap down to
get local forms on Gp(M). Then we can use this method to give a
Riemannian metric on G,(M).
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ProPosITION 1. The quadratic tensor
1= YT,
i 7,0

is globally defined metric tensor on Gp(M).

Let {uy,ug,- - ,un} denote the standard basis of R™ and for the origin
of Gp(n) we choose the subspace of R" spanned by w1, us,- - ,up, and
denote by

o=uy A Aup.
If U C Gp(M) is an open subset containing o and
u:U — O(M)
is any local section , then
{eB v =u"04if B= A, ¢, =u"wi, if B=p= (i)}

is an orthonormal coframe from ds? on U. From the structure equation
of O(M), we find that the pull-back by u* of the forms

1
$AB = waB + ER/iaABWAB,

1 .
PuB = ERiaBAGA = —¢Bu, 4= (ia),

Puv = Oapwis + Oijwag, 1= (ie), v=(3B)
gives the Levi-Civita connection forms of ds? with respect to this or-
thonormal coframe field.

A distribution on a Riemannian manifold assigns to every point z €
M, a subspace D; of its tangent space T, M, where D, depends smoothly
on z. If D is a distribution on M with dim D, = p, then we can immerse
M into the Grassmannian bundle G,(M) of M by sending each z € M
to D,. We denote this map by 1. Consider the local orthonormal frame
of M, such that e; € D, (1<i<p)and ey €D, (p+1<a<n). We
denote this frame by e4, (1 < A < n); it is a section of O(M). Pulling
back the canonical form and connection form through this section, we
get the local coframe wy and Riemannian connection form wyp on M.
Using the Christofell symbols, we can write

WAB = E YABCWC'-
C

From proposition 1, The induced metric on Gp{(M) is

2 _ 2 2
dsg = g wy + E Wi
i 1,00
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and its pullback via ¥ is
V¥ (ds%) = (4B + D YiaAYiaB)wAWE.

T

We calculate the tension field of the mapping ¥p : M — Gp(M).

PROPOSITION 2. ([8], Proposition 5) The tension field of ¢¥p is
T(Yp) = Y RiaaB YiaB ® Ea + > %BB @ Eia
i,0,4,B 4,0, B
where Y,oBowe = AYiaB + YiaDWDB + VjaBWji + YisBWaa-
Above tension field formula is composed of horizontal and verti-

cal parts, that is, 7(¥p) = 7'(y»p) + 7V(1p). The horizontal tension
field is 77 (¢yp) = Zz a,4,8 RiaAB Yiap and the vertical tension field is

V(YD) = 3, o B ViaBB-

3. Main theorem

Let G be a compact semisimple Lie group with rank k of dimension
n, its Lie algebra g, consists of all left invariant vector fields, and let H
be a Lie subgroup of dimension p, its Lie algebra f. According to the
theory of root space decomposition we have g = C @ Ct with respect
to killing form where C is the cartan subalgebra of g and C' is the
root space of the adjoint representation of C. There exists a basis of g,
namely H;, X,, a € A satisfying;

[Hia Xa] = a(Hi)Xm
[Xm X,B] - NaﬂXa+,3>
Nag=0ifa+ﬂ g A,

Xy X—o] € C,
where A is the root of g. Let {e;, ea, -+« ,€k, €kt1, --- ,€n} be an
orthonormal basis of g.
C = (ela aek>7 CJ- = <6k+17 aen>'

Consider the distribution generated by left translation of . Then
we can obtain the Grassmannian bundle G,(G) i.e ¢y : G — Gp(G).
From Proposition 2, the tension field of 9y is

(1) T($y) = Y RiaaB %iaB® Ea+ Y YiaBB ® Fia,
i,a,A,B i,a,B
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where Yo Bowe = d¥iaB + YiaDWDB + YjaBWji + YiBBWia-

With respect to the bi-invariant metric of G, we choose an orthonor-
mal basis e;, and its dual w;. The w; satisfy the Maurer-Cartan equa-
tion dw; = —% Zj,k Cijrwj A wy, where the Cjj are the structure con-
stants of the Lie group. And the connection forms of the Lie group are
Wij = Y YijkWk Where v, = %(C’ijk — Cjik — Chij) are the so-called
Christoffel’s symbols. The fact that the tension field of a distribution
on G vanishes will be proved. Throughout this section, the following
index conventions are used,

1<4,j<p,ptl<e,f<n,1<AB<n

Now we consider a distribution in C and C1, respectively. First, we can
express the formula (2) by using [, -].

LEMMA 1.
) = Y glewlenal)enlen, i eal)) © s
i,a,A,B
+ ) %{(ea,[e&ej])(ei,[63761'])
,7,a,8,B
@) +(eg:[en, ei) (ea e, e5l) | @ Bia

PROOF. Since G is a Lie group with bi-invariant metric, the following
equations hold,

1
VxY¥ = Z[X,Y], forall X,Y € g

& (X,[Y,2)) = ([X,Y],2), forall X,Y, Z € g.
First, the horizontal part is

1 1
YiaB = _<ea7 [eByeiD) RiaAB = Z<6A, [eBa [ei)ea]]>)

2
and, the vertical part is
YiaBCWC = @YiaB + YiaDWDB + YjaBWji + YigBWaa

YiaBC = dYiaB(eC) + YiaDwWpB(EC) + ViaBWjileC) + YigBwWaa(eC)-
Thus,

1
d’YiaB(eC) = ‘Q_Vec (6a> [er ez]> = 07
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1
YiapwpB(eC) = Z<eaa [e, ei])(es, [ec,ep]),
1
Yapwiilec) = (e len,ej])ei lec, ejl),
1
’YiﬂBUJﬂa(eC) = Z <€B, [CB, el]) (ea: [607 eﬂ]>
Hence
1
YiaBC = Z{<eaa [eB,ei]><eB) [eCaeDD + <ea) [erejD(ei’ [607ej]>
+(eg, le, eil) (eas lec, ea) }-
We have
1
YiaBB = Z{(eaa leB, ej]) (e [eB, e5]) + (e, [eB, ei]){ea, [eB, 6ﬁ])}~
In (3), let 77 be a horizontal component and 7V vertical component.
1
(3) =3 glealeseil){ea; [es, [ei, eall)

1,08

@ 7=3" %{(%[eB,ejD(ei,[eB,ej]) + (eﬁa[eB’eiD(ea,[eB,eﬁD}'
3.6,B

At first, it will be shown that b is harmonic for  C C.

LEMMA 2. If a distribution § is in the Cartan subalgebra i.e, § C
C(p < k), then b is harmonic.

PRrROOF. Let

h: <€1, €2, ' aep>’ bl = <ep+17 R T2 2 P 7en>'

First, we consider 77,

= 'ZB'é(eaa[eB,ei}HeA:[6_37[61"60‘]”

= —-Z { Z eal,ei],€B><€A7[er[ei:eal]D

a;=p+1

+ Z [ea27ez eB (6,4,[63,[61,6&2”)}

as=k+1
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Since C is abelian and e;, eq, is in C, we have [eq,,€;] =0

n

A= (2 lleasseiden)en e leiseasl)).

1,B az=k+1

Since e,, is a basis of root space and e; is a basis of the Cartan subal-
gebra, we have [eq,, e;] = ag(e;)eq,, vz € A. Thus

= Z %<a2(ei)ea2a63><€Ay[63,02(€i)ea2]), ag € A.

i1a2yB

Since (a2(e;)eay,eB) = a2(€:)00yB, if day,p = 1, then [ep, an(e;)eq,] = 0.
Therefore, 7H# = 0. Next,

V=3 %{@a,[e&eﬂ)(eu[eBaejD +(ep, [en; eil) (ea, [CB’GBD}'

7.8.B
Since (eq, [eB, €j]){(ei, [er. €;]) = —(ea; [eB, €5])([ei, 5], eB) and [ei, ;5] =
0, we have
1
Vo= Y 1 (e les eil){ea [es, egl)
8,B
1 k
= Y Z{ Z (es,, e, ei])(ea, [eB) €8,])
B Bi=p+
n
+ Z <eﬂ27[63’ei]><ea’[83’852]>}~
Bo=k+1
Since eg,, e; are bases of C, (eg,, [en, ei]) = —([es,, €], eB) =0,
1
V= Z Z<eﬁ2’ leB, €i]){eq, [eB, es,]).
B2,B
Ifeg € C,ie, eg =e1,e9, -+ ,e, then [6,32,63] = —,BQ(QB)eﬂZ e C+.
So ([es,,eB],€) = 0. If egp € CL, ie ep = epy1,€k42, -+ ,6€n, then

[eﬂz,eB] = Ng,peg,+B € CJ‘, B2+ B e A So ([eﬁz,eB],ei) = 0. Hence,
k

TV = Z'}I{ Z (652,[631,61'])(6&,[631,6ﬂ2]>
B2 B;=1
+ Y lemslenaeil)(as s esl) |-
Ba=k+1

We have 7¥ = 0. The case that § is in Ct is considered next.
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LEMMA 3. If a distribution § is in the complement of the Cartan
subalgebra i.e, ) C C+(p < n — k), then ¥ is harmonic.

PROOF. Let
[) = <6k+1,6k+2, tee 7ek:+p> = (575, e ,%>

1 S - .
b = (ela ot 5 €k Chdptly >en> = <ep+17 3 C€piks Ckdptls 7en>'
By the same technique as Lemma 1,

i

TH = Zg(ECh[EByéi]><EA)[éB7[Eipéa]D
i,a,B
1 p+k
= Y 3{ X (e alen)(lE el el 2a)
©,B a1=p+1
£ (@ 28) ([l 28], 7) |
ax=p+k+1
ptk

= YUY (a5 (e )7, T], 2)

i,B a1=p+1

n
+ 3 (NagiCar+i€8) ([Nagi®ay +i-281,a) .
az=p+k+1

We have 77 = 0.

=2 i{ (B [28,E50) (25, [€3,E5)) + (B3, [, @) (6 €5, %) |-
38,8 =1 =1

Now we will show that the above two components are vanishing, respec-
tively. First I = 0.

1= (e [8,%))) (@, [eB, E))),
J.B
and when a = p+1,p+2, --- ,p+k,ifep € C,ie, egp =ey,€3, - , €k,
then (€4, [€8,&;]) = ([€a,€B),&;) = 0. If €5 € CL, ie, € = ery1, €hy2,
-, €y, then [@B,Ej] = NBjépy; € CL, B+je A So <Ea,NBjEB+j> =
0. Hence I =0 for &, = €p41,€pt2, -+ ,Epyk- Whena=p+k+1,p+
k+2, - n,
I'= Z <éa7 [EB’E]'D(éia [€B7éj]>7

5B
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ifeg € C,ie €g=ei,ez, - ,e, then [€p, €] = j(ep)e; and
I= Z <éa1](53)€3><élsj(€3)€]> =0.
7B
Ifeg e CJ‘, i.e, g = eri1,€rt2, *-* ,€n, then [@B,Ej] = Npjépj,

B#j,B+jeA . Sol= Zj,B (anNBj€B+j><_éi,NBj€B+j> = 0. Next
we will prove II = 0.

II = Z(E,&EB’Ei])(Eav[éBa-éﬁD

8,B
p+k
= -2 { Y (e lenealienlen,20)
B ,81—P+1
_II.l
n
+ > (e les,Eal)Ea [E8,25)) |-
@=p+k+1 D

=12
First 1.1 =0.

I11 = Z <€i’ [EB7EB1]><EOH [EB,E&D'
B1,B

Ifeg € C, then [ep,es,] = 0. If g € C*, then [ep,es,] = —B(es,)€B.
So,

111 = Y { Y (e s, %) @ 25,20

81 epeC
+ Y (@l o) (Ea e8,25)) |
epeCL
= Y > (e B(es)eB)(ea B(es,)en)
B egeCt
= 0.

Next 1.2 =0.

112=">" (&,e5,s1))(ea: [E8,25,);
B2,B

if eg € C, then [ep, €3,] = B2(€B)Es,- So (€, [€B,€,]) = (€, F2(€B)ER,)
=0.Ifeg € C1, then [ép,&s,] = Npp,€p1p,, B+ 02 € A. Thus [1.2is
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the following

112 = Z{ Z <§i,[EB,Eﬁ2]><€a,[EB,€ﬁ2]>

B2 epeC

+ > (Elen,%0]) Fas 25, 20D

egeCt

= Z{ Z <€i7ﬂ2(63)€ﬂ2><éa’ﬁ2(63)5ﬁ2>

B2 €peC

+ Y (e Nperis,)(Pas NB,BzéB+B2>}
€p eCcL

= 0
hence IT = 0. We have 7V = 0.

THEOREM 1. A distribution on a compact semisimple Lie group G is
harmonic.

PROOF. Let b be a distribution on G. In cases of § ¢ C and h ¢ C*,
the proof is done by Lemmal,2. It will be shown that § is harmonic for
hc Cand hCCt. Let

b: <ely ot 3 €p, €yl ,ek+p—7‘>: (e—la 76_7‘787‘-}-17 )é;>;
1L
h— = <e7‘+17 T €k Bl (p—r)41s T ,en>
= <6P+1a Ty Cpt (k=) Cpt(k—r)+1y T 7a>

Using methods in proof of Lemma 1 and 2, horizontal component is
1 - —_ = —_ —
=3 g{&i.2al2)(([ei; 2a] 2], €4).
i,0,B

Because b1 consists of C-component and C+-component, we can divide
bt into two parts. Then

= 2;5{ S (e al, e8) ([[6i, %l 28], 24)

eacC
A -

o

——

=I

+ 3 {[E %l 28) (7, 7l 28] 2) |-

eacCt

s

=JI
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= Y3 ( ffeeal el el ea)

i,B ea€C

= > { X (el zs) (e 20l 28], 2)
BeseC e&el
D DR CRARAHCRA AR

geCL

The first term of the equation I vanishes, since €;, €, are in C. By Lemma
2, the second term also vanishes. Thus I = 0.

= Yo 3 (eneden)ieneal eslea)

i,B eacCt

= > { X (@2l we) (el 28] 2a)

BgegeC+ el

+ Y (e eal en)(len ol 2], 2a) |-

geCl

By Lemma 1 and 2, IT = 0. Therefore we have 77 = 0. The vertical
component is

V= 3 1 (B s, 2 (25, 83]) + (25, [B5,Bi) (B 5, 2) |
3.8,B =7 =11
I = Y 2w les. ) @ 5, 55])
4B 4 Y ! -
- Zi{ > (2ar[E8:75]) (i [, 85])
B 3760 P
—I1
n (€a: [B,85]) (@, [eB, )]) }
E;eci P

Ve

=1.2
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I = >

B eC

= Z { Z <§a, [€B7Ej]><€ia [éB’E]D

geC = egeC

+ Y (e len, 7 @ 8,7 |

egeCt

—_

<éaa [537 EJD(EZ’ [éBv E]])

|

=

In the first term of above equation, since €g,€; are in C, [eg,€;] = 0.
The second term also vanishes, since {€,}N{€;} = 0, [ép,€;] = B(g;)ep.
By Lemma 2,

1.2 = Z i(éaa [EBvEJ'D(Ei? [EB’Ej]> =0

B,geCt
Because the same reason as I

I1=Y"(2p,[eB, ) (eas [€B,85]) = — > _ (i, [€8,€s]) (€as [€8, E5]) = 0.
8,B 8,B

Hence we have 7V = 0.
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